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Abstract

In this paper, we show that the popular C-SVM, soft-margin support vector clas-
sifier is equivalent to minimization of Buffered Probability of Exceedance (bPOE) by
introducing a new SVM formulation, called the EC-SVM, which is derived as a bPOE
minimization problem. Since it is derived from a simple bPOE minimization prob-
lem, the EC-SVM is simple to interpret with a meaningful free parameter, optimal
objective value, and probabilistic derivation. We connect the EC-SVM to existing
SVM formulations. We first show that the C-SVM, formulated with any regularization
norm, produces the same set of solutions as the EC-SVM over the same parameter
range. Additionally, we show that the Eν-SVM, formulated with any regularization
norm, produces the same set of solutions as the EC-SVM over their entire parameter
range. These equivalences, coupled with the interpretability of the EC-SVM, allow us
to gain surprising new insights into the C-SVM and fully connect soft margin support
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vector classification with superquantile and bPOE concepts. Additionally, we provide
general dual formulations for the EC-SVM and C-SVM allowing for a brief discussion
of application of the kernel trick to the EC-SVM.

Keywords: Support Vector Machines, Buffered Probability of Exceedance, Conditional
Value-at-Risk, Binary Classification, Machine Learning

1 Introduction

In the machine learning community, the Soft Margin Support Vector Machine (C-SVM)
has proven to be an extremely popular tool for classification, spawning generalizations for
regression, robust optimization, and a host of other applications. With its connection to
statistical learning theory, intuitive geometric interpretation, and efficient extensions to
non-linear classification, the C-SVM has proven to be a flexible tool based on sound theory
and intuition. Still, there are insights left to be gained with regard to soft margin support
vector classification.

One such insight was revealed by [12], where it was shown that the Eν-SVM, an ex-
tension of the ν-SVM, is equivalent to superquantile minimization. Superquantiles, pop-
ularized in the financial engineering literature under the name Conditional Value-at-Risk
(CVaR), were developed by [8] as means for dealing with optimization of quantiles. Utiliz-
ing the popular calculation formula for superquantiles, Takeda showed that the Eν-SVM
was equivalent to superquantile minimization, with the free parameter of the Eν-SVM
being equivalent to the free choice of probability level in superquantile minimization.

In this paper, we provide insights in a similar direction by utilizing the inverse of
the superquantile, so called buffered probability of exceedance (bPOE). More specifically,
bPOE is a generalization of buffered Probability of Failure (bPOF) which was introduced
by [9] and further studied in [10]. This generalization, recently studied by [4, 6, 5, 3, 13], has
shown a great deal of promise as generating numerically tractable methods for probability
minimization.

Utilizing the bPOE concept, we introduce a new SVM formulation called the Extended
Soft Margin Support Vector Machine (EC-SVM). Being derived as a bPOE minimization
problem, the EC-SVM is simple to interpret. First, we show that the EC-SVM has a
free parameter interpretable as a specific statistical quantity relating to the optimal loss
distribution. Second, we show that the value of the optimal objective function (divided
by sample size) is equal to a probability level. Lastly, we show that the EC-SVM can be
interpreted as having a hard-margin criterion. Additionally, with the EC-SVM formulated
with any general norm, we show that the choice of norm implies a distance metric which
defines the hard-margin criterion.

After introducing the EC-SVM, we then connect it to existing SVM formulations. In
our main result, we show that the C-SVM and EC-SVM, when formulated with any general
norm and non-negative parameter values, produce the same set of optimal hyperplanes.
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This result implies that the original soft-margin SVM formulation, derived in great part
from geometric intuition, is equivalent to minimization of bPOE, a probabilistic concept.
This result also implies that the interpretation of the EC-SVM’s parameter, optimal objec-
tive, and hard-margin criterion can be applied to the C-SVM. This includes the surprising
result that the optimal objective value of the C-SVM, divided by sample size, equals a
probability level.

We also connect the EC-SVM and Eν-SVM, showing that these SVM formulations
produce the same set of optimal hyperplanes over their entire parameter range. With
bPOE being the inverse of the superquantile, this relationship follows immediately from
the derivation of the EC-SVM as a bPOE minimization problem and the results of Takeda.
This result also makes it clear that the EC-SVM is an extension of the C-SVM in the same
way that the Eν-SVM is an extension of the ν-SVM.

Additionally, we provide the dual formulation of the EC-SVM and C-SVM formulated
with any general regularization norm. This allows us to briefly discuss application of the
kernel trick to the EC-SVM, a popular operation considered for the C-SVM in the case of
the L2 regularization norm.

This paper is organized as follows. Note that in order to make this paper as self-
contained as possible, we include a significant amount of review in the first three sections.
Section 2 reviews some existing SVM formulations relevant to our discussion, specifically
the C-SVM, ν-SVM, and Eν-SVM. Section 3 briefly reviews the concept of a superquantile
and the results of Takeda, which show that the Eν-SVM is equivalent to superquantile
minimization. Section 4 reviews the bPOE concept, which is critical to our contribution.
Additionally, we present a new formulation for minimizing bPOE in the presence of Positive
Homogenous (PH) random functions. The necessity of this new formulation is discussed
in more detail in Appendix A. Section 5 introduces the EC-SVM as a bPOE minimization
problem, and discusses the properties of the EC-SVM and its interpretation as a hard-
margin optimization problem. Section 6 connects the C-SVM and EC-SVM. Section 7
connects the EC-SVM and Eν-SVM, and presents the results of this and previous papers in
a cohesive framework connecting soft margin support vector classification and superquantile
concepts. Section 8 presents dual formulations on the C-SVM and EC-SVM formulated
with any general norm, discusses application of the kernel trick, and shows that the optimal
objective of the C-SVM, divided by sample size, equals a probability level.

2 C-SVM, ν-SVM, Eν-SVM

In this section, we review three existing SVM formulations; C-SVM, ν-SVM, and Eν-SVM.
We begin with a review of the C-SVM and ν-SVM, reviewing the fact that they share the
same optimal solution sets. We then review the interpretation of the ν-SVM parameter,
its limitations, and the Eν-SVM formulation which serves to resolve these limitations.
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2.1 The C-SVM

Consider the task of binary classification where we have a set of N feature vectors Xi ∈ Rn
and associated class labels yi ∈ {−1,+1} and we need to choose a hyperplane w ∈ Rn
with intercept b ∈ R to properly classify feature vectors via the linear decision function
d(w, b,Xi) = sign(wTXi + b).

One of the most successful algorithms for accomplishing this task is the soft-margin
SVM, also referred to as the C-SVM. The C-SVM is formulated as (1), where C ≥ 0 ∈ R
is chosen as a fixed tradeoff parameter and the norm is typically the L2, ‖ · ‖2, or L1, ‖ · ‖1,
norm. Below, we present it with the general norm, ‖ · ‖.

min
w,b,ξ

C‖w‖+
N∑
i=1

ξi

s.t. ξi ≥ −yi(wTXi + b) + 1, ∀i ∈ {1, ..., N},
ξ ≥ 0.

