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Abstract The paper defines new distances between univariate probability distributions,
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1 Introduction

The paper considers the problem of approximation of one probability distribution by some
other distribution.Decision science literature considers various approaches for approximation
of one probability distribution by another simpler one. Typically, a continuous distribution
is approximated by a discrete one with a small number of atoms. For instance, three point
approximations have been extensively studied, see Keefer and Bodily (1983) and Keefer
(1994).

A number of approximation approaches has been suggested, including the mean (or the
median) bracket or the moment matching methods. In the bracket approach, e.g., Miller
and Rice (1983) and Hammond and Bickel (2013), the support of the target distribution is
divided into several brackets (not necessary equal in probability) and the mean or the median
of every bracket is chosen to be a discrete representation of that part of the target distribution.
Another approach is based on the idea that the approximation should match the moments of
the original distribution. Matching of moments is important in computing value lotteries and
their certain equivalents, Smith (1993). The idea is as follows: the value function can be well
approximated by a polynomial (with degree m) of a random variable. Thus, if the random
variable is approximated by a simpler discrete variable having the same m first moments,
then the expected value function is also well approximated. The key result: it is possible to
match the first 2m−1moments of the target distribution by a discrete one with onlym atoms,
see Miller and Rice (1983) and Smith (1993). Moreover, when the original distribution is not
specified completely, so fewer than 2m − 1 moments of the original distribution are known,
the ambiguity is resolved by entropy maximization, see Rosenblueth and Hong (1987).

While matching moments is important in certain applications, usually, it is of interest to
accurately approximate the cumulative distribution function (cdf) of the target distribution.
Statistical literature measures the discrepancy between distributions using their cumulative
distribution functions. For instance, the Kolmogorov–Smirnov distance is very popular, with
the corresponding goodness of fit test, see, Gibbons and Chakraborti (2011) and Feller
(1948). This distance is equal to the maximum of the absolute difference between cdfs,
which is rather conservative measure. Several other distances are proposed, for instance the
Cramer–von Mises distance, which is based on the area under the weighted squared differ-
ence between two cdfs, see Darling (1957). Also, the Anderson–Darling distance is based on
the squared difference between two cdfs with a different weight function, see Boos (1981).
The Kantorovich–Rubinstein distance is popular in various applications. It is defined as the
cost of an optimal transportation of the probability mass from one distribution to another
one, see Villani (2009), however, in one dimensional case, it equals the area between two
cdfs, Vallander (1973).

We defined in this paper a new family of Conditional Value-at-Risk (CVaR) distances
between distributions, which extends the notion of the Kolmogorov–Smirnov distance. Defi-
nition of Conditional Value-at-Risk and description of properties can be found in Rockafellar
and Uryasev (2000, 2002). We consider the approximation problem of a discrete distribu-
tion by some other discrete distribution with a smaller number of atoms. The objective is to
approximate well the cdf of the target distribution by minimizing the new CVaR distance. We
suggest several approximation algorithms. One of the algorithms splits the approximation
problem in two subproblems: (i) finding location of atoms with fixed probabilities; (ii) opti-
mizing probabilities with fixed location of atoms. We show that both problems can be solved
with linear or convex programming. A special case of the CVaR distance corresponds to the
Kantorovich–Rubinstein distance. For this case, two subproblems (i), (ii) are combined in an
iterative procedure that consecutively finds locations of atoms and their probabilities.
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An accurate tail approximation of the target distribution is of special importance in various
risk management applications. For instance, in finance it is important to correctly represent
large losses occuring with low probabilities. We assure accuracy of tail approximation by
imposing constraints on CVaRs of right and/or left tail of the loss distribution. Compared to
the standard CVaR optimization (Rockafellar and Uryasev 2000) where probabilities of loss
outcomes are known and fixed, here we deal with optimization with respect to both atoms
probabilities and their locations. To our knowledge, CVaR was not considered so far in such
a context. We proved that the constraint on CVaR with respect to probabilities of atoms is
concave and can be linearized.

Finally, although the current paper considers one dimension approximations, this is an
important subproblem in higher dimensions, see Grigoriu (2009). The cited paper reduces
high dimensional problem to one-dimension approximation of cdfs of marginal distributions,
their moments, and correlation matrices.

2 Risk-measure-based distance between probability distributions

This section provides an informal introduction to the notion of a risk-measure-based distance
between distributions. Frequently, the distance between probability distributions is based on
their cdfs. The cdf-based Kolmogorov–Smirnov distance (also called the uniform metric)
is popular in statistical literature (Gibbons and Chakraborti 2011) as well as in distribution
approximations, Smith (1993). This distance equals to the supremum of absolute difference
between two cumulative distribution functions. It may be too conservative for discontinuous
distributions (such as discrete distributions) since it is focused on some specific datapoint.
We suggest the distance between two cdfs that is less conservative than the Kolmogorov–
Smirnov distance. For two discrete distributions, the new distance equals the average of
several largest discrepancies between two cumulative distribution functions. In a similar
fashion, the distance can be defined based on quantile functions, where a quantile function
is the inverse of a cdf function.

Let us remind the notion of the risk measure. A risk measure R is a map from a space
of random variables to R with “loss” orientation, i.e., small values are preferable to large
values. In our study R is a so-called coherent risk measure, see Artzner et al. (1999). It
satisfies the following axioms (the axioms are slightly different from Artzner et al. (1999),
due to Rockafellar and Uryasev (2013)):

• A1. R(ξ) = C for constant random variables ξ = C a.s.
• A2. R(ξ1) ≤ R(ξ2) for ξ1 ≤ ξ2 a.s.
• A3. R(ξ1 + ξ2) ≤ R(ξ1) + R(ξ2)

• A4. R(λξ1) = λR(ξ1), for any λ ∈ (0,+∞)

Let F and G be two probability distributions on the set A = [a, b] ⊂ R with cdfs denoted
by F(x) and G(x), x ∈ A. For defining the risk-measure-based distance we use an auxiliary
random variable ξ on A with distribution H and density function h(x) > 0, ∀x ∈ int (A).

