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Abstract This paper addressesitself to a new approach for failure discriminant anaysis,
aclassical and yet very actively studied problem in financial engineering. The
basic idea of the new method is to separate multi-dimensional financial data
corresponding to ongoing and failed enterprises by an ellipsoidal surface which
enjoys agood mathematical property aswell as a clear financial interpretation.

We will apply a new cutting plane algorithm for solving a resulting semi-
definite programming problem and show that it can generate an optimal solution
in amuch more efficient way than standard interior point algorithms. Computa-
tional resultsusingfinancial dataof Japaneseenterprisesshow that the ellipsoidal
separation leads to significantly better results than the hyperplane separation.
Also it performs better than the separation by ageneral quadratic surface, awell
used method in support vector machine approach.
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1. Introduction

Quantitative analysis of credit risk attracted more attention of researchers
aswell as practitionersin recent years due to a number of failures of medium
to large scale enterprises during the last decade. This trend is expected to be
further intensified due to the new BIS regulation to be implemented in the year
2004, by which banks are required to evaluate the credit risk of enterprisesina
more reliable way.

In this paper, we will propose a new approach for failure discrimination, one
of the major areas in credit risk analyses. Failure discriminant analysis has a
long history since the pioneering works of Altman [1, 2] in 1960’s, where he
assumed that the financial data of failure group and ongoing group are both
normally distributed and separated them by a hyperplane. In subsequent “sta-
tistical” discriminant analysis, some kind of assumption on the distribution of
financial data plays an essential role.

Recently, in accordance with anincreasing concerns about failures, anumber
of new approaches evolved supported by a rapid progress in computing tech-
nologies. Among them are various methods devel oped in artificia intelligence
and datamining. Significant differencesof these approachesfrom the statistical
discriminant analysisisthat no assumptions are imposed on the distribution of
financial data.

One of the authors, encouraged by the remarkable success of linear pro-
gramming based data mining approach to cancer diagnosis [12], applied the
same idea to failure discrimination. But the computational results were not
convincing enough.

There are two reasons why linear separation does not work well in this
case. First, many if not all financial indexes are correlated to each other, which
linear model cannot take into account. Second, although most indexes have
monotonic property in the sense that larger (or smaller) valueis associated with
better performance, some indexes have the “mid-value property”, namely that
enterprisesare considered to perform well when itsvalueisin some (unknown)
interval.

Natural extension of hyperplane separation is quadratic separation, which
is common in support vector machine approach (SVM). However, general
quadratic surface may generate disconnected regions for each group, which
is not desirable due to the basic property of financial indexes explained above.

To restrict the discriminant region of each group to be connected, we need to
impose a condition that the surfaceiseither ellipsoid or paraboloid. Separation
of multi-dimensional data by an ellipsoid was first proposed by Rosen [14] in
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as early as 1965. However, no one pursued this approach since no efficient
method to generate such an ellipsoid was known until mid 1990's, when aclass
of primal-dua interior point of algorithms were developed for semi-definite
programming problems (SDP).

Itisreportedin[10] that el lipsoid separation performs better than hyperplane
separation for failure discrimination problems. However, only 7 out of 455 test
data belong to failure group, so that the result was inconclusive. Also, one
significant disadvantage of ellipsoidal separation is that the computation time
for solving a resulting SDP is much larger than that for solving a hyperplane
or quadratic separation problem. When the number of data is 455 and the
dimension n of the datais 6, hyperplane separation problem can be solved in
lessthan 0.1 second, whilellipsoidal separation requires around 1000 seconds
by SDPAS.0, awell designed code for SDP's.

The purpose of this paper isto apply a more efficient cutting plane a gorithm
recently developed by the authors[11] and demonstrate that ellipsoidal separa-
tion performs better than its counterpart, hyperplane separation and quadratic
separation.

In Section 2, weintroducethree aternative schemes, i.e., hyperplanesepara-
tion, quadratic separation and ellipsoidal separation and discuss mathematical
and geometric properties of each method in detail. Section 3 will be devoted to
the description of a cutting plane algorithm for solving an SDP formulated in
Section 2.