(1)

2.2 The ν-SVM

After introduction of the C-SVM, the ν-SVM was introduced as an equivalent formulation
with more intuitive parameter choices. C-SVM and ν-SVM, with the L2 norm, are equiv-
alent in that they provide the same set of optimal solutions over the space of all possible
parameter choices (see [2]). These algorithms are different, though, in the meaning of the
value of the free parameter. For the C-SVM, there was no direct interpretation for the
meaning of the C-parameter other than as a trade-off between margin size and classification
errors. The ν-SVM, on the other hand, provided a more interpretable parameter.

The ν-SVM is traditionally formulated as (2) with the L2 norm, where ν ∈ [0, 1] instead
of C ∈ [0,+∞) is chosen as a fixed tradeoff parameter.

min
w,b,ρ,ξ

1

2
‖w‖22 − νρ+

N∑
i=1

ξi

s.t. ξi ≥ −yi(wTXi + b) + ρ, ∀i ∈ {1, ..., N},
ξ ≥ 0.

(2)

As already mentioned, the ν-SVM advantageously gives us a free parameter, ν ∈ [0, 1]
with implied meaning. The meaning of ν is shown in [11] by proving a variant of Property 1.

Property 1. Assume that there exists a feasible solution (w, b, ρ, ξ) for (2) for parameter
choice ν ∈ [0, 1]. Then the following bounds apply:

• The choice of ν acts as an upper bound on the fraction of errors in the margin:

1− α < ν, where 1− α =
1

N

∣∣{i : yi(w
TXi + b) < ρ}

∣∣ .
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• The choice of ν acts as a lower bound on the fraction of support vectors (SV’s),
support vectors being errors that lie in the margin or on the margin boundary:

%SV ′s > ν, where %SV ′s =
1

N

∣∣{i : yi(w
TXi + b) ≤ ρ}

∣∣ .
2.3 The Eν-SVM

Given the natural interpretation for the meaning of the ν-parameter, it would seem normal
to assume that all the values of ν ∈ [0, 1] will yield non-trivial, feasible solutions satisfying
the bounds stated in Property 1. This, though, is not the case. In [2], it was shown that
the ν-parameter has a limited range. Specifically, a variant of Property 2 is proved in [2].

Property 2. • There exists a minimum and maximum value such that v ∈ (νmin, vmax]
yields feasible (2) with non-trivial solutions, ν ≤ νmin yields (2) with trivial optimal
solution w = b = 0, and ν > νmax yields infeasible (2).

• Furthermore, this limitation in parameter range applies to the C-SVM as well. Specif-
ically, there exists a correspondence in allowable range such that ν → νmin corresponds
to C →∞ and ν → νmax corresponds to C → 0.

To solve this issue, extending the valid range of the ν-parameter to be the entire [0, 1]
interval, [7] developed an extended ν-SVM formulation called Eν-SVM (3). The Eν-SVM
is traditionally formulated as follows with the L2 norm. We present it with the general
norm as follows:

min
w,b,ρ,ξ

− νρ+

N∑
i=1

ξi

s.t. ξi ≥ −yi(wTXi + b) + ρ, ∀i ∈ {1, ..., N},
ξ ≥ 0,

‖w‖ = 1.

(3)

One can view (3) as an extension of (2) in that [7, 2] showed that the optimal solution
to (2), formulated with L2 norm and any ν0 ∈ (νmin, vmax], is also an optimal solution
to (3), formulated with L2 norm, for some ν1 ≤ ν0. Problem (3), though, can achieve
solutions that (2) cannot because of its extended range of the ν-parameter.

3 Superquantiles and the Eν-SVM

In this section, we first give a brief review of the superquantile concept as introduced
by [8]. We then review the results of Takeda, showing that the Eν-SVM is equivalent to
superquantile minimization.
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3.1 Superquantiles and Tail Probabilities

When working with optimization of tail probabilities, one frequently works with constraints
or objectives involving probability of exceedance (POE), pz(Z) = P (Z > z), or its associated
quantile qα(Z) = min{z|P (Z ≤ z) ≥ α}, where α ∈ [0, 1] is a probability level and z ∈ R is
a fixed threshold level. The quantile is a popular measure of tail probabilities in financial
engineering, called within this field Value-at-Risk by its interpretation as a measure of
tail risk. The quantile, though, when included in optimization problems via constraints
or objectives, is quite difficult to treat with continuous (linear or non-linear) optimization
techniques.

A significant advancement was made by Rockafellar and Uryasev [8] in the develop-
ment of an approach to combat the difficulties raised by the use of the quantile function
in optimization. They explored a replacement for the quantile, called CVaR within the
financial literature, and called the superquantile in a general context. The superquantile is
a measure of uncertainty similar to the quantile, but with superior mathematical proper-
ties. Formally, the superquantile (CVaR) for a continuously distributed real valued random
variable Z is defined as

q̄α(Z) = E [Z|Z > qα(Z)] . (4)

For general distributions, the superquantile can be defined by the following formula,

q̄α(Z) = min
γ

γ +
E[Z − γ]+

1− α
, (5)

where [·]+ = max{·, 0}. For a discretely distributed random variable Z with equally prob-
able realizations {Z1, Z2, ..., ZN} we can write this formula as the following Linear Pro-
gramming problem

q̄α(Z) = min
γ,ξ

γ +
1

N(1− α)

N∑
i=1

ξi

s.t. ξi ≥ Zi − γ,∀i ∈ {1, ..., N},
ξ ≥ 0.

(6)

Similar to qα(Z), the superquantile can be used to assess the tail of the distribution.
The superquantile, though, is far easier to handle in optimization contexts. It also has the
important property that it considers the magnitude of events within the tail. Therefore,
in situations where a distribution may have a heavy tail, the superquantile accounts for
magnitudes of low-probability large-loss tail events while the quantile does not account for
this information.

3.2 Eν-SVM as superquantile minimization

In [12], the meaning of the ν-parameter was solidified by showing that the Eν-SVM, (3),
is equivalent to superquantile minimization. Specifically, Takeda proved a variant of Prop-
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erty 3.

Property 3. Consider optimization problem (3). Let α = 1 − ν and γ = −ρ. Also,
let L(w, b,X, y) = −y(wTX + b) be a discretely distributed random variable with equally
probable realizations {−y1(wTX1 + b), ...,−yN (wTXN + b)}. With this notation, (3) can be
rewritten as (7), which is equivalent to (8), minimization of the α-superquantile:

min
γ,ξ

(1− α)

(
γ +

1

N

N∑
i=1

ξi

)
s.t. ξi ≥ −yi(wTXi + b)− γ, ∀i ∈ {1, ..., N},

ξ ≥ 0,

‖w‖ = 1.

(7)

min
w,b

(1− α)q̄α
(
−y(wTX + b)

)
s.t. ‖w‖ = 1.

(8)

With this, one can see that the Eν-SVM is simply minimization of the value (5) mul-
tiplied by 1 − α with the real valued discretely distributed random loss L(w, b,X, y) =
−y(wTX + b) in place of the real valued random variable Z.