Definition 1 The risk-measure-based distance between cumulative distributions F and G
on A is defined by:

dH (F,G) = R(|F(ξ) − G(ξ)|). (1)

The function dH (F,G) satisfies the properties of a probability metric, defined, for
instance, in Rachev et al. (2008), Chapter 3.
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Proposition 2.1 Let F, Z ,G be probability distributions onA = [a, b]. If H is a distribution
with a density function h(x) > 0, ∀x ∈ int (A), then:

1. dH (F,G) ≥ 0
2. dH (F,G) = 0 ⇐⇒ μ

({x : F(x) 
= G(x)}) = 0 where μ denotes Lebesgue measure
3. dH (F,G) = dH (G, F)

4. dH (F, Z) ≤ dH (F,G) + dH (G, Z)

Proof This Proposition is a special case of the Proposition in “Appendix A”. ��
Section 7 similarly defines the risk-measure-based distance between quantile functions.

Both cdf- and quantile-based distances are special cases of the so-called risk-measure-based
distance between maximal monotone relations considered in “Appendix A”. This general
distance definition uses the concept of maximal monotone relation (Rockafellar and Royset
2014). Risk-measure-based cdf and quantile distances lead to corresponding approximation
problems for distributions.

This paper is focused on the following special case,when F andG are discrete distributions
with finite supports and R is the CVaR risk measure, which is a coherent risk measure, see,
for instance, Pflug (2000) and Rockafellar and Uryasev (2002). We call this distance CVaR
distance between distributions F and G.

3 CVaR distance for univariate discrete distributions with finite domains

This section considers CVaR distance for discrete distributions. LetA = [a, b] be a bounded
closed interval inR. Let F andG be two distributions onA. In other words, a random variable
with the distribution F orG takes values inAwith probability 1. Let distribution F be defined
by a set of outcomes x = (x1, . . . , xn), xi ∈ A with probabilities p = (p1, . . . , pn) and
distribution G defined by a set of outcomes y = (y1, . . . , ym), y j ∈ A with probabilities
q = (q1, . . . , qm). We assume without loss of generality that components of x and y are
ordered, i.e., xi < x j and yi < y j for i < j . Cumulative distribution functions F(·) and
G(·) are defined as follows:

F(z) =
n∑

i=1

pi1z≥xi , (2)

G(z) =
m∑

i=1

qi1z≥yi , (3)

where 1z≥xi = 1 if z ≥ xi and 0, otherwise. Moreover, the auxiliary random variable ξ with
the distribution H is assumed to be uniformly distributed on A throughout the rest of the
paper, H = U (A). By definition, CVaR with confidence level α of a continuous random
variable X is defined as follows:

CVaRα(X) = E
(
X

∣∣X > F−1(α)
)
, (4)

where F−1(α) is the α-quantile of the random variable X , defined by

F−1(α) = inf{l ∈ R : P(X > l) ≤ 1 − α}. (5)

In a general case for α ∈ [0, 1), CVaR can be defined (see, Rockafellar and Uryasev (2000))
as follows:

CVaRα(X) = min
c

(
c + 1

1 − α
E [X − c]+

)
. (6)
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To be simple, CVaR of a random variable is the average of a specified percentage of its largest
outcomes, sometimes in the literature referred to as the β-mean (Ogryczak 2010); see some
basic examples with discrete distributions in Pavlikov and Uryasev (2014). The following
definition presents the concept of CVaR norm of a random variable, introduced and studied
in Mafusalov and Uryasev (2016).

Definition 2 Let L be a random variable. The CVaR norm of random L is defined as the
CVaR with parameter α of the absolute value of L:

〈〈L〉〉α = CVaRα(|L|). (7)

With the above definition of norm, the distance between distributions F and G is defined as
follows.

Definition 3 Let ξ be a uniform random variable on A = [a, b] and α ∈ [0, 1). The CVaR
distance between F and G is defined as

dUα (F, G) = 〈〈F(ξ) − G(ξ)〉〉α. (8)

Let t = {x ∪ y} be the union of sets of outcomes x and y, with t1 = min{x ∪ y} and
ts = max{x∪y}. Then, the discrete random variable F(ξ)−G(ξ) takes the following values

dk = F(tk) − G(tk), k = 1, . . . , s − 1, (9)

with probabilities

P(dk) = tk+1 − tk
|A| , k = 1, . . . , s − 1. (10)

Figure 1 illustrates the definition of CVaR distance. The family of CVaR distances defined
by (8) includes the Kolmogorov–Smirnov distance as a special case.

Definition 4 TheKolmogorov–Smirnov distance between two distributions with cumulative
distribution functions F(·) and G(·) is defined as follows:

dK S(F, G) = sup
z

|F(z) − G(z)|. (11)
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Fig. 1 CVaR distance between two discrete distributions, α = 7
9 ,A = [0, 9]. The largest absolute difference

between two cdfs, dK S(F,G) = d(9) = 0.3 , has the probability 1
9 . The second largest absolute difference,

d(8) = 0.2 and also has the probability 1
9 . Therefore, dU7/9(F,G) = 0.3+0.2

2 = 0.25
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Fig. 2 The shaded area represents the Kantorovich–Rubinstein distance between F and G. The area scaled

by the coefficient
1

ts − t1
= 1

9
equals the average distance between F and G

The following remark establishes a connection between the Kolmogorov–Smirnov dis-
tance and the family of CVaR distances.

Remark 1 Definition 4 is a special case of Definition 3 when α → 1, i.e.,

dK S(F, G) = lim
α→1−

dUα (F, G) =: dU1 (F, G).

Another special case is the CVaR distance with confidence level α = 0, also called the
average distance. The following definition explicitly presents the average distance between
two discrete distributions.

Definition 5 The average distance between two distributions F and G, denoted by dUAV , is
defined as follows:

dUAV (F, G) =
s−1∑

k=1

dkP(dk), (12)

with dk and P(dk) defined by (9) and (10).