In Section 4, we will present the result of numerical simulationusing upto 9
dimensional financial dataof small tomedium scal e Japanese enterprises. It will
be shown that the quality of ellipsoidal separation isbetter than itscounterparts.
Also, wewill show that cutting plane algorithm can generate an optimal solution
much faster than SDPAS.0.

Finally, in Section 5, wewill summarizethepaper and discussfuturedirection
of research.

2. Mathematical For mulation of Hyperplane, Quadratic
and Ellipsoidal Separation

2.1. Separation by a Hyperplane

LetA;,« =1,...,mbegoingenterprisesand B;,/ = 1,. .., h beenterprises
which have undergone failure. Also, let a; € IR™, b; € IR™ be, respectively the
vectors of financial dataof A;, B;. If there existsavector (¢, ¢o) € IR"*! such
that

laj > ¢y, i=1,....m, D
oy < co, 1=1,...,h, 2
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Figure18.1. Discriminant Hyperplane

then we will call
H(c,c)) ={z € R"| Tz =cp},

a discriminant hyperplane. (Figure 18.1) Upon normalization, condition (1)
and (2) are equivalent to the following (See [12].):

cla;>co+1, i=1,...,m, 3
by <e-1, 1=1,...,h 4

Discriminant hyperplane may not exist in general. In such a case, an enter-
prise A; such that ¢”a; < ¢y + 1 will be called a misclassified enterprises of
thefirst kind. Also, B; suchthat ¢Zb; > ¢o — 1 will be called the misclassified
enterprise of the second kind. Associated with misclassified data«; , let y; be
the distance of «; from the hyperplane ¢’z = ¢ + 1. Also, for those misclas-
sified data b;, let z; be the distance from the hyperplane ¢’z = ¢5 — 1 (See
Figure 18.2). To minimize the weighted sum of these errors, we consider the
following linear programming problem:

m h
S 1 1
minimize (1 — A)E § yi—l')‘ﬁ § 7l
i=1 =1

subjectto cla; +y; > co+1,i=1,...,m, (5)
-z <e-1,1=1,...,h,
y; > 0,0 =1,...,m,
21> 0,0l=1,...,h,

where A € (0, 1) isa constant representing the relative importance of the cost
associated with misclassification of the first and the second kind.
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Figure18.2. Hyperplaneby (5)

Let us note that the problem (5) is feasible. Also, the objective functionis
bounded below. Therefore, ithasanoptimal solution (¢, ¢, vy . . .y, 27 . . . 2f)
[4]. Mangasarian et al.[12] applied this method to breast cancer diagnosisto
classify 569 patientsinto benign and malignant groups by using 3 dimensiona
physical data. Accordingtotheir report, 97.5% of the 569 patientsare classified
correctly.

In addition, they conducted out of sample test (prediction) by using the
following method:

(i) Splitall datain K groups Dy, k =1, ..., I, randomly.

(ii) Choose D;. and generate a discriminant hyperplane using data con-
tained in Dy, k # 7 and count the number of correct prediction using
D,.

(iii) Repeat this procedure for each ¢ and calcul ate the average.

According to [12], 97.5% of the datawere correctly predicted, whichis com-
parable to the precision of diagnoses by experts in this field. (INFORMS's
Lanchester Prize of the year 2000 was awarded to O.Mangasarian for thisre-
markable accomplishments.)

One of the authors, inspired by this success, applied the same method to
failure discrimination, using six dimensional financial data of 455 enterprises.
However, the result was not convincing. In fact, only 92% of the data were
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Figure18.3. CrossValidation

correctly classified and prediction procedure could not be conducted because
the failure group consistsof only 7 data.

Discrimination of financial data is admittedly more difficult than physical
data. For one thing, financial data are less reliable since they are calculated
from less precise data. Even worse, financial dataof small companiesare often
subject to imprecise or wrong procedure if not window-dressing procedure.

