CASE STUDY: Checkerboard Copula Defined by Sums of Random Variables(meanabs_err,
meansquare_err, cvar_risk)

Background

An m-dimensional copula where m > 2, is a continuous, m-increasing, probability distribution function
C:[0,1]™ — [0,1]on the unit m-dimensional hyper-cube with uniform marginal probability distributions.A
checkerboardcopula is a distribution with a corresponding density defined almost everywhere by a step
functionon an m -uniform subdivision of the hyper-cube. l.e., the checkerboard copula is a distribution on
the unit hypercube[0,1]™defined by subdividing the hyper-cube inton™identical small hyper-cubes/;with
constant densityon each one.lt is supposed that the density onl;is defined by the expressionn™~1h;, where
his an element of hyper-matrixh = [h;] € R™" with h; € [0,1].This case study builds a copula for the case
when distributions of marginals and distributions of sums of some random variables are available. This
approach is used for estimating copula for the losses of an insurance company with different lines of
business. Some informationabout losses of business lines is available and the objective is to build a copula of
the joint distribution. We present optimization problem statements and results of optimization for several
exampleproblems as presented in [1]. We assume that three empirical probability distribution
functionsF,, (w), Fx (x), Fy (y)of random variables W, X,Y are available (with 1000 observations).We want
to find a checkerboard copula on n x n x n grid. We consider the following two cases.

CASE 1 (Optimization Problems 1-3). Empirical distribution F,(z) for the sum Z =W + X+7Y is

available with K=160bservations,z,, ..., Zz;4 . We suppose that these observations are equally probable and

the distribution functionF,(z) takes K values%,%,...,g.

CASE 2 (Optimization Problems 4-6).

Let usdefine three random values:Z, =W + X, Z, =W + Y, Z; = X + Y. We suppose that empirical
Distributions,F;, (2), Fz,(2), Fz, (z),are specified byK=16 observations 73, ..., zisfrom the distributionFz, (2),
observations z7, ..., zfsfrom the distributionF,, (), and observations z3, ..., z3sfrom the distributionF;, (z).

We suppose that these observations areequally probable andthat every distribution functionF, (2),i = 1,2,3,

12 K
takes K values, =,=,...—.
K K K

We solved problems with parameters m =3,n = 10 with Mean-absolute Error, Mean-squared Error, and
CVaR Absolute Error(with confidence levels a = 0.9, 0.99).

References

[1] Kuzmenko, V., Salam, R., Pavlikov, K.,Uryasev, S. Checkerboard copula defined by sums of random
variables. In preparation.

[2] Piantadosi, J., Howlett, P., and Borwein, J. (2012). Copulas with maximum entropy. Optimization
Letters, 6, 99-125.

[3] Boland,J., Howlett, P.,Piantadosi,J., and R. Zakaria.(2016). Modelling and simulation of volumetric
rainfall for acatchment in the Murray-Darling basin, ANZIAM J, 58 2, 119-142.

[4] Borwein J., Howlett, P., Piantadosi, J.(2014). Modelling and simulation of seasonal rainfall using
theprinciple of maximum entropy, Entropy, 16,2, 747-769.

Notations

m =number of random values;

n = number of sub-intervals in the partition of interval [0,1];

0=a(1) <a(2) <-:<a(n+1) = 1lis the partition of interval [0,1],

where, a(j) = %] =1,..n+1;

n™ =number ofidentical small hyper-cubes in the unit hyper-cube;

I; =i-thsmall hyper-cube,i = (iy,iy,i3);



h = [h] = [hii,;,] = hyper-matrix with h;

1, ifa<bp,
0, otherwise;

€ [0,1];

i1iz03

Ind(a <b) = { = Indicator function;

Yi,i,i, (2) = coefficients of the loss function in Case 1, iy, ii3 = 1,..n,z € [0,1];

n~t ifFyt(aliy) + 1) + Frt(aliy) + D) + Fri(alis) + 1) <z
yi1i2i3(z) = 0, lfFVTll(a(ll) + 1)) + FX_l(a(lZ) + 1)) + FY_l(a(lS) + 1)) =2z y il: l.z’l.3 = 1, e, n

1 _ .
-n 1 otherwise;

