
 

CASE STUDY: Checkerboard Copula Defined by Sums of Random Variables(meanabs_err, 

meansquare_err, cvar_risk) 

Background 

An 𝑚-dimensional copula where 𝑚 ≥ 2, is a continuous, 𝑚-increasing, probability distribution function 

𝐶: [0,1]𝑚 → [0,1]on the unit 𝑚-dimensional hyper-cube with uniform marginal probability distributions.A 

checkerboardcopula is a distribution with a corresponding density defined almost everywhere by a step 

functionon an 𝑚 -uniform subdivision of the hyper-cube. I.e., the checkerboard copula is a distribution on 

the unit hypercube[0,1]𝑚defined by subdividing the hyper-cube into𝑛𝑚 identical small hyper-cubes𝐼𝒊with 

constant densityon each one.It is supposed that the density on𝐼𝒊is defined by the expression𝑛𝑚−1ℎ𝒊, where 

ℎ𝒊is an element of hyper-matrix𝒉 = [ℎ𝒊] ∈ 𝑅
𝑛𝑚  with ℎ𝒊 ∈ [0,1].This case study builds a copula for the case 

when distributions of marginals and distributions of sums of some random variables are available. This 
approach is used for estimating copula for the losses of an insurance company with different lines of 

business. Some informationabout losses of business lines is available and the objective is to build a copula of 

the joint distribution.  We present optimization problem statements and results of optimization for several 

exampleproblems as presented in [1]. We assume that three empirical probability distribution 

functions𝐹𝑊(𝑤), 𝐹𝑋(𝑥), 𝐹𝑌(𝑦)of random variables 𝑊,𝑋, 𝑌 are available (with 1000 observations).We want 

to find a checkerboard copula on 𝑛 × 𝑛 × 𝑛 grid. We consider the following two cases. 

 

CASE 1 (Optimization Problems 1-3). Empirical distribution𝐹𝑍(𝑧)  for the sum 𝑍 = 𝑊 +  𝑋 + 𝑌  is 

available with 𝐾=16observations,𝑧1, … , 𝑧16 . We suppose that these observations are equally probable and 

the distribution function𝐹𝑍(𝑧) takes 𝐾 values,
1

𝐾
,
2

𝐾
,...,

𝐾

𝐾
. 

 

CASE 2  (Optimization Problems  4-6). 

Let usdefine three random values:𝑍1 = 𝑊 +  𝑋, 𝑍2 = 𝑊 +  𝑌, 𝑍3 = 𝑋 +  𝑌. We suppose that empirical  

Distributions,𝐹𝑍1(𝑧), 𝐹𝑍2(𝑧), 𝐹𝑍3(𝑧),are specified by𝐾=16 observations 𝑧1
1, … , 𝑧16

1 from the distribution𝐹𝑍1(𝑧), 

observations 𝑧1
2 , … , 𝑧16

2 from the distribution𝐹𝑍2(𝑧), and observations 𝑧1
3, … , 𝑧16

3 from the distribution𝐹𝑍3(𝑧). 

We suppose that these observations areequally probable andthat every distribution function𝐹𝑍𝑖(𝑧), 𝑖 = 1,2,3, 

takes 𝐾 values, 
1

𝐾
,
2

𝐾
,...,

𝐾

𝐾
. 

 

We solved problems with parameters 𝑚 =3,𝑛 = 10 with Mean-absolute Error, Mean-squared Error, and 

CVaR Absolute Error(with confidence levels 𝛼 = 0.9, 0.99). 
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Notations 

𝑚 =number of random values; 

𝑛 = number of sub-intervals in the partition of  interval [0,1]; 

0 = 𝑎(1) < 𝑎(2) < ⋯ < 𝑎(𝑛 + 1) = 1is the partition of interval [0,1],  

where,  𝑎(𝑗) =
𝑗−1

𝑛
, 𝑗 = 1,… . 𝑛 + 1; 