2.2. Separation by Quadratic Surface

To improve precision of discrimination, let us consider the separation by a
quadratic surface. Let D € IR™*" be a symmetric matrix and consider the
following minimization problem:

m h
L 1 1
minimize (1_)\)E§yi+)\ﬁgzl
subjectto a! Da; +alc+y;i > co+1,i=1,...,m, (6)
blTDbl—l—bch—zlgco—l,lzl,...,h7
yi > 0,i=1,...,m,
21> 0,0l=1,...,h,

wheeD € R>*", c € IR, cg € RL,y; e RL,i=1,....m; 5 € R, [ =
1,..., harevariablesto be determined. Here, a discriminant quadratic surface
Q(D, ¢, cp) isdefined by

QD,c,co)={zeR" |2IDx+cTe=¢p ).

Variablesy; and z; represent, respectively the distance of the misclassified data
a; and b; from the quadratic surfaces 2 Dz 4+ ¢’z = ¢ £+ 1.
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The problem (6) is a linear programming problem. It is easy to see that
this problem has an optimal solution. Since this problem containsn(n + 1)/2
additional variables compared with (5), the value of objective function should
be much smaller than that of hyperplane separation. On the other hand, the
configuration of separating surface can be very complicated. In particular, if
D isindefinite, then we will obtain a disconnected region of discrimination.
Thisisnot desirable since financial data satisfy either monotonic or mid-value
property discussed in Introduction. Furthermore, thisis why we do not apply
the SVM with standard non-linear kernels.

It is reported in [10] that we usually obtain 100% correct classification by
this method. However, it often results in an overfitting, so that the quality of
prediction would deteriorate.

2.3. Separation by an Ellipsoid

In order to generate two connected regions of discrimination and to avoid
overfitting, we will restrict the separating surface to be convex. Thisimplies
that D iseither positive or negative semi-definite. Therefore, we have to solve
the following “ semi-definite” programming problem:

m k
S 1 1
minimize (1 — A)E E yi—l')‘ﬁ E 7l
=1 =1

subjectto a! Da; +al'c+yi > co+1,i=1,...,m,
BT Db+ bl c— 2 <co—1,1=1,....h, (7)
y; > 0,0 =1,...,m,
21> 0,0l=1,...,h,
D+ O (or =D 0),

where D = O denotesthat D is positive semi-definite. The constraint D > O
generates an €llipsoid (or paraboloid) containing b;, I = 1,...,h within the
elipsoid, while — D > O generates an ellipsoid containinga;, 7 = 1,...,m
within an ellipsoid. Let us note that ellipsoidal separation imposes a tight
restriction on the component of D.

Asreported in[10], scoresof individual enterprisescalculated by using their
distancefrom the separating ellipsoid exhibitsagood correl ation with the result
of rating reported by aleading rating company. Therefore, these scores may be
used as abasisfor rating alarge number of enterprisesin an automatic way.

Unfortunately, however the computation time for solving an SDP (7) isover
1000 times more than that for solving the associated linear program (6) when
n==6and N = m + h = 455 [10]. The problem to be solved in practice is
much larger, i.e, N isover afew thousand while n remains small. Therefore,
we need to develop a more efficient algorithm for solving (7) using its specia
structure.
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Figure18.4. Hyperplane, Hyperbolic Surface, Ellipsoidal Surface.

3. A Cutting Plane Algorithm for SDP
Let usfirst define

y= (y17"'7ym)T7
z = (21,...,zh)T,
em = (1/m,..., 1/m)T cR™,

en=(1/h,...,1/h)T € R",

and let
aiTDa,'—l—aiTc—l—y,'Zco—l—l,izl,...,m,
o (D,c,co,y,2) | BEDb+blc— 2z <co—1,01=1,...,h,
0= y; >0,i=1,...,m,z>0,0l=1,....h

di; >0,7=1,...,n.
and denote (7) in acompact form asfollows:
minimize (1 — A)ely+ Aelz
(P) | subjectto (D, ¢, co,y,2) € Fo 9
2Dz > 0,Vz € By,

where B,, isan n-dimensional unit ball.
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Animportant observation is that this belongsto a class of semi-infinite pro-
gramming problem, alinear programming problem with an infinite number of
constraints.