4 Buffered Probability of Exceedance (bPOE)

In this section, we first review the concept of bPOE. We show how it is simply one minus
the inverse of the superquantile and review its surprising calculation formula. We then
review how minimization of bPOE integrates quite nicely into optimization frameworks.
Finally, we present a slightly altered formulation for minimization of bPOE in the presence
of Positive Homogenous (PH) random functions. For the interested reader, we discuss
the necessity of this alteration and derive the formulation in Appendix A. We move this
discussion to the appendix, as it is slightly distracting from the discussion related to support
vector machines.

4.1 bPOE: Inverse of the superquantile

As mentioned in Section 3, when working with optimization of tail probabilities, one fre-
quently works with constraints or objectives involving POE, pz(Z) = P (Z > x), or its
associated quantile qα(Z) = min{z|P (Z ≤ z) ≥ α}, where α ∈ [0, 1] is a probability level
and z ∈ R is a fixed threshold level. The superqunatile was developed to alleviate diffi-
culties associated with optimization problems involving quantiles. Working to extend this
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concept, bPOE was developed as the inverse of the superquantile in the same way that
POE is the inverse of the quantile.

Specifically, there exist two slightly different variants of bPOE, namely Lower and
Upper bPOE. Paper [4] mainly works with so called Lower bPOE while [6] works with so
called Upper bPOE. These definitions do not differ dramatically and a discussion of these
differences in beyond the scope of this paper. Thus, for the remainder of this paper when
we refer to bPOE, we are utilizing Upper bPOE. With this in mind, bPOE is defined in
the following way, where supZ denotes the essential supremum of random variable Z. In
this paper we assume all random variables to be L1-finite, Z ∈ L1(Ω), i.e. E|Z| <∞.

Definition 1. Upper bPOE for a random variable Z at a threshold z equals

p̄z(Z) =

{
max{1− α|q̄α(Z) ≥ z}, if z ≤ supZ,

0, otherwise.

In words, for any threshold z ∈ (E[Z], supZ), bPOE can be interpreted as one minus the
probability level at which the superquantile equals z. Although bPOE seems troublesome
to calculate, [6] provides the following calculation formula for bPOE.

Proposition 1. Given a real valued random variable Z and a fixed threshold z, bPOE for
random variable Z at z equals

p̄z(Z) = inf
γ<z

E[Z − γ]+

z − γ
=



lim
γ→−∞

E[Z−γ]+

z−γ = 1, if z ≤ E[Z],

min
γ<z

E[Z−γ]+

z−γ , if z ∈ (E[Z], supZ),

lim
γ→z−

E[Z−γ]+

z−γ = P (Z = supZ), if z = supZ,

min
γ<z

E[Z−γ]+

z−γ = 0, if supZ < z.

(9)

It is also important to note that formula (9) has the following property, proved in [4]
and [6]. The Property 4 will become important in later sections when we begin to interpret
the EC-SVM.

Property 4. If z ∈ (E[Z], supZ) and min
γ<z

E[Z−γ]+

z−γ = E[Z−γ∗]+
z−γ∗ = 1− α∗, then:

p̄z(Z) = 1− α∗, q̄α∗(Z) = z, qα∗(Z) = γ∗.

Thus, using formula (9), bPOE can be efficiently calculated. Additionally, Property 4
shows that we can recover quantile and superquantile information. As we demonstrate in
the next section, formula (9) also allows for convenient optimization of bPOE.
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4.2 Optimization of bPOE for random PH functions

Paper [6] considered the following optimization setup to demonstrate the ease with which
bPOE can be minimized directly. Assume we have a real valued PH random function
f(w,X) determined by a vector of control variables w ∈ Rn and a random vector X.
By definition, a function f(w,X) is PH w.r.t. w if it satisfies the following condition:
af(w,X) = f(aw,X) for any a ≥ 0, a ∈ R.

Now, assume that we would like to find the vector of control variables, w ∈ Rn, that
minimizes the probability of f(w,X) exceeding a threshold of z ∈ R. We would like to
solve the following POE optimization problem.

min
w∈Rn

pz(f(w,X)). (10)

Here we have a discontinuous and non-convex objective function (assuming a discretely
distributed X) that is numerically difficult to minimize. Consider alternatively minimiza-
tion of bPOE instead of POE at the same threshold z. This is posed as the optimization
problem

min
w∈Rn

p̄z(f(w,X)). (11)

Given Proposition 1, (11) can be transformed into the following:

min
w∈Rn,γ<z

E[f(w,X)− γ]+

z − γ
. (12)

Paper [6], though, limits consideration to only a threshold of z = 0, in which case (12)
reduces to

min
w∈Rn

E[f(w,X) + 1]+. (13)

As we discuss in Appendix A, formulation (12) has shortcomings for nonzero thresh-
olds. Specifically, it fails to achieve varying optimal solutions for varying threshold levels.
To address these issues, the next section provides an alternative formulation for bPOE
minimization with PH functions f(w,X) that allows effective variation of threshold levels.

4.3 An Altered Formulation

With (12) failing to achieve varying optimal solutions as the threshold z varies, we find
that adding a constraint on the norm of w remedies this situation (because w can no longer
rescale as the threshold changes). Here ‖ · ‖ denotes any general norm. This gives us

min
w∈Rn,γ<z

E[f(w,X)− γ]+

z − γ
s.t. ‖w‖ = 1.

(14)

Furthermore, the following Proposition 4 shows that (14) can be simplified, yielding
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min
w∈Rn

E[f(w,X)− z‖w‖+ 1]+. (15)

Proposition 2. Assume f(w,X) is PH w.r.t. w. If (w∗, γ∗) is optimal to (14) with optimal
objective 1− α∗, then w = w∗

z−γ∗ is optimal to (15) with optimal objective 1− α∗.

Proof. For this, we show that (15) is formed only by making a change of variable in (14).
We start with (14). Since γ < z is an explicit constraint and thus z − γ > 0, we bring the
denominator into the expectation in the numerator to get

min
w∈Rn,γ

E

[
f

(
w

z − γ
,X

)
−
(

γ

z − γ

)]+

s.t. ‖w‖ = 1.

(16)

Now, make the change of variable wnew = w
z−γ . Since we have the explicit constraint

‖w‖ = 1, we have that ‖wnew‖ =
∥∥∥ w
z−γ

∥∥∥ = ‖w‖
z−γ = 1

z−γ . We can then make the change of

variable to get

min
wnew∈Rn,γ

E [f(wnew, X)− ‖wnew‖γ]+ . (17)

We can also rearrange ‖wnew‖ = 1
z−γ to get γ = z − 1

‖wnew‖ and thus that ‖wnew‖γ =

‖wnew‖
(
z − 1

‖wnew‖

)
= z‖wnew‖ − 1. Plugging this into our formulation, we arrive at

min
wnew∈Rn,γ

E[f(wnew, X)− z‖wnew‖+ 1]+, (18)

where due to our change in variable, we see that if we have optimal solution w∗new, then(
w = w∗new

‖wnew‖ , γ = z − 1
‖w∗new‖

)
is optimal to (14) before the change of variable.