Figure 2 illustrates the average distance between two discrete distributions.
Furtherwe discuss relation between the average distance and anotherwell-knowndistance,

the Kantorovich–Rubinstein distance. The Kantorovich–Rubinstein distance between two
discrete distributions is defined as follows.

Definition 6 (Kantorovich–Rubinstein distance between two discrete distributions) Define a
transportation plan of transporting the probability mass of F to the distributionG, as follows:

wi j = probability transported from outcome y j of G to outcome xi of F,

ci j = transportation cost of unit of probability mass from y j to outcome xi .

Here we assume that

ci j = |xi − y j |, i = 1, . . . , n, j = 1, . . . ,m.
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The Kantorovich–Rubinstein distance is defined as the optimal value of the following trans-
portation problem:

dK (F, G) = min
wi j

n∑

i=1

m∑

j=1

ci jwi j (13)

subject to
n∑

i=1

wi j = q j , j = 1, . . . ,m, (14)

m∑

j=1

wi j = pi , i = 1, . . . , n, (15)

wi j ≥ 0, i = 1, . . . , n, j = 1, . . . ,m. (16)

The following proposition establishes relation between dAV and dK .

Proposition 3.1 Let distribution F be characterized by outcomes x and their probabilities
p and the distribution G by outcomes y and their probabilities q. Let A = [t1, ts], where
t1 = min{x ∪ y} and ts = max{x ∪ y}. Then, the cost of an optimal probability mass
transportation plan, (13), equals the scaled average distance,

dK (F, G) = (ts − t1)d
U
AV (F,G). (17)

Proof As shown in Vallander (1973),

dK (F, G) =
∫

R

|F(z) − G(z)|dz =
∫ ts

t1
|F(z) − G(z)|dz.

Thus,

∫ ts

t1
|F(z) − G(z)|dz =

s−1∑

i=1

dk(tk+1 − tk) = (ts − t1)dAV (F, G).

��

4 Approximation of discrete distributions: distance minimization problem

This section defines the approximation problem of one discrete distribution by some other
discrete distribution. We assume there exists a known reference distribution G with m out-
comes, characterized by (y,q), and the goal is to find an approximation F , of a smaller size.
In this section we assume that the outcomes of the approximating distribution, i.e., vector x
is known. The objective is to find their probabilities p by minimizing the distance:

min
pi

dUα (F, G) , (18)

n∑

i=1

pi = 1, (19)

pi ≥ 0, i = 1, . . . , n. (20)

The following proposition is needed for proving convexity of the problem (18)–(20).
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Proposition 4.1 Let R be a coherent risk measure. Then, dH (F,G) is a convex functional,
i.e., with λ ∈ (0, 1), for any distributions F, G, F̃ , G̃ on A, the following holds:

dH (λF + (1 − λ)F̃, λG + (1 − λ)G̃) ≤ λdH (F,G) + (1 − λ)dH (F̃, G̃). (21)

Proof Note that since F(·) associated with any distribution F is a nondecreasing function
onA, then the convex combination λF(·) + (1− λ)F̃(·) is also a nondecreasing function on
A, and consequently dH (λF + (1 − λ)F̃, λG + (1 − λ)G̃) is defined correctly. Using A2,
A3, A4 axioms of coherent risk measures, we obtain:

dH (λF + (1 − λ)F̃, λG + (1 − λ)G̃) = (22)

R(|λF(ξ) + (1 − λ)F̃(ξ) − λG(ξ) − (1 − λ)G̃(ξ)|) = (23)

R(|λ(F(ξ) − G(ξ)) + (1 − λ)(F̃(ξ) − (1 − λ)G̃(ξ))|) A2≤ (24)

R(|λ(F(ξ) − G(ξ))| + |(1 − λ)(F̃(ξ) − (1 − λ)G̃(ξ))|) A3≤ (25)

R(|λ(F(ξ) − G(ξ))|) + R(|(1 − λ)(F̃(ξ) − (1 − λ)G̃(ξ))|) A4= (26)

λR(|F(ξ) − G(ξ)|) + (1 − λ)R(|F̃(ξ) − G̃(ξ)|) = (27)

λdH (F,G) + (1 − λ)dH (F̃, G̃). (28)

��
Proposition 4.1 implies the following corollary.

Corollary 4.1 Let F be a discrete distribution on x with probabilities p; G is a distribution
on y with probabilities q. Then dUα (F,G) is a convex function of variables (p,q).

Corollary 4.1 implies that the problem (18)–(20) is convex in variables p = (p1, . . . , pn).
Linearization of the problem (18)–(20) for various levels α can be done using standard
approaches; we placed linearized formulations to “Appendix B”.

5 CVaR distance minimization with cardinality constraint

The problem (18)–(20) in the previous section assumes that the outcomes x of the approx-
imating distribution F are known. One way to relax this assumption is to consider that the
set of outcomes x is a subset of points with a specified cardinality from some known set of
points. For instance, we can consider the set of points from the target distribution y. Consider
now the problem (18)–(20) with the constraint that at most r out of m atoms of approxi-
mating distribution G are used. In other words, the number of outcomes of F with positive
probabilities is less or equal to r . This is the problem formulation:

min
pi , ri

dUα (F,G) (29)

subject to
m∑

i=1

ri ≤ r, (30)

m∑

i=1

pi = 1, (31)
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pi ≤ ri , i = 1, . . . ,m, (32)

pi ≥ 0, i = 1, . . . ,m, (33)

ri ∈ {0, 1}, i = 1, . . . ,m. (34)

The complete mixed integer linear programming formulation of this problem can be found
in “Appendix B”.

6 CVaR as a function of probabilities of atoms

This section studies properties of CVaR function w.r.t. probabilities of atoms. Such properties
are used to impose CVaR constraints assuring a good fit of distribution tails.

As noted inMason and Schuenemeyer (1983), the Kolmogorov–Smirnov distance is often
insensitive to differences between distributions in tails. This statement is valid for the CVaR
distance as well. When we approximate the distribution for the risk management purposes,
it is desirable to ensure that the right tail of an approximating distribution is as heavy as the
tail of the target distribution. We will impose the constraint that CVaR of the approximating
distribution is not less than the CVaR of the target distribution. Moreover, we can impose
CVaR constraints with several confidence levels.