Thefirst step of our algorithm isto solve alinear programming problem :

(Qo) | minimize (1 — A)ely + Ael2

subjectto (D, ¢, co,y,2) € Fo (10)

by relaxing thelast constraint of (9). Let usnotethat thisprogramisfeasibleand
the objective function is bounded below. Therefore, it has an optimal solution,
(D°, ¢, ¢§,1° =°) [5).

If D° ispositive semi-definite, then (D°, ¢, ¢f, y°, z°) isobviously an opti-
mal solutionof (7). If D° isnot positive semi-definite, thenthereexistsz € B,
such that 27 D°z < 0.

Let us consider the quadratic program :

(mo) | minimize 27 D°x

subjectto = € B5,,. (11)

Lemmal Let\oandz" be, respectively thesmallest eigenvalueand associated
eigenvector of D°. Then the minimal value of the problem (11) is attained at
2° and (2°)T Dea® = .

Proof See Gantmacher [7]. "

Let us define a new set
Fi=Fon{D | (2°)"Da°>0} (12)
and define atighter linear program

(Q)) | minimize (1 — A)ely+ Aelz (13)
subjectto (D, ¢, co,y,2) € Fi
Inthe k(> 1) th step, let us consider the linear program
(Qp) | minimize (1 — Aely+ Aelz (14)
subjectto (D, ¢, co,y,2) € Fi
where
Fr = Foi N { D | (z*1HTDzk1 > g } (15)
Let (D*, ¥, ¢k, y*, 2*) be an optimal solution and solve
(mx) | minimize 27 DFz
subjectto = € B5,,. (16)

Let z* be its optimal solution, for which the objective value of () is the
minimal eigenvalueof D* by lemma 1. If D* is positivesemi-definite, then we
are done. Otherwise, repesat the k-th step replacing k& with & 4 1.
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Cutting Plane (CP) Algorithm
Initialization Lete > 0 beatolerance and set F,, such as(8) and k& = 0.

General Step k& Solve a linear program (Qr) and let (D*, c*, ck y*, 2*) be
its optimal solution. Let «y, D¥, & and & be, respectively, a constant,
amatrix, a vector, a scalar sﬁlsfylng that || D¥||2 + ||é¥||? + ||ck||? =
1, a1 > 0,akD¥ = D¥, ay.ék = ¢k and oekclg = clg 1

Casel (x®)TDFak > —c. Then (DF,c* ¢k y*, %) is an c-optimal
solution of (P)

Case2 DFandé* satisfy
aiTDka,'—l—aiTNk é >0, 2=1,...,m,
b?ﬁkb,+bf~k—c0 <0, I=1,...,h,
Then Q(D*, &, k) isa separating eII|p90|daI surface.

Case3 Otherwise, setk <+ £+ 1 and
Fipr=Fn{D | 7Dk >0 |
and repeat General Step k.

Note that any (Qy) has an optimal solution since (Qy) has a feasible solution
and the objective function can not be negative for feasible solutions. Now let
v* be the optimal value of (P).

Theorem 2 (DF, ck ek y* 2%} convergesto an s-optimal solution of (P), or
Q(D*, &, &) convergesto a separating ellipsoidal surface.

Proof To prove the theorem, we show that “if (D*, ck ,ck ¥ 2F) does not
converge to any optimal solution of (P), then Q(Dk é*, k) converges to a
separating ellipsoidal surfac

Suppose that (D, c* co,y 2*) does not converge to any optimal solution
of (P). Then, theanonthm generat&aninfinitesequence

{(‘D17cl7cé7 y1721)7 (‘D27027 C%? y2722)7 b '}

satisfying that (z*)” D*2* < —§ for a positive constant 4.