Thus, we can turn to (15) as our formulation for bPOE minimization of a PH function
for varying threshold choices. Notice from the proof of Proposition 4, that if w∗ is optimal

to (15) then (w = w∗

‖w∗‖ , γ = z − 1
‖w∗‖) is optimal to (14). Also, let us call f

(
w∗

‖w∗‖ , X
)

the

normalized loss distribution at w∗. Given Property 4, if

E[f(w∗, X)− z‖w∗‖+ 1]+ = 1− α∗,

we know the following about the normalized loss distribution at the optimal point w∗:

p̄z (F ) = 1− α∗, q̄α∗ (F ) = z, qα∗ (F ) = z − 1

‖w∗‖
, where F := f

(
w∗

‖w∗‖
, X

)
.
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5 Extended C-SVM

In this section, we use formula (15) to introduce the EC-SVM. We approach the classifica-
tion problem via a natural bPOE minimization problem. Utilizing the interpretability of
optimization problem (15), we show that the EC-SVM is also simple to interpret. Specifi-
cally, we show that application of Property 4 allows us to interpret the choice of parameter
and the value of the optimal objective in interesting, purely statistical ways.

We also point out that the traditional hinge loss function naturally occurs when mini-
mizing bPOE, meaning that we do not need to explicitly specify it as a loss function. This
can be seen clearly by considering minimization of bPOE at threshold C = 0. Additionally,
it is interesting to notice that we do not explicitly attempt to regularize via use of norms,
as the use of norms naturally arises from (14).

5.1 bPOE minimization with SVM loss

Consider the formula for bPOE minimization (15) with discretely distributed random loss
L(w, b,X, y) = −y(wTX+b) with equally probable realizations {−y1(wTX1+b), ...,−yN (wTXN+
b)} and threshold z ∈ R. If we let C = −z and multiply the objective function by N , this
gives us the following optimization problem, which we call the EC-SVM:

min
w,b,ξ

N∑
i=1

ξi

s.t. ξi ≥ −yi(wTXi + b) + C‖w‖+ 1, ∀i ∈ {1, . . . , N}.
ξ ≥ 0.

(19)

Notice that the norm ‖·‖, just as in (15), is an arbitrary norm in Rn. Notice also that the
EC-SVM is a very natural formulation. It is simply a buffered way of minimizing the prob-
ability that misclassification errors exceed our threshold −C. Put specifically, instead of
finding the classifier (w, b) that minimizes p−C

(
−y(wTX + b)

)
= P

(
−y(wTX + b) > −C

)
,

we are minimizing its buffered variant, p̄−C
(
−y(wTX + b)

)
.

5.2 Occurence of Hinge Loss

When discussing SVM’s, it is traditional for people to say that the C-SVM minimizes a
hinge loss function plus a regularization term on the vector w. For the EC-SVM, though,
we see that this is not an accurate descriptor, as we do not need to explicitly specify a
hinge loss function. We see that it naturally arises when minimizing bPOE. Specifically,
minimizing bPOE of the loss function L(w, b,X, y) = −y(wTX + b) at threshold C = 0
yields the following problem, which is exactly minimization of hinge losses:

min
w,b

N∑
i=1

[
−yi(wTXi + b) + 1

]+
. (20)
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One can see this more generally by looking at (13), where we are minimizing bPOE of
a PH loss function f(w,X) at threshold zero.

5.3 Interpretability of EC-SVM

Since the EC-SVM is simply bPOE minimization, we can utilize Property 4 to interpret
the C-parameter and the value of the optimal objective in an exact way. Specifically, let
us put Property 4 in terms of the EC-SVM.

Property 5. Suppose (19), with any general norm, yields optimal hyperplane (w∗, b∗) and
the optimal objective value equal to obj∗. Considering L(w∗, b∗, X, y) = −y(w∗TX + b∗)
as a discretely distributed random loss, we know the following about the normalized loss
distribution.

• p̄−C
(
L(w∗,b∗,X,y)
‖w∗‖

)
= 1− α∗ = obj∗

N ,

• q̄α∗
(
L(w∗,b∗,X,y)
‖w∗‖

)
= −C,

• qα∗
(
L(w∗,b∗,X,y)
‖w∗‖

)
= −C − 1

‖w∗‖ .

The C-parameter as superquantile threshold choice. For the C-SVM, the non-
negative C-parameter is typically discussed as being a tradeoff between errors and margin
size. In the broad scheme of Empirical Risk Minimization (ERM), this parameter is dis-
cussed as the tradeoff between risk and regularization.

For the EC-SVM, we provide a much more concrete interpretation. With the EC-
SVM being exactly bPOE minimization, the C-parameter is a choice of threshold z = −C.
Specifically, looking at Property 5, we have that

q̄α∗

(
L(w∗, b∗, X, y)

‖w∗‖

)
= −C,

where α∗ = 1− obj∗

N = 1− p̄−C
(
L(w∗,b∗,X,y)
‖w∗‖

)
.

The optimal objective value as bPOE. The EC-SVM also has the surprising prop-
erty that the optimal objective value, divided by the number of samples, is a probability

level. More specifically, as shown in Property 5, we have that obj∗

N = p̄−C

(
L(w∗,b∗,X,y)
‖w∗‖

)
.

In words, the optimal objective value divided by the number of samples equals bPOE of
the optimal normalized loss distribution at threshold −C.

5.4 Norm choice and margin interpretation

In this section, we show that the EC-SVM has a clear interpretation of ‘margin’, which is
dependent on the choice of norm. This interpretation shows, in an exact way, how the C
parameter determines the margin of the separating hyperplane.

12



Looking back to formula (14), using loss function f(w,X) = −y(wTX+b), and making
the change of variable w → w

C , b →
b
C we are able to formulate the following equivalent

problem:

min
γ<−C,w,b

n∑
i=1

[(
1

−C − γ

)(
−yi(wTXi + b) + 1

‖w‖

)
+ 1

]+

s.t.
1

‖w‖
= C.

(21)

From this formulation, we can form an interpretation of the EC-SVM within the con-
text of selecting an optimal hyperplane under a ‘hard margin’ criterion. To make this
interpretation clear, we can start by analyzing (21) formulated with the L2 norm, tradi-
tional to the C-SVM and discussions of ‘maximal margin hyperplanes.’ In this context,
we see that the constraint 1

‖w‖2 = C is fixing the euclidean distance between hyperplanes

wTX+b = 1 and wTX+b = −1, i.e. fixing the ‘margin’, to be equal to C. Also, we see that
the directional distance from Xi to the corresponding “separating” hyperplane is equal to
−yi(wTXi+b)+1

‖w‖2 . The optimization problem above, therefore, fixes the margin between “sep-
arating” hyperplanes and minimizes the buffered probability of margin violations. If the
classes are linearly separable with a margin of at least C, then the optimal objective is 0,
meaning that “separating” hyperplanes are indeed separating. However, when classes are
not separable with a margin of at least C, optimization problem (21) finds the number of
worst classified objects such that the average of their directional distances to corresponding
hyperplanes equals to 0. This number of worst classified objects is then minimized subject
to the fixed margin size.