Consider a discrete distribution G on the set of outcomes y = (y1, . . . , ym) with prob-
abilities q = (q1, . . . , qm). Let an approximating distribution F be located at outcomes
x = (x1, . . . , xn) with unknown probabilities p = (p1, . . . , pn). When we fit the distribu-
tions, the first thing that comes tomind is tomatch important characteristics of the distribution.
One possibility is to impose a set of equality constraints on CVaRs. i.e., CVaRs of X should
be equal to CVaRs of Y with several confidence levels:

CVaRαi (X) = CVaRαi (Y ), i = 1, . . . , I. (35)

Remark 2 Constraints (35) lead to nonconvex optimization problems. Case Study (2017)
located online, “PROBLEM4: problem_KSMavg_Cvar_equality” employs nonlinear pro-
gramming solution methods to solve such optimization problems and reports some results.
However, the methods considered in the case study do not provide global optimality guar-
antee. This paper deals with the following inequality constraints preserving convexity and
resulting in provably optimal solutions.

This section proposes the following constraints:

CVaRαi (X) ≥ CVaRαi (Y ), i = 1, . . . , I. (36)

Such constraints ensure that the approximating distribution has at least as heavy right tail as
the original one. Similarly, we can impose constraints on the left tail by changing the sign of
the random variables:

− CVaRαi (−X) ≤ −CVaRαi (−Y ), i = 1, . . . , I. (37)

Since the distribution ofY is known, thenCVaRαi (Y ) is just a constant for everyαi . Therefore,
both groups of constraints, (37) and (36), are of the same type,

CVaRα(X) ≥ a. (38)

Further, we study constraint (38). The function fα(p) defines the CVaR with a confidence
level α of a random variable on outcomes x with variable vector of probabilities p.
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Definition 7 CVaR function fα(·) of variables p is defined as follows:

fα(p) = min
c

(

c + 1

1 − α

n∑

i=1

pi
[
xi − c

]+
)

, (39)

where

[
xi − c

]+ =
{
xi − c, if xi ≥ c,

0, otherwise.

The constraint (38) is expressed with fα(·) as

fα(p) ≥ a. (40)

The function fα(p) can be linearized; here are two representations:

1. Solution of the primal problem (39):

fα(p) = min
c, zi

(

c + 1

1 − α

n∑

i=1

pi zi

)

(41)

subject to

zi ≥ xi − c, i = 1, . . . , n, (42)

zi ≥ 0, i = 1, . . . , n. (43)

2. Solution of the problem dual to (41)–(43):

fα(p) = max
wi

n∑

i=1

wi xi (44)

subject to

wi ≤ pi
1 − α

, i = 1, . . . , n, (45)

n∑

i=1

wi = 1, (46)

wi ≥ 0, i = 1, . . . , n. (47)

The following proposition establishes the concavity of fα(p).

Proposition 6.1 fα(p) is a concave function.

Proof Minimum of linear functions w.r.t. p is a concave function. This statement follows
from the general theorem about convexity of the pointwise supremum of a set of convex
functions, see, Theorem 5.5 in Rockafellar (1970). ��
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Corollary 6.1 The set {p : fα(p) ≥ a} is convex.

With representation (44)–(47) and Corollary 6.1, the convex constraint constraint (40) can
be equivalently presented with the set of linear inequalities:

n∑

i=1

wi xi ≥ a (48)

wi ≤ pi
1 − α

, i = 1, . . . , n, (49)

n∑

i=1

wi = 1, (50)

wi ≥ 0, i = 1, . . . , n. (51)

Finally, we note that multiple constraints for various confidence levels α can be added
to the distance minimization problems in Sects. 4 and 5. The constraints can be added to
describe both left and right tails of the fitting distribution.

7 CVaR distance between quantile functions

Section 3 defined distances between distributions based on their cdfs. Sections 4, 5 and 6
discussed approaches for findingoptimal probabilities of atomsof approximatingdistribution.
This section defines another distance using quantiles of distributions. The new distance
allows building optimization problems for finding optimal points (locations of atoms) of
approximating distribution, when probabilities of atoms are known.

The quantile function of a probability distribution with the cdf F(·) is defined as follows:
F−1(z) = inf {l ∈ R : F(l) ≥ z} . (52)

In financial risk management, the quantity F−1(z) is known as the Value-at-Risk (VaR). For
instance, the function F−1(z) − G−1(z) can represent the difference between VaRs of two
portfolios. Themaximumabsolute difference supz |F−1(z)−G−1(z)| can be used tomeasure
the distance between distributions. The notation F−1 is used to point out that the quantile
is the inverse function to a cdf F(·). F−1(·) is a nondecreasing function on A = [0, 1]. We
provide the following definition of the CVaR distance between quantiles F−1 and G−1.

Definition 8 Let ξ be a uniform random variable on [0, 1]. CVaR distance between quantile
functions is defined as follows:

dUα
(
F−1, G−1) = 〈〈F−1(ξ) − G−1(ξ)〉〉α. (53)

Further we will specialize Definition 8 for discrete distributions. The quantile of a discrete
distribution is equal to:

F−1(z) = inf

{

l ∈ R :
n∑

i=1

pi1l ≥ xi ≥ z

}

. (54)

The presented expression for the quantile is rather complicated; it involves an optimiza-
tion problem with the variable l in the argument of the indicator function. Let us rewrite
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this expression. The vector of probabilities p = (p1, . . . , pn) corresponds to the vector of
outcomes x, where, without loss of generality, the following can be assumed:

x1 ≤ . . . ≤ xn .