L(h,j) = 1’—6 - ?1=1Z?2=1Z§;=1yi1i2i3(zj) hi,i,i,= loss function in Case 1 for j-th scenario, j = 1, ...,16;
Yiyi, (2, Vi1, (2), V1,1, (2) = coefficients of loss functions in Case 2, iy, i i3 = 1,..n,z € [0,1];

n7t  ifFpt(aliy) + D) + Fyt(a(iz) + 1) <z

Vi, (2) = 1 0, iffpyt(aliy)+ 1)+ Frt(ali) +1) =z iip=1,..,1

1 _ .
-n 1 otherwise;

n7t  ifFpt(aliy) + D) + Fr(alis) + 1) <z

Vijis (2) = 0, ifFVTfl(a(il) + 1)) + Fy_l(a(i3) + 1)) =2z i1iz=1,..,n;
%n_l, otherwise ;
n7t  ifFg(aliy) + D) + Fyi(alis) + 1)) <z
Vigi,(2) = 0, iffx*(ali)+ D) +F(aliz)+1) >z iiz=1,..,m
%n‘l, otherwise ;
lllz(h'_’) __211 1 12 17/1112(2 )213 1 111213\|
Liyiy(hj) === 37 _ 07 1 ¥i,i,(27) 2F 21 iy }z loss functions in Case 2, iy, iz is=1,...,n, j=1,2,...16;
Li,i, (hj)==— Zzz =1 2?3=1 Vi2i3(Zj3) 2?3=1 hi1i2i3)

err(+) = one of the following error functions: Mean SquaredError denoted byey sz (+) ,Mean Absolute Error
denoted byey 4 (+) , CVaR Absolute Error with confidence level 0.9 and 0.99 d enoted by ecy g, (I']) and

ECVaRolgg (l ’ |)7

p() = g{err (Li1i2 (-)) +err (Li1i3(-)) +err (Li2i3 (-))} = weighted average of the error functions =

objective function in Case 2.

Optimization Problem 1
Find hyper-matrixkminimizingMean Absolute Error function of loss L(h, j)

miny, meanabs_err L(h, j)

subject to the constraints

10 10
Z Z hi1i2i3 = 1, il = 1, ...,10,

ip=1is=1

10 10
Z Z hi1i2i3 = 1, iz = 1, ...,10,

i1=1i5=1



10 10
Z Z hi1i2i3 = 1, i3 = 1, ...,10,

i1=11i,=1
hi1i2i3 = O, il' iz’i3 = 1, ,10

Optimization Problem 2

Find hyper-matrixhminimizing Mean Squared Errorfunction of loss L(h, j)

miny meansquare_err L(h, j)

subject to constraints
10 10

z z hi1i2i3 = 1’ il = 1' "-110;

i;=1i3=1
10 10

z z hi1i2i3 = 1’ iz = 1' "-110;

i1=1i3=1
10 10

z z hi1i2i3 = 1’ i3 = 1' "-;10;

i1=1iy=1

h > O, il, i2,i3 = 1, ,10

i1ipi3 =

Optimization Problem 3
Find hyper-matrixhminimizingCVaR Absolute Errorfunction of loss L(h, j)with confidence levels a =

0.9anda = 0.99
miny, CVaR, |L(h,j)|

subject to constraints

10 10

z z hilizlg 1' ll - 1' I10I
lz—l i3=1

10 10

Z Z hi1i2i3 =1i,=1..,10,
i1=1 i3=1

10 10

Z Z hii,i, =1,i3 = 1,..,10,
i1=1 i2=1
hi i i, 20, i1,i2i3 =1,...,10.

Optimization Problem 4
Find hyper-matrixhminimizing weigted average of the Mean Absolute Error functionsof loss L(h, j)

miny, % {meanabs_err (Li1i2 (h,j)) + meanabs_err (Li1i3 (h,j)) + meanabs_err (Li2i3 (h,j))}

subject to the constraints



10 10
Z Z hi1i2i3 = 1, il = 1, ...,10,

ip=1is=1

10 10
Z Z hi1i2i3 = 1, iz = 1, ...,10,

i1=1i3=1

10 10

Z Z hi1i2i3 = 1’ l3 = 1' "-110;

ir=1iy=1

h = O, il, l.z’l.3 = 1, ,10

iipiz =

Optimization Problem 5
Find hyper-matrixhminimizing weigted average of the Mean Squared Error functionsof loss L (h, j)

1
minh§ {meansquare_err (Li1i2 (h, j)) + meansquare_err (Li1i3 (h, j))

+ meansquare_err (Li2i3 (h,j))}

subject to constraints

> 0, il' iz’ig = 1, ...,10.

iyigis =

Optimization Problem 6
Find hyper-matrixkminimizing weigted average of the CVaR Absolute Errorfunctionsof loss L(h, j)with

confidence levels « = 0.9 and o = 0.99

1
minhg{ CVaR,(|Li,i;,(h, D|) + CVaR,(|Li,i, (R )|) + CVaR,(|Li,:, (b))}

subject to constraints

10 10

Z Z hi1i2L3 1' ll - 1' '10'
12—1 i3:1

10 10

Z Z hii,i, = 1,1, = 1,..,10,
i1=1iz=1

10 10

Z Z hi1i2i3 = 1’ i3 = 1' "-ilo;
i1=1i,=1
hi i i, 20, iy,ipi3 =1,..,10.



