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Objectives

• Apply the new Buffered Probability of Exceedance (bPOE) 
concept to structural reliability optimization problems.

• Optimize parameters of mechanical devices for excitation 
and the formation of wave motion taking into account the 
uncertainties in parameters (such as variability in material 
and the formation of wave motion taking into account the 
uncertainties in parameters (such as variability in material 
properties).

• Demonstrate how to apply the bPOE concept  to optimization 
problems governed by partial differential equations with 
random and uncertain inputs.
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Excitation of Beam Oscillation
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Informal Problem Description 

• Investigate vibrations of hinged beam with structural 
inhomogeneities (such as a crack). This is the simplest model of a 
mechanical device for excitation and formation of wave motion.

• Determine an optimal number of forces and their characteristics 
(application points, amplitude and phase of oscillation), which 
provide the best approximation of a given shape and point-wise provide the best approximation of a given shape and point-wise 
phase vibrations of the beam in a given frequency range with a 
given accuracy.

• Mean square deviation is used  to measure approximation accuracy. 
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Informal Problem Description (Cont’d)

• It is supposed that the system works inappropriately 
(i.e., “fails”) if phase or amplitude deviate from the target 
more than some specified threshold. 

• For minimization of probability of such deviation we use the 
new bPOE concept.
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Hierarchy of Models

• Model without Defects
Assumption: beam  has no structural inhomogeneities
(defects). 

• Deterministic Model with Defects. Defects are characterized by 
a change in Young's modulus, their lengths and locations in the a change in Young's modulus, their lengths and locations in the 
beam. Assumption: there is a complete information about 
parameters of defects. 

• Stochastic Model with Defects. Assumption: only partial 
information about parameters of defects (lower and upper 
bounds of parameters) is available.
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Model for Optimal Control Policy for Generating 
Vibration of Homogeneous Beam
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Model for Optimal Control Policy for Generating 
Vibration of Homogeneous Beam (Cont’d)
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Statement of the Control Problem
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Statement of the Control Problem (Cont’d)
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Necessary Conditions for the
Minimum of the Functional
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Necessary Conditions for the  Minimum
of the Functional (Cont’d)
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Necessary Conditions for the  Minimum
of the Functional (Cont’d)
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Green’s Function
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Optimal Control Model for Generation
of Vibration of Beam with Defect (Cont’d)
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Optimal Control Model for Generation
of Vibration of Beam with Defect (Cont’d)

16



Optimal Control Model for Generation
of Vibration of Beam with Defect (Cont’d)
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Optimal Control Model for Generation
of Vibration of Beam with Defect (Cont’d)
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Investigation of the Functional
for the 1st Approximation
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Derived Formulas
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Multiple Defects
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Risk Measures (CDF, VaR, POE)
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Risk Measures (CVaR)
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Risk Measures (bPOE)
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Optimization Problem Statement
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Optimization Problem Statement (Cont’d)
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Optimization Problem Statement (Cont’d)
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Optimization Problem Statement (Cont’d)
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Results of Simulations:
Deterministic Case without Defects
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Results of Simulations
Deterministic Case without Defects
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Results of Simulations
Deterministic Case without Defects
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Results of Simulations
Deterministic Case with one Defect
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Results of Simulations
Deterministic Case with one Defect
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Results of Simulations
Deterministic Case with one Defect
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Results of Simulations
Deterministic Case with one Defect
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Results of Simulations
Deterministic Case with one Defect
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Results of Simulations
Deterministic Case with one Defect
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Results of Simulations
Deterministic Case with Multiple Defects

• We fixed optimal solution of deterministic problem without defects with wave number k =1.8 
and number of forces = 4.

• Then we generated three series of scenarios. Each series contains one thousand scenarios.
Each scenario from the first series contains one generated defect; scenario from the second
series contains no more than five generated defects; scenario from the third series contains no
more than ten generated defects.more than ten generated defects.

• For each scenario we recalculated approximation error, obtained by solving optimization
problem without defects.

• As a result, we obtained three series of approximation errors.

• Then we built cumulative distribution functions using these serios of scenarios.
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Results of Simulations
Deterministic Case with Multiple Defects
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Results of Simulations
Stochastic Case with Multiple Defects (Approach)
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Results of Simulations
Generation of Random Defects
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Results of Simulations
Stochastic Case #1

Parameters: Number of Samples =1000; Wave Number = 1.8; 

Number of Forces = 5;  Threshold= 0.011; Number of Runs M = 10, 
Number of Defects ≤ 5.

Results of Modeling:

Deterministic optimal mean square deviation = 4.96E-06
# of Run
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# of Run

1 2 3 4 5 6 7 8 9 10

bPOE before 
Optimization 7.96E-2 8.33E-2 8.51E-2 8.25E-2 9.10E-2 9.80E-2 7.54E-2 1.11E-1 7.89E-2 7.06E-2

bPOE after 
Optimization 6.49E-2 6.89E-2 6.15E-2 7.28E-2 8.46E-2 9.49E-2 6.83E-2 9.85E-2 6.58E-2 6.71E-2

Percentage 
Decrease of bPOE 18.4% 17.3% 27.8% 11.8% 7.1% 3.2% 9.4% 11.5% 16.6% 5.0%



Results of Simulations
Stochastic Case #1  
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Results of Simulations
Stochastic Case #1, Run #3, Tails of CDF
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Results of Simulations
Stochastic Case #1, Run #3, Tails of POE
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Results of Simulations
Stochastic Case #1, Run #3, Tails of bPOE
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Results of Simulations
Stochastic Case #2

Parameters: Number of Samples =1000; Wave Number = 4.6; 

Number of Forces = 8;  Threshold= 0.0046; Number of Runs M = 10, 
Number of Defects ≤ 5.

Results of Modeling:

Deterministic optimal mean square deviation = 5.61E-05
# of Run
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# of Run

1 2 3 4 5 6 7 8 9 10

bPOE before 
Optimization 6.62E-03 1.64E-02 1.74E-02 1.40E-02 1.64E-02 1.28E-02 1.15E-02 1.78E-02 7.64E-03 6.04E-03

bPOE after 
Optimization 3.82E-03 1.04E-02 1.31E-02 1.12E-02 1.42E-02 1.12E-02 1.07E-02 1.75E-02 7.55E-03 4.36E-03

Percentage 
Decrease of bPOE 42.31% 36.52% 24.78% 19.81% 13.33% 13.01% 6.77% 1.46% 1.20% 27.82%



Results of Simulations
Stochastic Case #2
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Results of Simulations
Stochastic Case #2, Run #5, Tails of CDF
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Results of Simulations
Stochastic Case #2 , Run #5, Tails of POE
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Results of Simulations
Stochastic Case #2, Run #5, Tails of bPOE
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