Let us define the cumulative distribution vector for the discrete distribution F :

f = ( f1, . . . , fn) =
(

p1, p1 + p2, . . . ,
n∑

i=1

pi

)

. (55)

With these notations, the quantile F−1 equals:

F−1(z) = xiz , (56)

iz = min
i

i : fi ≥ z, 0 ≤ z ≤ 1. (57)

With notations for distribution G similar to (55), (56), (57) and the notation {γ1, . . . , γs} ={
p1, p1+ p2, . . . ,

∑n

i=1
pi

}
∪

{
q1, q1+q2, . . . ,

∑m

j=1
q j

}
, the random variable F−1(ξ)−

G−1(ξ) takes values

f −1
k − g−1

k = xiγk − y jγk , k = 1, . . . , s − 1, (58)

iγk = min
i

i : fi ≥ γk, k = 1, . . . , s − 1, (59)

jγk = min
j

j : g j ≥ γk, k = 1, . . . , s − 1, (60)

with probabilities

P

(
f −1
k − g−1

k

)
= γk+1 − γk, k = 1, . . . , s − 1.

Figure 3 illustrates the definition of CVaR distance between quantile functions. This
distance is used to address the following problem. Suppose the probability distribution with
m outcomes G is known (as well as the function G−1), and we would like to approximate
it by a distribution F with n outcomes, for which we assume probabilities to be known. For
instance, the approximating distribution is a uniformly distributed probability distribution,

i.e., pi = 1

n
, i = 1, . . . , n. The problem of finding the optimal positions (x1, . . . , xn) is

formulated as follows:

min
xi

dUα
(
F−1, G−1) (61)

subject to

x1 ≤ . . . ≤ xn . (62)

Convexity of the problem (61), (62) can be demonstrated following the proof of Proposition
4.1.

Corollary 7.1 Let F be a discrete distribution on x with probabilities p; G is a distribution
on y with probabilities q. Then dUα

(
F−1, G−1

)
is a convex function of variables (x, y).

Proof Let F be a discrete probability distribution with ordered outcomes x = (x1, . . . , xn)
and correspondingprobabilitiesp = (p1, . . . , pn). Let F̃ be a discrete probability distribution
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Fig. 3 Illustration of the CVaR
distance between quantile
functions with confidence level
α = 7

10 . The largest absolute
difference between two quantile
functions, d(9) = 3.0 , has the

probability of occurrence 1
10 .

The second largest absolute
difference, d(8) = 1.0 and also
has the probability of occurrence
2
10 . Thus, d7/10

(
F−1,G−1

)
=

3.0·0.1+1.0·0.2
0.3 ≈ 1.67
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z
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with ordered outcomes x̃ = (̃x1, . . . , x̃n) and the same corresponding probabilities vector
p = (p1, . . . , pn). Similarly,G and G̃ are two distributions on ordered y = (y1, . . . , ym) and
ỹ = (ỹ1, . . . , ỹm) having the same vector of probabilities q = (q1, . . . , qm). With λ ∈ (0, 1),

F−1
λ (z) = inf

{

l ∈ R :
n∑

i=1

pi1l ≥ λxi+(1−λ)̃xi ≥ z

}

= λxiz + (1 − λ)̃xiz =

λF−1(z) + (1 − λ)F̃−1(z), (63)

G−1
λ (z) = inf

⎧
⎨

⎩
l ∈ R :

m∑

j=1

q j1l ≥ λy j+(1−λ)ỹ j ≥ z

⎫
⎬

⎭
= λy jz + (1 − λ)ỹ jz =

λG−1(z) + (1 − λ)G̃−1(z). (64)

Then, by Proposition 4.1

dUα
(
λF−1 + (1 − λ)F̃−1, λG−1 + (1 − λ)G̃−1) ≤ λdUα

(
F−1, G−1)

+ (1 − λ)dUα
(
F̃−1, G̃−1) .

��

With the representation (58)–(60) of the random variable F−1(ξ)−G−1(ξ), the linearization
of the problem (61), (62) is straightforward; it is included in “Appendix B”.

8 Minimization of the Kantorovich–Rubinstein distance

It is easy to notice that for α = 0 the distances dUα (F,G) and dUα
(
F−1,G−1

)
differ only by

the scaling coefficient (ts−t1).Moreover, forα = 0, these distancesmeasure the area between
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two cdf curves, and therefore they are equal to the Kantorovich–Rubinstein distance. Hence,
these two measures can be used in one algorithm iterating two steps: (1) adjust probabilities
of atoms; (2) adjust positions of atoms.

Let G be a known distribution characterized by (y,q). The approximating distribution
F is required to have n atoms, i.e., the vectors of positions x and probabilities p have n
components. Here is the outline for the iterative procedure for finding both x and p:

• Step 0. Assign initial value for the vector p, e.g., p0 =
(
1

n
,
1

n
, . . . ,

1

n

)
, k = 0.

• Step 1. Find an optimal xk+1 =
(
xk+1
1 , . . . , xk+1

n

)
by minimizing the quantile distance:

min
xk+1
i

dU0

(
F−1

(
pk, xk+1

1 , . . . , xk+1
n

)
, G−1

)
(65)

• Step 2. Find an optimal pk+1 =
(
pk+1
1 , . . . , pk+1

n

)
by minimizing the cdf distance:

min
pk+1
i

dU0

(
F

(
pk+1
1 , . . . , pk+1

n , xk+1
)

, G
)

(66)

• k := k + 1, repeat Steps 1–2 until reduction in distance is getting smaller than threshold
ε > 0:

∣∣∣dU0
(
F−1

(
pk+1, xk+1

)
, G−1

)
− |A| dU0

(
F

(
pk, xk

)
, G

)∣∣∣ < ε. (67)

This iterative procedure provides a series of approximations with non-increasing values of
the Kantorovich–Rubinstein distance. The procedure generates a sequence of non-increasing
numbers (distances) bounded from below (for instance, by 0), therefore the distances neces-
sary converge to some value. The procedure does not necessary provide the global optimum
for the distance minimization problem. The problem of approximating of one discrete distri-
bution by some other discrete distribution is a combinatorial problem and here we outlined an
efficient heuristic algorithm for this problem. Note that there exists a simple exact algorithm
for minimum (Kantorovich–Rubinstein) distance approximation of a continuous distribution
by a discrete one, see Kennan (2006).