This interpretation, though, extends to any general norm within formulation (21).
Using euclidean distance as our metric for measuring distances in Rn, geometry tells us
that the distance between hyperplanes is given by 2

‖w‖2 and that the directional distance

from Xi to the corresponding “separating” hyperplane equals to −yi(w
TXi+b)+1
‖w‖2 . But what

if we were to use a different metric to measure distances within Rn? For example, what if
we were to say that the ‘distance’ between two points X1, X2 was ‖X1 −X2‖1 instead of
‖X1−X2‖2? In this case, the distance between hyperplanes is given by 2

‖w‖∞ . This follows
from the concept of the dual norm.

Denote by ‖·‖∗ the norm dual to the norm ‖·‖. In the general case, we know that if the
‘distance’ between two points X1, X2 is ‖X1−X2‖∗, then the distance between hyperplanes
wTX + b = 1 and wTX + b = −1 is equal to 2

‖w‖ and that the directional distance from

Xi to the corresponding “separating” hyperplane equals to −yi(w
TXi+b)+1
‖w‖ . Thus, for the

EC-SVM formulated with general norm ‖ · ‖, the constraint 1
‖w‖ = C is fixing the ‘margin’

equal to C in Rn under the implied distance metric defined by the dual norm, ‖ · ‖∗.
Note that the problem above is equivalent to the EC-SVM, i.e.̃(19), having the same

optimal objectives and (up to some scaling factor) equivalent optimal hyperplanes when

13



parameter C is the same for both problems. Therefore, the interpretation above is also
valid for the EC-SVM. In particular, if a certain norm ‖ · ‖ is used in the optimization
problem setting, then it is implied that distances between objects represent object simi-
larities in a better fashion when measured according to the norm ‖ · ‖∗, dual to ‖ · ‖. The
correspondence between C-SVM and EC-SVM, described further by Theorems 1 and 2, is
not as direct as the correspondence between (21) and the EC-SVM. However, the presence
of this correspondence should also imply that the use of ‖ · ‖ in optimization problem is
closely related to the choice of norm ‖ · ‖∗ for the considered space.

Thus, as opposed to the C-SVM formulation, the EC-SVM formulation has a clear
interpretation as hard margin separation problem for the case of non-separable classes.

6 Connecting the EC-SVM and C-SVM

In this section, we prove the equivalence of the EC-SVM and C-SVM when formulated
with any general norm. Theorems 1 and 2 present the main result, providing a direct cor-
respondence between parameter choices and optimal solutions. We emphasize the critical
implication, which is that solving the C-SVM with any parameter Ĉ ≥ 0 is equivalent to
solving the EC-SVM (i.e. minimizing bPOE) for some parameter C ≥ 0.

Below be prove the equivalence of C-SVM and EC-SVM with two theorems. We leave
the lengthy proofs to Appendix B. Theorem 1 begins with the assumption that one has
solved the C-SVM and then provides the proper parameter value for which the EC-SVM will
yield the same optimal hyperplane, up to a specific scaling factor, which we also provide.
Theorem 2 is analogous to Theorem 1, but begins with the assumption that one has solved
the EC-SVM. It should be noted that the theorems reference dual variables, which are
discussed more explicitly (via KKT conditions) within the proofs of the theorems.

Theorem 1. Assume that the data set is not linearly separable and suppose optimization
problem (1) is formulated with any general norm ‖ · ‖ and some parameter Ĉ ≥ 0 and that
it has optimal primal variables (w∗, b∗, ξ∗) and optimal dual variables (α∗, β∗). Then (19),

formulated with corresponding norm and parameter C = Ĉ∑N
i=1 β

∗
i

, will have optimal primal

variables (w = µw∗, b = µb∗, ξ = µξ∗) and optimal dual variables (α = α∗, β = β∗), where

µ =
∑N

i=1 β
∗
i∑N

i=1 β
∗
i −Ĉ‖w∗‖

> 0.

Theorem 2. Suppose optimization problem (19) is formulated with any general norm ‖ · ‖
and some parameter C ≥ 0 and that it has optimal primal variables (w∗, b∗, ξ∗) and optimal
dual variables (α∗, β∗). Then (1), formulated with corresponding norm and parameter
Ĉ = C

∑N
i=1 β

∗
i , will have optimal primal variables (w = µw∗, b = µb∗, ξ = µξ∗) and

optimal dual variables (α = α∗, β = β∗), where µ = 1
1+C‖w∗‖ > 0.
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7 Presentation as Cohesive Structure

Here, we show exactly why it is appropriate to call formulation (19) the EC-SVM. Specif-
ically, we show that the EC-SVM is equivalent to the Eν-SVM, producing the same set
of optimal solutions. This follows directly from the fact that bPOE is the inverse of the
superquantile. This fact helps solidify the idea that the EC-SVM is an extension of the
C-SVM in the same way that the Eν-SVM is an extension of the ν-SVM. First, as was
proved in Section 6, the optimal solution set produced by the C-SVM over C ∈ [0,∞) is
contained in the optimal solution set produced by the EC-SVM over C ∈ (−∞,∞). Sec-
ond, the EC-SVM extends the allowable range of the C parameter to negative C-values.
Thus, just as the Eν-SVM extends the parameter range and optimal solution set of the
ν-SVM, the EC-SVM does the same for the C-SVM.

Proposition 3. The EC-SVM and Eν-SVM, formulated with the same general norm,
produce the same set of optimal hyperplanes.

Proof. First, recall that the EC-SVM is equivalent to bPOE minimization. Second, recall
that the Eν-SVM is equivalent to superquantile minimization. Using these two facts, the
equivalence follows immediately from [4], which shows that (w, b) is a minimizer of bPOE
at some threshold level if and only if (w, b) is a minimizer of the superquantile at some
probability level.

To help gather all of the results we have discussed, we can present them as a cohesive
structure in the following table:

Ĉ ∈ [0,+∞) C ∈ (−∞,+∞) = −z
↑ ↑ ↑

C-SVM ⊂ EC-SVM ≡ min
w,b

p̄z
(
−y(wTX + b)

)
m m m

ν-SVM ⊂ Eν-SVM ≡ min
w,b

q̄α
(
−y(wTX + b)

)
↓ ↓ ↓

ν̂ ∈ (νmin, νmax] ν ∈ [0, 1] = 1− α

Key:

• m Formulations generate the same set of optimal solutions.

• ⊂ The right hand side formulation is an “extension” of the left hand formulation.
(i.e. in the way that Eν-SVM is an extension of ν-SVM)

• ≡ Formulations are objectively equivalent.

• ↑ or ↓ Arrow points to parameter values for the formulation.
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8 Dual Formulations and Kernalization

Typically, the C-SVM is presented first in its primal form, then in its dual form, as the latter
provides insights into selection of support vectors via dual variables, while additionally
providing a quadratic optimization problem for solving the C-SVM (in the case of the
L2 regularization norm). This quadratic optimization problem also allows one to use the
‘kernel trick,’ utilizing the presence of dot products to introduce a non-linear mapping to
a high dimensional feature space.