INotethat ov,, D*, &*, &k are uniquely defined for aset of (D *c* cf).
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The vector composed of the elements of D*, & and & is on the surface of
the unit sphere of IR(*+1)(7+2)/2 " Since the sphereisacompact set, thereisan
infinite subsequence {j1, jo, ...} C {1,2,...} suchthat

(D%, &%, &) — (D™, &, &)
ask — oo. Therefore, for any £ > 0, there existsa constant K such that
(@) DIt g — (@) T Dikalk| <o, V> K.
However, since (z7+)T D7k+129% > 0, we have
(27)T DIxgin > (9T DIvige — e > —c Vi > K.
Therefore, D> isasemi-definitematrix. Sinceweassumedthat o ((2*)” DFz*) =
(a*)T D2k < -6, o, divergesto oo ask — oc.

Sincethe optimal value of (Q1) isnot greater than v*, there existsa constant
7 such that for any 4, y* < 7. Then,

aj, (af D*a;+al @ — &) >1-yF>1-73

forany ¢,1 < ¢ < m. Since aj, — oo, for any ¢ > 0, there exists a constant
K suchthat a] D7 a; 4 al & — &% > —< for any k > K. Therefore, for any
1,1 <1< m,

al D®¥a; 4+ ale® — &° > 0.

Similarly, forany I, 1 <1 < h, we have
bl Dby + b] &> — &2 < 0.
Here we obtain that Q (D>, ¢, &5°) isa separating ellipsoidal surface. g

4, Quality of Discrimination

We will compare the performance of four separation schemes:

(@ hyperplane separation (equation (5))

(b)  quadratic separation (equation (6))

(c) ©llipsoidal separation enclosing failure group (equation (7) with D = O)

(d) éelipsoidal separation enclosing ongoing group (equation (7) with — D > Q)
using two sets of data. Data set 1 consists of up to 9 dimensional financial
data of 428 small to medium scale Japanese enterprises supplied by Shoko
Research, Co., among which 40 data belongs to failure group. (We excluded
small companies whose number of employees are less than 50 or greater than
1000.) Thesizeof thisdatamay not belarge enoughtoderive cornvincing results,
but failure data are rarely available in the public domain contrary to physical
data used for cancer diagnosis[12]. Most of these data are kept confidential as
atop secret of banks.
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Table18.1. Attributes Set No.1

(1) ratio of net worth (equity ratio)

(2) ratio of fixed assetsto long term-capital

(3) current liahility

(4) interest coverage

(5) net profit margin

(6) liquidity in hand

(7) cashflow

(8) ROA (rate of return on asset)

(9) ratio of operating cash flow to current liabilities

Table18.2. Optimal Value of Each Method

n : # of attributes

3 6 9
(a) Hyperplane | 0.637 | 0.619 | 0.599
(b) Quadratic 0.527 | 0.268 | 0.119
(c) Ellipsoid1 | 0.529 | 0.305 | 0.192
(d) Ellipsoid2 | 0.636 | 0.619 | 0.597

Following are the financial indexes (attributes) used in our analysis:
We used the following procedure to choose these indexes.

Step 1. Calculate 18 potentially meaningful indexes using the arithmetic mean
of balance sheet data of 428 companies of the year 1997 and 1998.

Step 2. Foreachk (k = 3 ~ 9), generateall possible combinationsof £ indexes
out of 18 indexes and choose the best one in terms of the precision of
classification using ellipsoidal surface (for 428 companies).

It turned out that the best combinationfor & — 1 indexesisthe subset of the best
combinationfor k indexes. Thereasonwhy welimited £ up to 9istwofold: The
first reason is that the amount of computation required to solve semi-definite
programming problem sharply increases as we increase & beyond 10. The
second reason is that using too many indexes for 428 available datais expected
to result in overfitting.

Table 18.2 showsthe value of the objective function associated with optimal
solutionswhen A = 0.5. Each column corresponds to the computation using
first 3, 6, 9 indexes listed above.