9 Computational experiments

This section demonstrate the computational efficiency of the distanceminimization algorithm
described in the theoretical sections. The target probability distribution G is based on a
real-life data set from the aerospace industry (recorded errors in the locations of fastener
holes). The original dataset contains 8165 observations, with only 448 unique values. So,
we assume that there are only 448 atoms with probabilities proportional to the number
of observations at atoms. The dataset is further referred to as “Holes” dataset. Distance
minimization problems were solved with two different solvers, Xpress (2014) and AORDA
(2016): Portfolio Safeguard solver (PSG). For fair comparison, both solvers were set up to
work using 1 thread. Computational results were obtained on a PC with Windows 8.1 × 64
operating system, Intel Core(TM) i5-4200M CPU 2.5GHz, 6GB RAM.

Table 1 presents computational results of the minimization problem (18)–(20) for a wide
range of values of parameter α solved with linear (Xpress (2014)) and convex (AORDA
(2016)) solvers. The problem (18)–(20) requires setting the outcomes x of the approximat-
ing probability distribution, which were selected uniformly across the range of the original
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Table 1 Computational results of solving (18)–(20) problem

Xpress PSGDataset m n α

Objective CPU time (s) Objective CPU time (s)

0.0 0.00253 0.14 0.00253 0.32

0.1 0.00281 0.17 0.00281 0.37

0.2 0.00316 0.17 0.00316 0.35

0.3 0.00361 0.16 0.00361 0.38

0.4 0.00419 0.19 0.00419 0.29

Holes 448 100 0.5 0.00501 0.16 0.00501 0.29

0.6 0.00619 0.18 0.00619 0.21

0.7 0.00802 0.17 0.00802 0.14

0.8 0.01056 0.15 0.01056 0.14

0.9 0.01416 0.16 0.01416 0.11

1.0 0.02995 0.06 0.02995 0.01

Table 2 Computational results
of solving (61)–(62) problem

XpressDataset m n α

Objective CPU time (s)

0.0 0.00058 0.03

0.1 0.00065 0.04

0.2 0.00073 0.04

0.3 0.00083 0.03

0.4 0.00097 0.03

Holes 448 100 0.5 0.00116 0.04

0.6 0.00137 0.03

0.7 0.00166 0.04

0.8 0.00224 0.03

0.9 0.00399 0.04

1.0 0.03300 0.02

distribution G. Similarly, Table 2 presents the computational results of approximating the
original probability distribution by a uniform discrete distribution via the quantile distance
minimization.

Table 3 presents computational results for the cardinality constrained version of the (18)–
(20) problem. It is a challenging optimization problem, even for moderately sized instances.
Mainly, this is due to the poor quality of the linear relaxation of the corresponding 0–1problem
formulation. Because of that, we compare the best objective values obtained by either of the
solverswithin a specified time limit. The optimality gaps for the considered instances and time
limits are large, up to 95%, which suggests that both solvers essentially run as heuristics with
little or no performance guarantee. One PSGminimization run of the problem with r = 40 is
presented in Case Study (2017), see “PROBLEM2: problem_KSMavg_with_Cardinality”.

Finally, computational experiments of the iterative procedure for the Kantorovich–
Rubinstein distanceminimization (described in Sect. 8) are presented in Table 4. Experiments
show that only few iterations are needed to achieve convergence of the procedure with a
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Table 3 Computational experiments solving the cardinality constrained approximation problem (29)–(33)

Xpress PSGDataset m n r α

Objective CPU time (s) Objective CPU time (s)

0.0 0.0130 954.15 0.0140 955.58

0.1 0.0156 739.80 0.0155 740.31

0.2 0.0176 911.73 0.0183 912.12

0.3 0.0197 936.78 0.0211 937.31

0.4 0.0213 680.77 0.0237 681.04

Holes 448 448 10 0.5 0.0264 1,504.77 0.0248 1,505.64

0.6 0.0304 1,805.75 0.0278 1,806.03

0.7 0.0346 1,244.74 0.0330 1,245.04

0.8 0.0414 1,059.78 0.0483 1,060.46

0.9 0.0494 1,997.78 0.0525 1,998.47

1.0 0.0672 631.76 0.0763 632.42

0.0 0.0071 817.59 0.0078 818.21

0.1 0.0081 580.76 0.0087 581.18

0.2 0.0092 1,144.8 0.0106 1,145.61

0.3 0.0103 1,698.75 0.0117 1,699.10

0.4 0.0118 2,194.75 0.0111 2,195.01

Holes 448 448 20 0.5 0.0138 1,776.74 0.0150 1,777.31

0.6 0.0160 2,668.73 0.0150 2,669.80

0.7 0.0187 2,498.7 0.0170 2,499.81

0.8 0.0230 2,100.74 0.0242 2,101.60

0.9 0.0247 1,524.74 0.0305 1,525.67

1.0 0.0350 590.77 0.0360 591.79

The optimization problems were first run with AORDA software package. Solution time obtained by AORDA
solver was used as an upper time limit for the FICOXpress solver and the corresponding potentially suboptimal
objective values are presented in the table

Table 4 Approximation of the dataset via minimization of the Kantorovich–Rubinstein distance

XpressDataset m n
Objective CPU time (s) # of iterations

5 0.00551 0.91 5

10 0.00321 1.71 7

20 0.00186 3.06 9

30 0.00125 4.00 10

40 0.00106 1.37 5

Holes 448 50 0.00079 3.92 9

60 0.00066 2.72 7

70 0.00049 6.55 11

80 0.00045 4.87 9

90 0.00038 9.98 13

100 0.00034 10.53 13

Approximation is done both with respect to outcome positions and their probabilities
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Fig. 4 An illustration of a result of the iterative Kantorovich–Rubinstein distance minimization procedure
described in Sect. 8. Approximation is performed by a distribution with 10 outcomes

small, e.g., ε = 10−5, precision. Function “kantor” in PSG implements the algorithm. One
minimization run of this functionwithm = 40 is presented inCase Study (2017), see “PROB-
LEM1: problem_Kantorovich_minimize”. Figure 4 provides an illustration of the original
dataset approximation by 10 discrete points using the iterative procedure. It is worth to note
that contrary to the result of Kennan (2006), which states that the minimum Kantorovich–
Rubinstein distance approximation of a continuous distribution is necessary uniform, the
output of the procedure is not a uniform discrete distribution. The example also demon-
strates that the right tail of the target distribution is heavier than the tail of the approximating
distribution. Therefore, CVaR constraints discussed in Sect. 6 can be quite helpful in this
case.