𝑛𝑚 =number ofidentical small hyper-cubes in the unit hyper-cube; 

𝐼𝒊  = 𝒊-thsmall hyper-cube,𝒊 = (𝑖1, 𝑖2, 𝑖3); 



𝒉 = [ℎ𝒊] =  [ℎ𝑖1𝑖2𝑖3] = hyper-matrix with ℎ𝑖1𝑖2𝑖3 ∈ [0,1]; 

𝐼𝑛𝑑(𝑎 ≤ 𝑏) = {
1,      if 𝑎 ≤ 𝑏,
 0, otherwise;

 = Indicator function; 

𝛾𝑖1𝑖2𝑖3(𝑧) = coefficients of the loss function in Case 1, 𝑖1, 𝑖2,𝑖3 = 1,…𝑛, 𝑧 ∈ [0,1]; 

𝛾𝑖1𝑖2𝑖3(𝑧) =  {

𝑛−1,        if𝐹𝑊
−1(𝑎(𝑖1) + 1)) + 𝐹𝑋

−1(𝑎(𝑖2) + 1)) + 𝐹𝑌
−1(𝑎(𝑖3) + 1))  ≤ 𝑧,

  0,          if𝐹𝑊
−1(𝑎(𝑖1) + 1)) + 𝐹𝑋

−1(𝑎(𝑖2) + 1)) + 𝐹𝑌
−1(𝑎(𝑖3) + 1)) ≥ 𝑧

1

2
𝑛−1,      otherwise ;                                                                                                

,   𝑖1, 𝑖2,𝑖3 = 1, … , 𝑛; 

𝐿(𝒉, 𝑗) =
𝑗

16
−∑ ∑ ∑ 𝛾𝑖1𝑖2𝑖3(𝑧𝑗)

𝑛
𝑖3=1

𝑛
𝑖2=1

𝑛
𝑖1=1

ℎ𝑖1𝑖2𝑖3= loss function in Case 1 for 𝑗-th scenario, 𝑗 = 1, … ,16; 

𝛾𝑖1𝑖2(𝑧), 𝛾𝑖1𝑖3(𝑧), 𝛾𝑖2𝑖3(𝑧) = coefficients of loss functions in Case 2, 𝑖1, 𝑖2,𝑖3 = 1,… 𝑛, 𝑧 ∈ [0,1]; 

𝛾𝑖1𝑖2(𝑧) =  {

𝑛−1,        if𝐹𝑊
−1(𝑎(𝑖1) + 1)) + 𝐹𝑋

−1(𝑎(𝑖2) + 1))  ≤ 𝑧,

  0,          if𝐹𝑊
−1(𝑎(𝑖1) + 1)) + 𝐹𝑋

−1(𝑎(𝑖2) + 1)) ≥ 𝑧
1

2
𝑛−1 ,      otherwise ;                                                                                                

𝑖1, 𝑖2 = 1,… , 𝑛; 

𝛾𝑖1𝑖3(𝑧) =  {

𝑛−1,        if𝐹𝑊
−1(𝑎(𝑖1) + 1)) + 𝐹𝑌

−1(𝑎(𝑖3) + 1))  ≤ 𝑧,

  0,          if𝐹𝑊
−1(𝑎(𝑖1) + 1)) + 𝐹𝑌

−1(𝑎(𝑖3) + 1)) ≥ 𝑧
1

2
𝑛−1 ,      otherwise ;                                                                                                

𝑖1𝑖3 = 1,… , 𝑛; 

𝛾𝑖2𝑖3(𝑧) =  {

𝑛−1,        if𝐹𝑋
−1(𝑎(𝑖2) + 1)) + 𝐹𝑌

−1(𝑎(𝑖3) + 1))  ≤ 𝑧,

  0,          if𝐹𝑋
−1(𝑎(𝑖2) + 1)) + 𝐹𝑌

−1(𝑎(𝑖3) + 1)) ≥ 𝑧
1

2
𝑛−1 ,      otherwise ;                                                                                                