In this section, we present the dual formulations of the C-SVM, (1), and EC-SVM, (19),
formulated with any general norm. We leave the derivation of these dual formulations to
Appendix C. We use these formulations to enlighten our perspective in two ways. First,
in conjunction with Theorems 1 and 2, we use the dual formulations to show that the
optimal objective value of the C-SVM and EC-SVM coincide when yielding the same
optimal hyperplane. This effectively yields the surprising result that the optimal value of
the C-SVM objective function, divided by sample size, equals a probability level. Second,
we use these dual formulations to present kernalization of the EC-SVM when formulated
with the L2 norm.

Assume the EC-SVM, (19), is formulated with some norm ‖ · ‖. Let ‖ · ‖∗ be the
corresponding dual norm, then the dual formulation is as follows:

max
β

N∑
i=1

βi

s.t.

∥∥∥∥∥
N∑
i=1

βiyixi

∥∥∥∥∥
∗

≤ C
N∑
i=1

βi,

N∑
i=1

βiyi = 0,

0 ≤ βi ≤ 1, ∀i ∈ {1, . . . , N}.

(22)

Assume the C-SVM, (1), is formulated with some norm ‖ · ‖. Let ‖ · ‖∗ be the corre-
sponding dual norm, then the dual formulation is as follows:

max
β

N∑
i=1

βi

s.t.

∥∥∥∥∥
N∑
i=1

βiyixi

∥∥∥∥∥
∗

≤ C,

N∑
i=1

βiyi = 0,

0 ≤ βi ≤ 1, ∀i ∈ {1, . . . , N}.

(23)
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Given the dual formulations, it follows immediately from Theorems 1 and 2 that the
optimal dual objective solutions coincide when parameters are chosen so that the EC-SVM
and C-SVM produce the same optimal hyperplane. Additionally, this result applies to
the primal formulations via strong duality. Thus, since the EC-SVM objective, divided
by sample size, equals a probability level (as seen in Property 6), we can conclude that
the optimal objective value of the C-SVM primal formulation, divided by sample size, also
equals a probability level.

8.1 Kernalization of EC-SVM

Here we briefly present the kernalization of the EC-SVM for the L2 norm case, as it may
be interesting to readers familiar with the C-SVM and its extensions to non-linear feature
mappings. To effectively apply the kernel trick to the EC-SVM formulated with the L2

norm 1, we need only to square the constraint∥∥∥∥∥
N∑
i=1

βiyixi

∥∥∥∥∥
∗

≤ C
N∑
i=1

βi ,

forming the following quadratically constrained optimization problem (24), where φ(xi)
represents a non-linear kernel mapping of the ith data vector.

max
β

N∑
i=1

βi

s.t.
N∑
i=1

N∑
i=1

βiβj
(
yiyjφ(xi)

Tφ(xj)− C2
)
≤ 0,

N∑
i=1

βiyi = 0,

0 ≤ βi ≤ 1, ∀i ∈ {1, . . . , N}.

(24)

9 Conclusion

In this paper we have introduced a new SVM formulation called the EC-SVM to help
provide theoretical insights into the nature of the C-SVM, soft margin support vector
classifier. Much like the Eν-SVM, this new formulation acts as an extension of the C-
SVM. The main contribution of this paper, though, is not a new SVM formulation with
computational or generalization benefits.

The main contribution of this paper is proof that soft margin support vector classifica-
tion is equivalent to simple bPOE minimization. Additionally, we show that the C-SVM,

1 Recall that the L2 norm is self-dual.

17



EC-SVM, ν-SVM, and Eν-SVM fit nicely into the general framework of superquantile and
bPOE minimization problems. This allows us to gain interesting and surprising insights,
interpreting soft margin support vector optimization with newly developed statistical tools.
For example, we were able to show that the C-parameter of the C-SVM has a statistical
interpretation and that the optimal objective value, divided by sample size, equals a prob-
ability level.

Additionally, we were able to provide an interpretation of the EC-SVM as a hard-
margin optimization problem, showing that the choice of regularization norm implies a
metric used to define the margin. We were also able to provide dual formulations for both
the C-SVM and EC-SVM formulated with any general regularization norm and provided
a kernalized formulation for the EC-SVM.

In the broad scheme, we were able to show that the C-SVM formulation, derived tra-
ditionally from geometric intuition, can also be derived from purely statistical tools, with
no geometric intuition involved. Specifically, we show that these statistical tools are su-
perquantiles and the related bPOE.
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A Ineffective variation of threshold levels

In application, it may be desirable that bPOE is minimized for different thresholds z ∈ R
yielding a selection of optimal distributions f(w∗z , X), where w∗z = arg min p̄z(f(w,X)) for
some chosen value of threshold z. This way, one could do some type of model selection or
analysis based upon the behavior of the optimal distribution over different thresholds. In
doing so, one would expect to achieve different solutions for different threshold choices. As
shown in the following propositions, the naive construction of formulation (12) combined
with the positive homogeneity of f(w,X) causes formulation (12) to achieve only two
possible optimal solutions.

Proposition 4 and Corollary 1 show that for any threshold z ≤ 0, formulation (12)
becomes equivalent to

min
w∈Rn

p̄0(f(w,X)),
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effectively yielding the solution for threshold z = 0. Proposition 5 shows that for any
threshold z > 0, formulation (12) yields a trivial solution.

Proposition 4. If f(w,X) is PH w.r.t. w and minimizing bPOE at z ≤ 0 yields

1− α∗ = min
w,γ<z

E[f(w,X)− γ]+

z − γ
,

with optimal solution vector (w∗, γ∗), then for any a ≥ 1, z̄ = az we have

1− α∗ = min
w,γ<z̄

E[f(w,X)− γ]+

z̄ − γ
,

with optimal solution vector (aw∗, aγ∗).

Proof. Assume that for z ≤ 0,

1− α∗ = min
w∈Rn

p̄z(f(w,X)) = min
w∈Rn,γ<z

E[f(w,X)− γ]+

z − γ
=
E[f(w∗, X)− γ∗]+

z − γ∗
.

This means that p̄z(f(w∗, X)) ≤ p̄z(f(w,X)) for every w ∈ Rn. Now, notice that for
z̄ = az, where a ≥ 1,

p̄z̄(f(aw∗, X)) =
E[f(aw∗, X)− aγ∗]+

z̄ − aγ∗

=
a

a

E[f(w∗, X)− γ∗]+

z − γ∗

= 1− α∗

= p̄z(f(w∗, X)).

Since p̄z(f(w,X)) is a monotonically decreasing function w.r.t. z, we also know that
p̄z(f(w∗, X)) ≤ p̄z̄(f(w∗, X)) for every z̄ = az, a ≥ 1. Therefore, if min

w∈Rn
p̄z(f(w,X)) =

1− α∗ at (w∗, γ∗), then for any z̄ = az, a ≥ 1 we have that min
w∈Rn

p̄z̄(f(w,X)) = 1− α∗ at

(aw∗, aγ∗).