10 Conclusion

This paper described several approaches to the problem of approximation of one discrete
distribution on the line with finite support by another one, potentially with a smaller number
of outcomes. The approximation problem cam be split in two subproblems: (1) where to
place the atoms of an approximating distribution, (2) which probabilities should be assigned
to the atoms. These two problems are approached with distance measures between cumu-
lative distribution functions and quantile functions, accordingly. An important special case
is the Kantorovich–Rubinstein distance, which is equal to the area between functions (cdf
or quantile) of two distributions. This fact allows to combine subproblems into an iterative
procedure and minimize the Kantorovich–Rubinestein distance with respect to both atom
locations and corresponding probabilities.

Some possible directions for future research may include the following. First, the car-
dinality constrained version of the approximation problem where atom positions of the
approximation are selected from the set of original atom positions, may require a stronger
problem formulation. Extension of the ideas behind the iterative Kantorovich–Rubinstein
distance minimization procedure in higher dimensions can also be of interest. Finally, the
introduced concept of CVaR distance as an extension of the Kolmogorov–Smirnov distance
leads to the question whether it can be applied for hypothesis testing of equality of distribu-
tions, similar to the Kolmogorov–Smirnov test.
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Appendix A: Risk-measure-based distance between maximal monotone
relations

This section defines the notion of a risk-measure-based distance between two probability
distributions in a formal way. It is convenient to formally define risk-measure-based distances
based on maximal monotone relations, Rockafellar and Royset (2014).

A general cumulative distribution function can have points of discontinuity, however, if
the corresponding jumps of such function are filled with vertical segments, we obtain an
example of the maximal monotone relation. In a similar fashion, the quantile function of a
probability distribution can generate a maximal monotone relation. We will consider further
distances based on both cumulative distribution functions and quantile functions, so it is
convenient to define the notion of distance in a more general fashion. First, we define the
notion of a monotone relation on a set A ⊆ R.

Definition 9 (Rockafellar and Royset 2014). Let A = [a, b] ⊆ R, possibly unbounded
closed interval. A set � = {(x, p) ⊂ A × R} is called a monotone relation on A if
∀ (x1, p1), (x2, p2) ∈ �

(x1 − x2)(p1 − p2) ≥ 0. (A.1)

Set� is called amaximal monotone relation onA if there exists nomonotone relation�
′ 
= �

on A, such that � ⊂ �
′
.

Associated with a maximal monotone relation � onA, the function �(x), x ∈ A, is defined.
An arbitrary monotone relation can clearly contain a vertical segment, therefore, let �(x) be
defined as

�(x) =

⎧
⎪⎨

⎪⎩

inf
(x, p)∈�

p, if x = b < +∞,

sup
(x, p)∈�

p, otherwise,
(A.2)

where b is the right point of the closed intervalA. Clearly, �(x) is a nondecreasing function
on A.

Suppose F andG are twomaximal monotone relations onA andwe randomly pick a point
ξ ∈ A, so that the absolute difference between F and G becomes a random variable taking
the value |F(ξ) − G(ξ)|. Specifically, we suppose there is an underlying probability space
(	,F,P) and the random variable ξ is a F−measurable function from 	 toA, ξ : 	 → A.
Let A be equipped with a Borel σ−algebra B. Moreover, the auxiliary random variable
ξ is supposed to have a probability distribution H , such that (i) it has a density function
h(x), x ∈ A and (ii) h(x) > 0 for any x ∈ int (A). The distance (discrepancy metric)
between F and G will be defined using a risk measure to the random variable |F(ξ)−G(ξ)|.

A riskmeasureR is amap from a space of random variables intoR. In our studyR belongs
to a special class of risk measures, called coherent risk measures and defined in Artzner et al.
(1999). To be coherent, a risk measure has to satisfy the following axioms (the axioms are in
a slightly different from Artzner et al. (1999) form, due to Rockafellar and Uryasev (2013)):

• A1. R(ξ) = C for constant random variables ξ = C a.s.,
• A2. R(ξ1) ≤ R(ξ2) for ξ1 ≤ ξ2 a.s.,
• A3. R(ξ1 + ξ2) ≤ R(ξ1) + R(ξ2),
• A4. R(λξ1) = λR(ξ1), for any λ ∈ (0,+∞).

Definition 10 The risk-measure-based distance between maximal monotone relations onA,
F and G, is defined through the corresponding functions F(·) and G(·), as follows:

dH (F,G) = R(|F(ξ) − G(ξ)|). (A.3)
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The function dH (F,G) satisfies the usual properties of a probability metric, discussed in,
for instance, Rachev et al. (2008), Chapter 3.

Proposition A.1 Let F, Z ,G be maximal monotone relations on A = [a, b]. If H is a
distribution with a density function h(x) > 0, ∀x ∈ int (A), the following properties hold:

1. dH (F,G) ≥ 0
2. dH (F,G) = 0 ⇐⇒ μ

({x : F(x) 
= G(x)}) = 0 where μ denotes Lebesgue measure
3. dH (F,G) = dH (G, F)

4. dH (F, Z) ≤ dH (F,G) + dH (G, Z)