𝑖2,𝑖3 = 1,… , 𝑛; 

𝐿𝑖1𝑖2(𝒉, 𝑗) =
𝑗

16
−∑ ∑ 𝛾𝑖1𝑖2(𝑧𝑗

1)∑ ℎ𝑖1𝑖2𝑖3
𝑛
𝑖3=1

𝑛
𝑖2=1

𝑛
𝑖1=1

𝐿𝑖1𝑖3(𝒉, 𝑗) =
𝑗

16
− ∑ ∑ 𝛾𝑖1𝑖3(𝑧𝑗

2) ∑ ℎ𝑖1𝑖2𝑖3
𝑛
𝑖3=1

𝑛
𝑖3=1

𝑛
𝑖1=1

𝐿𝑖2𝑖3(𝒉, 𝑗) =
𝑗

16
− ∑ ∑ 𝛾𝑖2𝑖3(𝑧𝑗

3) ∑ ℎ𝑖1𝑖2𝑖3
𝑛
𝑖3=1

𝑛
𝑖3=1

𝑛
𝑖2=1 }

 
 

 
 

= loss functions in Case 2, 𝑖1, 𝑖2,𝑖3=1,...,n, 𝑗=1,2,...16; 

 

𝑒𝑟𝑟(∙) = one of the following error functions: Mean SquaredError denoted by𝜀𝑀𝑆𝐸(∙) ,Mean Absolute Error 

denoted by𝜀𝑀𝐴𝐸(∙) , CVaR Absolute Error with confidence level 0.9 and 0.99 d enoted by 𝜀𝐶𝑉𝑎𝑅0.9(|∙|) and 

𝜀𝐶𝑉𝑎𝑅0.99(|∙|); 

 

𝜑(∙) =
1

3
{𝑒𝑟𝑟 (𝐿𝑖1𝑖2(∙)) + 𝑒𝑟𝑟 (𝐿𝑖1𝑖3(∙)) + 𝑒𝑟𝑟 (𝐿𝑖2𝑖3(∙))} = weighted average of the error functions = 

objective function in Case 2. 

 

Optimization Problem 1 

Find  hyper-matrix𝒉minimizingMean Absolute Error function of loss 𝐿(𝒉, 𝑗) 

 

𝑚𝑖𝑛𝒉 𝑚𝑒𝑎𝑛𝑎𝑏𝑠_𝑒𝑟𝑟 𝐿(𝒉, 𝑗) 

subject to the constraints 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖2=1

𝑖1 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖1=1

𝑖2 = 1,… ,10, 



∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖2=1

= 1,

10

𝑖1=1

𝑖3 = 1,… ,10, 

ℎ𝑖1𝑖2𝑖3 ≥ 0, 𝑖1, 𝑖2,𝑖3 = 1,… ,10. 

 

Optimization Problem 2 

Find hyper-matrix𝒉minimizing  Mean Squared Errorfunction of loss 𝐿(𝒉, 𝑗) 

 

𝑚𝑖𝑛𝒉 𝑚𝑒𝑎𝑛𝑠𝑞𝑢𝑎𝑟𝑒_𝑒𝑟𝑟 𝐿(𝒉, 𝑗) 

subject to constraints 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖2=1

𝑖1 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖1=1

𝑖2 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖2=1

= 1,

10

𝑖1=1

𝑖3 = 1,… ,10, 

ℎ𝑖1𝑖2𝑖3 ≥ 0, 𝑖1, 𝑖2,𝑖3 = 1,… ,10. 