As expected, the optimal value of quadratic separation (b) is the smallest.
Ellipsoidal separation (c) is alittle worse but is much better than hyperplane.
We see a significant improvement of the solution for (b) and (c) as weincrease
n, Whilethat of (a) isvery marginal.
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Table 18.3 shows the percentage of classification errors. We see from this
table that (c) is consistently better than (d). Hence, we eliminate scheme (d)
from the subsequent comparison for this data set.

Table 18.4 shows the number of misprediction. Both (b) and (c) are better
than (). The difference becomes larger as we increase the number of indexes.
On the other hand, the difference between (b) and (c) are not very significant.

Quiality of separation dependsupon choice of financial indexes. Various sta-
tistical methodsare now being applied to find a better set of indexes. Following
are the ones proposed by one of our colleagues Ms.D.Wu.

We compared four classification schemes (a), (b), (c), (d) using data set 2
compiled from balance sheets of 1701 companiesincludingthose small compa-
nies (whose employees are |ess than 50), which were excluded in the previous
simulation.

Table 18.6 and 18.7 show, respectively the number of misclassification and
misprediction. We see from thisthat scheme (d) which encloses ongoing com-
panies within the elipsoid performs best in terms of both classification and
prediction. In fact, (d) consistently dominates (a). The number of serious er-
rors, i.e., the number of significant misclassified and mispredicted companies
of scheme (d), are much lessthan others.

Best performance of classificationisachieved by (b), but (d) outperforms (b)
inprediction. Theoverall quality of predictionisworsethan theresultsfor data
set 1, but we have more stable results by data set 2. We conclude from thisthat
the ellipsoidal separationis subject to smaller risk of overfitting compared with
dataset 1, although the precision of classificationand predictionisworse. This
is due to the fact that we used all available data including those less reliable
ones associated with smaller companies.

Which of the two schemes (c) or (d) is better is yet to be tested by more
extensive smulation.  Table 18.8 shows the relation between the level of
tolerance £ and the CPU time to calculate an -optimal solution for data set 1
and 2.
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Table 18.3. Number of Misclassification

n=23 n==~6 n=29
total ongoing failure total ongoing | falure total ongoing failure
(8)|132(30.99%)|126 (32.64%0) |6 (15.00%)||135 (31.69%)|133 (34.46%) |2 (5.00%0) | [L36 (31.92%) [L31 (33.94%) b (12.50%)
(b)|121(28.40%)|118(30.57%)(3 (7.50%)|| 66(15.49%)| 64(16.58%)2(5.00%)|| 26 (6.10%)| 25 (6.48%)[1 (2.50%)
(€)|122(28.64%)|118(30.57%0)(4 (10.00%)|| 76(17.84%)| 74(19.17%)2(5.00%)|| 46(10.80%)| 44(11.40%)2 (5.00%)
(d)]132(30.99%)|126 (32.64%0) |6 (15.00%)||135 (31.69%)|133 (34.46%) |2 (5.00%0) | [L37 (32.16%0) [L32 (34.20%) b (12.50%)
The number of samples are asfollows: ongoing: 386, failure: 40.
Table 18.4. Number of Misprediction
n=23 n==~6 n=29
total ongoing failure total ongoing failure total ongoing failure
(8)|140(32.86%0)|133 (34.46%0)|7 (17.50%)||142 (33.33%)[135(34.97%) | 7 (17.50%) (145 (34.04%) [L37 (35.49%) | 8(20.00%)
(b)|126(29.58%)(120(31.09%)|6 (15.00%)|| 76(17.84%)| 64(16.58%)(12(30.00%)|| 82(19.25%)| 59(15.28%)[23(57.50%)
(c)|128(30.05%)|122 (31.61%0)|6 (15.00%)|| 86(20.19%)| 77(19.95%)| 9(22.50%)|| 77(18.08%)| 60(15.54%)(17 (42.50%)

The number of samples are asfollows: ongoing: 386, failure: 4

10
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Table 18.5. Attribute Set No.2