Proof First, correctness of definition |F(ξ)−G(ξ)| needs to be shown, i.e., that |F(ξ)−G(ξ)|
has to be a F− measurable function. It is sufficient to show that F(ξ) is measurable, i.e.,
that the preimage of an open set in A is in F . In order to see this sufficiency, note first
that the sum or the difference of two measurable functions is measurable, see for instance
McDonald andWeiss (1999), Chapter 3. Then, it is well-known that a preimage (with respect
to a continuous function) of an open set is another open set, see McDonald andWeiss (1999),
Chapter 2, therefore the absolute value function also preserves measurability. Thus, consider
the measurability of the function F(·). The function F(·) is associated with a maximal
monotone relation F , therefore it is nondecreasing and has at most countable number of
points of discontinuity, cf. Rudin (1964) for example. Therefore, F(·) can be approximated
by a sequence of continuous nondecreasing functions Fn(·) such that the sequence converges
pointwise to F : ∀x ∈ A, lim

n→∞ Fn(x) = F(x). By Theorem 4.5 in McDonald and Weiss

(1999), the function F(·) is measurable.
Properties 1, 3, 4 are trivial and direct consequences of the axioms of coherent risk mea-

sures. The proof of Property 2 follows next.
1. We start from the �⇒ implication. Suppose dH (F,G) = 0, in other words, 0 =

R(|F(ξ)−G(ξ)|) ≤ R(0), which implies by the property A2 of coherent risk measures that
P(ω : |F(ξ(ω)) − G(ξ(ω))| ≤ 0) = P(ω : F(ξ(ω)) = G(ξ(ω))) = 1. Thus, we obtain the
following

P
(
ω : F(ξ(ω)) 
= G(ξ(ω))

) = 0. (A.4)

Let A′ ⊂ A denote the image of ξ . Clearly, μ
(
A′) = μ(A) because of the absolute

continuity of the distribution of ξ . Then,

μ{x ∈ A : F(x) 
= G(x)} = μ
{
x ∈ A′ : F(x) 
= G(x)

}
. (A.5)

Let E =
{
x ∈ A′ : F(x) 
= G(x)

}
. Consider a sequence of {εk > 0}, εk → 0, k → +∞

and let Ek =
{
x ∈ A′ : F(x) 
= G(x), h(x) ≥ εk

}
. Clearly,

∞⋃

k=1

Ek = E . Also,

0 = P
(
ω : F(ξ(ω)) 
= G(ξ(ω))

) ≥
∫

Ek

hdμ ≥ εk

∫

Ek

dμ = εkμ(Ek) �⇒ (A.6)

μ{Ek} = 0, k = 1, . . . ,+∞. (A.7)

Thus

μ(E) = μ

( ∞⋃

k=1

Ek

)

≤
∞∑

k=1

μ(Ek) = 0. (A.8)
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2. The implication ⇐� is more obvious. Let E = {
x ∈ A : F(x) 
= G(x)

}
. Then, due

to ξ having the density function h,

P
(
ω : F(ξ(ω)) 
= G(ξ(ω))

) =
∫

E
hdμ = 0, (A.9)

as an integral of the nonnegative function over the set of measure 0. ��

Appendix B

Formulation 1 The problem (18)–(20) for 0 < α < 1 can be reformulated as the following
linear problem:

min
c, pi , zk

(

c + 1

1 − α

s−1∑

k=1

P(dk)zk

)

(B.1)

subject to

zk ≥ F(tk) − G(tk) − c, k = 1, . . . , s − 1, (B.2)

zk ≥ −F(tk) + G(tk) − c, k = 1, . . . , s − 1, (B.3)

F(tk) =
n∑

i=1

pi1tk≥xi , k = 1, . . . , s − 1, (B.4)

n∑

i=1

pi = 1, (B.5)

zk ≥ 0, k = 1, . . . , s − 1, (B.6)

pi ≥ 0, i = 1, . . . , n. (B.7)

Formulation 2 The problem (18)–(20) with α = 1 can be reformulated as the following
linear problem:

min
a, pi

a (B.8)

subject to

a ≥ F(tk) − G(tk), k = 1, . . . , s − 1, (B.9)

a ≥ −F(tk) + G(tk), k = 1, . . . , s − 1, (B.10)

F(tk) =
n∑

i=1

pi1tk ≥ xi , k = 1, . . . , s − 1,

(B.5), (B.7). (B.11)

Formulation 3 The problem (18)–(20) with α = 0 can be reformulated as the following
linear problem:

min
pi , dk

s−1∑

k=1

dkP(dk) (B.12)

subject to

dk ≥ F(tk) − G(tk), k = 1, . . . , s − 1, (B.13)
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dk ≥ −F(tk) + G(tk), k = 1, . . . , s − 1, (B.14)

F(tk) =
n∑

i=1

pi1tk ≥ xi , k = 1, . . . , s − 1,

(B.5), (B.7). (B.15)

Formulation 4 The problem (29)–(33) with α ∈ (0, 1) can be reformulated as the following
linear problem:

min
c, pi , ri , zk

(

c + 1

1 − α

m−1∑

k=1

P(dk)zk

)

(B.16)

subject to

zk ≥ F(yk) − G(yk) − c, k = 1, . . . ,m − 1, (B.17)

zk ≥ −F(yk) + G(yk) − c, k = 1, . . . ,m − 1, (B.18)

F(yk) =
m∑

i=1

pi1yk ≥ yi , k = 1, . . . ,m − 1, (B.19)

pi ≤ ri , i = 1, . . . ,m, (B.20)
m∑

i=1

ri ≤ r, (B.21)

zk ≥ 0, k = 1, . . . ,m − 1, (B.22)

ri ∈ {0, 1}, i = 1, . . . ,m,

(B.5), (B.7). (B.23)

Corresponding reformulations for problem (29)–(33) with α = 1 and α = 0 can be obtained
similar to Formulations 2 and 3.

Formulation 5 The problem (61)–(62)withα ∈ (0, 1) for theminimization ofCVaRdistance
between quantile functions can be reformulated as the following linear problem:

min
c, xi , zk

(

c + 1

1 − α

s−1∑

k=1

P(dk)zk

)

(B.24)

subject to

zk ≥ xiγk − y jγk − c, k = 1, . . . , s − 1, (B.25)

zk ≥ −xiγk + y jγk − c, k = 1, . . . , s − 1, (B.26)

zk ≥ 0, k = 1, . . . , s − 1, (B.27)

x1 ≤ . . . ≤ xn . (B.28)

Corresponding reformulations for problem (61)–(62) with α = 1 and α = 0 can be obtained
similar to Formulations 2 and 3.
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