 

Optimization Problem 3 

Find hyper-matrix𝒉minimizingCVaR Absolute Errorfunction of loss 𝐿(𝒉, 𝑗)with confidence levels 𝛼 =

0.9and𝛼 = 0.99 

𝑚𝑖𝑛𝒉 𝐶𝑉𝑎𝑅𝛼 |𝐿(𝒉, 𝑗)| 

subject to constraints 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖2=1

𝑖1 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖1=1

𝑖2 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖2=1

= 1,

10

𝑖1=1

𝑖3 = 1,… ,10, 

ℎ𝑖1𝑖2𝑖3 ≥ 0, 𝑖1, 𝑖2,𝑖3 = 1,… ,10. 

 

Optimization Problem 4 

Find hyper-matrix𝒉minimizing weigted average of the Mean Absolute Error functionsof loss 𝐿(𝒉, 𝑗) 

 

𝑚𝑖𝑛𝒉
1

3
{𝑚𝑒𝑎𝑛𝑎𝑏𝑠_𝑒𝑟𝑟 (𝐿𝑖1𝑖2(𝒉, 𝑗)) +𝑚𝑒𝑎𝑛𝑎𝑏𝑠_𝑒𝑟𝑟 (𝐿𝑖1𝑖3(𝒉, 𝑗)) +𝑚𝑒𝑎𝑛𝑎𝑏𝑠_𝑒𝑟𝑟 (𝐿𝑖2𝑖3(𝒉, 𝑗))} 

 

 

subject to the constraints 



∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖2=1

𝑖1 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖1=1

𝑖2 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖2=1

= 1,

10

𝑖1=1

𝑖3 = 1,… ,10, 

ℎ𝑖1𝑖2𝑖3 ≥ 0, 𝑖1, 𝑖2,𝑖3 = 1,… ,10. 

 

Optimization Problem 5 

Find  hyper-matrix𝒉minimizing weigted average of the Mean Squared Error functionsof loss 𝐿(𝒉, 𝑗) 

 

𝑚𝑖𝑛𝒉
1

3
{𝑚𝑒𝑎𝑛𝑠𝑞𝑢𝑎𝑟𝑒_𝑒𝑟𝑟 (𝐿𝑖1𝑖2(𝒉, 𝑗)) + 𝑚𝑒𝑎𝑛𝑠𝑞𝑢𝑎𝑟𝑒_𝑒𝑟𝑟 (𝐿𝑖1𝑖3(𝒉, 𝑗))

+𝑚𝑒𝑎𝑛𝑠𝑞𝑢𝑎𝑟𝑒_𝑒𝑟𝑟 (𝐿𝑖2𝑖3(𝒉, 𝑗))} 

subject to constraints 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖2=1

𝑖1 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖1=1

𝑖2 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖2=1

= 1,

10

𝑖1=1

𝑖3 = 1,… ,10, 

ℎ𝑖1𝑖2𝑖3 ≥ 0, 𝑖1, 𝑖2,𝑖3 = 1,… ,10. 

 

Optimization Problem 6 

Find  hyper-matrix𝒉minimizing weigted average of the CVaR Absolute Errorfunctionsof loss 𝐿(𝒉, 𝑗)with 

confidence levels 𝛼 = 0.9 and 𝛼 = 0.99 

 

𝑚𝑖𝑛𝒉
1

3
{ 𝐶𝑉𝑎𝑅𝛼(|𝐿𝑖1𝑖2(𝒉, 𝑗)|) +  𝐶𝑉𝑎𝑅𝛼(|𝐿𝑖1𝑖3(𝒉, 𝑗)|) +  𝐶𝑉𝑎𝑅𝛼(|𝐿𝑖2𝑖3(𝒉, 𝑗)|)} 

subject to constraints 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖2=1

𝑖1 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖3=1

= 1,

10

𝑖1=1

𝑖2 = 1,… ,10, 

∑ ∑ ℎ𝑖1𝑖2𝑖3

10

𝑖2=1

= 1,

10

𝑖1=1

𝑖3 = 1,… ,10, 

ℎ𝑖1𝑖2𝑖3 ≥ 0, 𝑖1, 𝑖2,𝑖3 = 1,… ,10. 


