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Abstract

The paper suggests an approach for optimizing a material ow system consisting

of two work-stations and an intermediate bu�er. The material ow system may

be a production system, a distribution system or a pollutant-deposit/removal

system. The important characteristics are that one of the work-stations is

unreliable (random breakdown and repair times), and that the performance

function is formulated in average terms. The performance function includes

random production gains and losses as well as deterministic investment and

maintenance costs. Although, on average, the performance function is smooth

with respect to parameters, the sample performance function is discontinuous.

The performance function is evaluated analytically under general assumptions

on cost function and distributions. Gradients and stochastic estimates of the

gradients were calculated using Analytical Perturbation Analysis. Optimization

calculations are carried out for an example system.
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1 Introduction

In several types of material ow systems, there is at least one unreliable component.
This feature makes it particularly important to design such a system carefully by tak-
ing into account the uncertainties introduced by the component unreliability. Such
material ow systems occur in production and distribution as well in environmental re-
mediation (removal or transformation of pollutants) systems. In production systems,
work-stations may be unreliable. In distribution systems, transport mechanisms may
su�er from breakdowns. In environmental systems, the removal or transformation
mechanism may be unavailable (due to climatic causes, for instance). Particular, for
production systems, there is extensive literature on modeling and analysis of material
ows with unreliable work-stations.

Analytic approaches have primarily been developed for the case of two work-
stations with an intermediate bu�er. For discrete products with deterministic pro-
cessing times, we may refer to Buzacott [1] and Yeralan and Muth [25]. For con-
tinuous material ows with deterministic machine speeds, important references are
Wijngaard [24] and Mitra [12]. De Koster [8] gives an overview of the literature
and shows how to exploit Wijngaard's approach for the construction of a numerical
procedure for the analysis of larger systems. Although these approaches are very
valuable for getting a better understanding of the characteristics of relevant pro-
cesses, they all su�er from the fact that they are based on severe assumptions. The
usual requirement is that breakdown behavior as well as repair behavior is based on
a negative-exponentially distributed time length or at least something very closely
related to the negative-exponential distribution like a phase-type distribution with
only a few phases. Therefore, for practical system design, simulation is a frequently
used tool. However, a serious drawback of simulation is that a guided search for
a good design usually requires many simulations. Particular, in the case of several
design parameters, this can be prohibiting.

Various modeling and optimization approaches of the manufacturing systems are
discussed in [11]. General approaches for optimizing stochastic systems by using
Monte Carlo simulations follow from the the techniques of stochastic optimization
(see, for example, [2, 10]). For Discrete Event Dynamic Systems, algorithms for eval-
uating unbiased estimates of the gradients are developed in [4, 7, 13, 14]. A disadvan-
tage of the most of these algorithms is that they are not applicable when a sample-path
is discontinuous in the relevant parameter, which is the case for number of material
ow systems. Rubinstein [14] proposed a technique, which is called the Push Out
method, to calculate sensitivities of systems with discontinuous sample-path. In [5],
Gong and Ho suggested to smooth over the sample path function (Smoothed Pertur-
bation Analysis) by taking conditional expectations w.r.t. a �-algebra to estimate the
gradient of the performance function. This approach in application to (s,S) inventory
systems was explored in [16]. Similar ideas in combination with new di�erentiation
formulas for probability functions [21, 22] were used in Analytic Perturbation Analy-
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sis (APA) [23] to evaluate the performance function and the gradient during the same
simulation run. In the framework of this approach, for systems with discontinuous
sample-path, various estimates can be obtained, including the estimates of Smoothed
Perturbation Analysis and the Push Out approach.

Paper [3] considered a system consisting of two machines (one is unreliable) and
an intermediate bu�er; based on the Monte-Carlo simulation optimization approach,
it calculated gradient formulas for this system. In the present paper, for the same
model, we show that using the ideas of Analytic Perturbation Analysis [23] the per-
formance function and the gradients of this system can be calculated analytically for
any distributions describing unreliability and repair characteristics of the machines.
Although the sample path of this system is a discontinuous function, an average per-
formance function is smooth with respect to control parameters. We found formulas
for calculating the gradients of the performance function and their rough stochastic
estimates. The paper discusses deterministic and stochastic optimization approaches
for optimizing performance of the system. We evaluated with deterministic approach
optimal parameters of an example system using the Variable Metric Algorithm [19]
for nonsmooth optimization problems.

The following Section 2 introduces the model for a two-machine system with
one unreliable machine and an intermediate bu�er. Section 3 describes the opti-
mization problem and provides analytical formulas for the discrete-continuous per-
formance function and its gradients w.r.t. continuous variables. Section 4 considers
two approaches for reducing discrete-continuous optimization problems to continuous
ones. Deterministic and stochastic algorithms are described for the reduced problems.
Stochastic estimates of the gradients are calculated with APA. Section 5 provides op-
timization results for an example system.