@)
@)
©)
4
®)
(6)
@)

turnover of discounted and negotiable bills
acid ratio (quick ratio)
ratio of working capital to total assets

earnings per person (earnings per employee)
ratio of salesto total capital
averageinterest rate on debt
rate of net worth (equity ratio)

Table 18.6. Number of Misclassification

total ongoing failure average
@ 376 (22.10%) | 355 (22.44%) | 21 (17.65%) | 20.05%
(b) 353 (20.75%) | 341 (21.56%) | 12 (10.08%) | 15.82%
(o) 441  (25.93%) | 424 (26.80%) | 17 (14.29%) | 20.55%
(d) 359 (21.11%) | 341 (21.56%) | 18 (15.13%) | 18.35%
#samples 1701 1582 119
Table18.7. Number of Misprediction
total ongoing failure average
€] 398 (23.40%) | 373 (2358%) | 25 (21.01%) | 22.29%
(b) 374 (21.99%) | 350 (22.12%) | 24 (20.17%) | 21.15%
(0 450 (26.46%) | 423 (26.74%) | 27 (22.69%) | 24.71%
(d) 371 (21.81%) | 350 (22.12%) | 21 (17.65%) | 19.89%
#samples 1701 1582 119
Table18.8. CPU time[sec.] of CPA
Data Set 1 Data Set 2
#of attributes | N=3 | N=6 n=9 | n=7(c) | n=7(d)
(1st.itr.) 005| 120 | 141 1.58 177
107° | 011 | 222 | 16.68 19.92 20.60
107* | 012 | 271 | 23.04 25.04 24.92
e | 107° | 014 | 317 | 2957 3111 30.22
107% | 0.16 | 3.66 | 36.87 36.48 34.90
1077 | 019 | 4.12 - 41.17 4227

359
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All computation were conducted on Pentiumlll Processor (500MHZz) using
C/C++. Also, linear programming subproblemswere solved by CPLEX6.5. We
see from thistable that a problemwithn = 7and N = m 4+ h = 1701 can be
solved inlessthan 40 seconds. We believe that more elaborate implementation
of the cutting plane algorithm would be able to solve problems suchasn = 9
and N isover afew thousand within a practical amount of time.

5. Concluding Remarks and Future Direction of Research

In this paper, we compared four schemes of failure discriminant analysis.
According to simulation using financial data of Japanese enterprises, separa-
tion by ellipsoidal surface performs best anong them. We also showed that
the precision of classification improves as we increase the number of enter-
prises N (= m + h) and number of financial indexes n, Also, the precision of
prediction improves aswe increase N. However, it need not improve or even
deteriorate as we increase n beyond some bound.

The choice of appropriate indexesis crucial for thiskind of analysis as ob-
served through comparison of resultsfor data set 1 and dataset 2. In particular,
those indexes which work good for some category of enterprises may not work
well for other categories. The detailed statistical analysis on the good choice
of indexesis now under way and will be reported in the subsequent paper.

Finally, let us remark that the result of separation may be used for rating
the enterprises. Those enterprises located very far from the boundary into the
ongoingdirectionare very unlikely tofail inthenear future. Therefore, they are
entitledto have ahigh rating score. On the other hand, those enterpriseslocated
near the boundary or in the failure side will be rated poorly because they are
more likely to fail. Therefore, we can rate the ongoing enterprises according to
the distance from the discriminant surface.

Precise rating requires a significant amount of time and cost, so that only
large scale enterprises can be subject to full scale rating procedure. Therefore,
some kind of cheap and quick method is required to rate thousands of small to
medium scale enterprises. We believe that the score generated by ellipsoidal
Separation can be used for this purpose.

Further extension of our method is the separation of enterprises by multi-
layer ellipsoidal surface. We may first classify enterprisesinto two groups by
the method proposed above and then classify the ongoing group into two groups
by another ellipsoid and so on.
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Let us add that we need to conduct more extensive ssmulation to establish
the superiority of ellipsoidal separation over the other existing methods such as
decision trees and neural networks.
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