Corollary 1. Given Proposition 1, we can say that if z ≤ 0, then

min
w∈Rn,γ<z

E[f(w,X)− γ]+

z − γ
= min

w∈Rn
p̄0(f(w,X)).

Proof. Let (zn) be a strictly decreasing sequence such that z0 < 0 and limn→∞ zn = 0.
Proposition 4 implies that

min
w∈Rn

p̄z0(f(w,X)) = min
w∈Rn

p̄z1(f(w,X)) = ... = min
w∈Rn

p̄0(f(w,X)).

Intuitively, this corollary simply follows from application of Proposition 4 to any z < 0
arbitrarily close to zero.
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Proposition 5. If z > 0, then

min
w∈Rn,γ<z

E[f(w,X)− γ]+

z − γ
= 0.

Proof. Objective is a non-negative function. If z > 0, then for γ ∈ (0, z) the objective is 0,
hence, optimal.

B Proofs for Theorems 1 and 2

B.1 Theorem 1

Proof. To prove Theorem 1, we compare the KKT systems of (1) and (19) formulated with
the same general norm, ‖ · ‖. We assume that the C-SVM with parameter Ĉ ≥ 0 yields
optimal primal variables (w∗, b∗, ξ∗) and optimal dual variables (α∗, β∗). Thus, this is the
same as assuming that (w∗, b∗, ξ∗, α∗, β∗) satisfies the following KKT system of (1):

ξ∗ ≥ 0, (25a)

β∗ ≥ 0, (25b)

α∗ ≥ 0, (25c)

− α∗ − β∗ + 1 = 0, (25d)

ξ∗i ≥ −yi(w∗Txi + b∗) + 1, (25e)

0 ∈ −Ĉ∂‖w∗‖+

N∑
i=1

yiβ
∗
i xi, (25f)

N∑
i=1

−yiβ∗i = 0, (25g)

α∗i ξ
∗
i = 0 = (1− β∗i )ξ∗i , (25h)

β∗i
[
−yi(w∗Txi + b∗) + 1− ξ∗i

]
= 0. (25i)

Now, we show that with µ =
∑N

i=1 β
∗
i∑N

i=1 β
∗
i −Ĉ‖w∗‖

, the variables (µw∗, µb∗, µξ∗, α∗, β∗) satisfy the

KKT system of (19). We then show that indeed µ > 0 when the data set is not linearly
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separable. The KKT system of (19) formulated with parameter C ≥ 0 is as follows:

ξ ≥ 0, (26a)

β ≥ 0, (26b)

α ≥ 0, (26c)

− α− β + 1 = 0, (26d)

ξi ≥ −yi(wTxi + b) + 1 + C‖w‖, (26e)

0 ∈ −C∂‖w‖
N∑
i=1

βi +

N∑
i=1

yiβixi, (26f)

N∑
i=1

−yiβi = 0, (26g)

αiξi = 0 = (1− βi)ξi, (26h)

βi
[
−yi(wTxi + b) + 1 + C‖w‖ − ξi

]
= 0. (26i)

When now show, one by one, that

(
w = µw∗, b = µb∗, ξ = µξ∗, α = α∗, β = β∗, C = Ĉ∑N

i=1 β
∗
i

)
satisfy all of these conditions and is thus a solution to the KKT system (26).

1. ξ ≥ 0 : True, since ξ = µξ∗, ξ∗ ≥ 0, µ ≥ 0.

2. β ≥ 0 : True, since β = β∗ ≥ 0.

3. α ≥ 0 : True, since α = α∗.

4. −α− β + 1 = 0 : True, since −α− β + 1 = −α∗ − β∗ + 1 = 0.

5. ξi ≥ −yi(wTxi + b) + 1 + C‖w‖ −→ µξ∗i ≥ −yi(w∗Txi + b∗)µ+ 1 + µC‖w∗‖
−→ ξ∗ ≥ −yi(w∗Txi+b∗)+

(
1
µ + C‖w∗‖

)
= −yi(w∗Txi+b∗)+

(
1− Ĉ∑N

i=1 β
∗ ‖w∗‖+ Ĉ∑N

i=1 β
∗ ‖w∗‖

)
=

−yi(w∗Txi + b∗) + 1 : True, following from (25e).

6. 0 ∈ −C∂‖w‖
∑N

i=1 βi+
∑N

i=1 yiβixi : True, following from C∂‖w‖
∑N

i=1 βi = Ĉ∂‖w∗‖,∑N
i=1 yiβixi =

∑N
i=1 yiβ

∗
i xi, and (25f).

7.
∑N

i=1−yiβi = 0 : True, since β = β∗ and (25g).

8. αiξi = 0 : True, since α = α∗, ξ = µξ∗, µ > 0, and (25h).

9. βi
[
−yi(wTxi + b) + 1 + C‖w‖ − ξi

]
= 0 ⇐⇒ βiξi = −βiyi(wTxi+b)+βi+βiC‖w‖.

Notice then that (26h) =⇒ βiξi = ξi. This gives us ξi = µξ∗ = −µβ∗i yi(w
T
xi+ b∗)+
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β∗i +β∗i C‖w∗‖ = β∗i +β∗i
Ĉµ∑N
i=1 β

∗
i

‖w∗‖+µ [ξ∗i − β∗i ] ⇐⇒ β∗i

[
1 + Ĉµ∑N

i=1 β
∗
i

‖w∗‖ − µ
]

= 0

⇐⇒ 1 + Ĉ‖w∗‖∑N
i=1 β

∗
i −Ĉ‖w∗‖

−
∑N

i=1 β
∗
i∑N

i=1 β
∗
i −Ĉ‖w∗‖

= 0. Clearly, the last equality is true.

Now we show that for non-linearly separable data sets, µ > 0. We use the KKT
system (25) to form the dual via the Lagrangian. We then show that

∑N
i=1 β

∗
i > Ĉ‖w∗‖,

which proves that µ > 0.
We first have that the Lagrangian of (1) is the following:

L(w, b, ξ, α, β) = Ĉ‖w‖+

N∑
i=1

ξi +

N∑
i=1

βi
[
−yi(wTxi + b) + 1− ξi

]
−

N∑
i=1

αiξi

Using (25d,g), we can then simplify, also maximizing w.r.t. the dual variables and mini-
mizing w.r.t. the primal variables, to form the following dual. Here, the constraints are
implied by (25d,g).

max
β

N∑
i=1

βi +

(
inf
w,b
Ĉ‖w‖+

N∑
i=1

βi
[
−yi(wTxi + b)

])
s.t. 0 ≤ β ≤ 1.

N∑
i=1

yiβi = 0.

(27)

Notice that since w = 0 is a feasible solution, we know that

inf
w,b

Ĉ‖w‖+
N∑
i=1

βi
[
−yi(wTxi + b)

]
≤ 0.

Finally, noting that with the optimal variables assumed to be (w∗, b∗, ξ∗, α∗, β∗), we see
that

N∑
i=1

β∗i +

(
inf
w,b

Ĉ‖w‖+
N∑
i=1

β∗i
[
−yi(wTxi + b)

])
= Ĉ‖w∗‖+

N∑
i=1

ξ∗.

But since the data set is not linearly separable
∑N

i=1 ξ
∗ > 0. This implies that

∑N
i=1 β

∗
i >

Ĉ‖w∗‖, which shows that µ =
∑N

i=1 β
∗
i∑N

i=1 β
∗
i −Ĉ‖w∗‖

> 0.

B.2 Theorem 2

Proof. To prove Theorem 2, we compare the KKT systems of (1) and (19) formulated with
the same general norm, ‖ · ‖. We assume that the EC-SVM with parameter C ≥ 0 yields
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optimal primal variables (w∗, b∗, ξ∗) and optimal dual variables (α∗, β∗). Thus, this is the
same as assuming that (w∗, b∗, ξ∗, α∗, β∗) satisfies the following KKT system of (19):

ξ∗ ≥ 0, (28a)

β∗ ≥ 0, (28b)

α∗ ≥ 0, (28c)

− α∗ − β∗ + 1 = 0, (28d)

ξ∗i ≥ −yi(w∗Txi + b∗) + 1 + C‖w∗‖, (28e)

0 ∈ −C∂‖w∗‖
N∑
i=1

β∗i +

N∑
i=1

yiβ
∗
i xi, (28f)

N∑
i=1

−yiβ∗i = 0, (28g)

α∗i ξ
∗
i = 0 = (1− β∗i )ξ∗i , (28h)

β∗i
[
−yi(w∗Txi + b∗) + 1 + C‖w∗‖ − ξ∗i

]
= 0. (28i)

Now, we show that with µ = 1
1+C‖w∗‖ > 0, the variables (µw∗, µb∗, ξ∗, α∗, β∗) satisfy the

KKT system of (1). We then show that indeed µ > 0 when the data set is not linearly
separable. The KKT system of (1) formulated with parameter Ĉ ≥ 0 is as follows:

ξ ≥ 0, (29a)

β ≥ 0, (29b)

α ≥ 0, (29c)

− α− β + 1 = 0, (29d)

ξi ≥ −yi(wTxi + b) + 1, (29e)

0 ∈ −Ĉ∂‖w‖+
N∑
i=1

yiβixi, (29f)

N∑
i=1

−yiβi = 0, (29g)

αiξi = 0 = (1− βi)ξi, (29h)

βi
[
−yi(wTxi + b) + 1− ξi

]
= 0. (29i)

When now show, one by one, that (w = µw∗, b = µb∗, ξ = µξ∗, α = α∗, β = β∗, Ĉ =
C
∑N

i=1 βi) satisfy all of these conditions and is thus a solution to the KKT system (29):

1. ξ ≥ 0 : True, since ξ = µξ∗, ξ∗ ≥ 0, µ ≥ 0.
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2. β ≥ 0 : True, since β = β∗ ≥ 0.

3. α ≥ 0 : True, since α = α∗.

4. −α− β + 1 = 0 : True, since −α− β + 1 = −α∗ − β∗ + 1 = 0.

5. ξi ≥ −yi(wTxi+ b)+1 −→ µξ∗i ≥ −yi(w∗Txi+ b∗)µ+1 ⇐⇒ ξ∗ ≥ −yi(w∗Txi+ b∗)+
(1 + C‖w∗‖) : True, following from (28e).

6. 0 ∈ −Ĉ∂‖w∗‖ +
∑N

i=1 yiβixi: True, following from Ĉ∂‖w∗‖ = C∂‖w‖
∑N

i=1 βi,∑N
i=1 yiβixi =

∑N
i=1 yiβ

∗
i xi, and (28f).

7.
∑N

i=1−yiβi = 0 : True, since β = β∗ and (28g).

8. αiξi = 0 : True, since α = α∗, ξ = µξ∗, µ > 0, and (28h).

9. ξµ∗ = ξ = βi+µ
[
−βiyi(w∗Txi + b∗)

]
= βi+µ [ξ∗ − β − βC‖w∗‖] = µξ∗+β

(
1− 1

1+C‖w∗‖ −
C‖w∗‖

1+C‖w∗‖

)
=

µξ∗ : Clearly, the last equality is true.

Now we point out that µ > 0. This follows immediately from the assumption that C ≥ 0
and the fact that ‖w∗‖ ≥ 0.
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C Derivation of EC-SVM Dual Formulation

The dual of the EC-SVM is formulated as follows, via the Lagrangian:

max
α≥0
β≥0

min
w,b

N∑
i=1

ξi +
N∑
i=1

βi
[
−yi(wTxi + b) + 1− ξi + C‖w‖

]
−

N∑
i=1

αiξi

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min
w

C‖w‖
N∑
i=1

βi +
N∑
i=1

−βiyiwTxi

]

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min

w 6=0,a≥0
aC

N∑
i=1

βi +
a
∑N

i=1−βiyiwTxi
‖w‖

]

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min
a≥0

aC

N∑
i=1

βi + amin
w 6=0

∑N
i=1−βiyiwTxi
‖w‖

]

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min
a≥0

aC

N∑
i=1

βi − amin
w 6=0

∑N
i=1 βiyiw

Txi
‖ − w‖

]

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min
a≥0

aC

N∑
i=1

βi − a

∥∥∥∥∥
N∑
i=1

−βiyixi

∥∥∥∥∥
∗]

= max
β

N∑
i=1

βi

s.t.

∥∥∥∥∥
N∑
i=1

βiyixi

∥∥∥∥∥
∗

≤ C
N∑
i=1

βi,

N∑
i=1

βiyi = 0,

0 ≤ βi ≤ 1, ∀i ∈ {1, . . . , N}.
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D Derivation of C-SVM Dual Formulation

The dual of the C-SVM is formulated as follows, via the Lagrangian:

max
α≥0
β≥0

min
w,b

N∑
i=1

ξi + C‖w‖+
N∑
i=1

βi
[
−yi(wTxi + b) + 1− ξi

]
−

N∑
i=1

αiξi

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min
w

C‖w‖+
N∑
i=1

−βiyiwTxi

]

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min

w 6=0,a≥0
aC +

a
∑N

i=1−βiyiwTxi
‖w‖

]

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min
a≥0

aC + amin
w 6=0

∑N
i=1−βiyiwTxi
‖w‖

]

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min
a≥0

aC − amin
w 6=0

∑N
i=1 βiyiw

Txi
‖ − w‖

]

= max
0≤β≤1∑N
i=1 βiyi=0

N∑
i=1

βi +

[
min
a≥0

aC − a

∥∥∥∥∥
N∑
i=1

−βiyixi

∥∥∥∥∥
∗]

= max
β

N∑
i=1

βi

s.t.

∥∥∥∥∥
N∑
i=1

βiyixi

∥∥∥∥∥
∗

≤ C,

N∑
i=1

βiyi = 0,

0 ≤ βi ≤ 1, ∀i ∈ {1, . . . , N}.
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