2 Description of the model

The system comprises two interacting processes (see Figure 1): a regular ow of
material arriving at a "server" or "work-station" and a service process of this ma-
terial. Each batch of material arrives at the server at equidistant points in time
t = 0; x1; 2x1; : : : The intensity of this process can be adjusted by the value x1 > 0 .
The work-station empties the available batches one-by-one and x2 is the time needed
to process a batch by the work-station. The processing of a batch can be interrupted
by the failure of the work-station; therefore, the work-station goes through alternating
\operation" and \repair" intervals. The lengths of these intervals are independent
random variables with density functions � and % respectively. We suppose that a
batch requires a position in the storage (bu�er) from the time of its arrival until the
moment that processing has been �nished. Denote by S the number of batches that
may be stocked in the storage. If the storage is full, we suppose that a newly arriving
batch is lost with cost � . The gain of each processed batch is equal to � . The cost
function also includes the investments and maintenance costs and provides a tradeo�
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Figure 1: System Flow Chart

between pro�ts and losses. In particular, in the case when � � � , the main attention
is paid to the losses due to exceeding storage capacity.

As a consequence of the interruptions, the real processing time of a batch may
be essentially longer than x2 . If T is the mean time to failure and R is the average
repair time, then the availability fraction is

T

R + T

Consequently, the real processing time will be on the average

R + T

T
x2 :

If x1 would be chosen smaller than this latter value, then the work-station could not
cope with the input even if the storage capacity would have in�nite size.

The model sketched above was inspired by the problem of designing a production
system in which the batches would be delivered by a chain oven and the work-station
treats the individual products of a batch one-by-one. In this way, the platter, which
bears a batch of products through the oven, occupies a position in the bu�er as long
as it contains some products. It is not possible to stop the oven when the bu�er
is full, since this would lead to the loss of several hours of production; namely all
the batches which are in the oven would be lost in this case. The chain pulls the
batches through the oven with a �xed speed and batches which leave the oven are
mechanically delivered to the bu�er. If the bu�er has no position available, then the
batch is set aside and lost for further processing, since outside the bu�er, the products
cool down too much, which is not good for the quality.

In fact, the described system is an example of the two-machine system with one
unreliable machine and an intermediate bu�er. The problem is to design a system
which works at minimal cost. There is no constraint on the output, because it is
already certain that several units will be needed. Therefore, the only goal is to
�nd the most e�cient design. We denote by c (x1; x2; S) the cost per unit of the
processed product caused by investment and maintenance costs. We suppose that
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this is a known function of the design parameters of the system. Also, there is a
cost/gain component related to the performance of the system: each processed batch
brings a gain � and lost batch a cost �. Therefore, the performance function equals

C(x; S) = c (x; S) + �L(x; S) � �	(x; S); (1)

where x = (x1; x2) , and L(x; S) , 	(x; S) are the expected numbers of lost and
processed batches per supplied batch, respectively.

Let us make some useful rearrangements of the problem. Denote by LN (x; S) the
random number of lost batches and by 	N(x; S) the random number of processed
batches when N batches were supplied to the work-station. We use bold face style
for random variables and functions. By de�nition

LN(x; S) + 	N(x; S) = N ;

lim
N!1

LN(x; S)

N
= L(x; S) ; lim

N!1

	N(x; S)

N
= 	(x; S) (a.s.)

Therefore, a sensible estimate of �L(x; S)� �	(x; S) is

�
LN(x; S)

N
� �

	N(x; S)

N
= �

LN (x; S)

N
� �

N � LN (x; S)

N
=

(� + �)
LN(x; S)

N
� � =

(� + �)LN(x; S)

LN(x; S) + 	N(x; S)
� � =

� + �

L�1N (x; S)	N(x; S) + 1
� � :

Let us denote

F (x; S) = lim
N!1

LN(x; S)	
�1
N (x; S) (a:s:);

then

�L(x; S)� �	(x; S) =
� + �

F�1(x; S) + 1
� � :

Thus the performance function equals

C(x; S) = c (x; S) +
� + �

F�1(x; S) + 1
� � : (2)
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3 Optimization problem

Usually, feasible storage sizes S 2 fS1; : : : ; SIg are known a priori. The problem
is to �nd values x1 ; x2 , and Si such that the function C(x; Si) is minimal. Since
x1 > x2 , we included the following constraint

x1 � x2 + � ;

where � > 0 . As we see further, the function C(x; S) involves the calculation of
expectations of discontinuous functions. Although, usually, an analytical evaluation
of such functions is out of the question, for this particular case, using the ideas of
Analytic Perturbation Analysis [23], we found an analytical expression for the function
C(x; S) .

The performance function C(x; S) can be calculated using the function F (x; S) .
To evaluate the function F (x; S) , we supposed that the number of processed batches
	 is �xed, so the number of batches N	(x; S) supplied to the work-station and the
number of lost batches L	(x; S) are random functions of the variable 	 and the
control variables x ; S : As an approximation of F (x; S), we consider the function

F	(x; S) = 	�1 IEL	(x; S) : (3)

Although the function L	(x; S) is discontinuous w.r.t. x , the expectation of the
function L	(x; S) , which is an integral w.r.t. random variable, is a smooth function
of x .

Let us denote:

` is the number of an operation interval (an interval in which the work-station is
available);

� ` is the number ` operation interval;

r` is the repair interval after the operation interval � ` ;

F� is the �-algebra generated by the random operation intervals � `, ` = 1; 2; : : : ;

IE� is the conditional expectation w.r.t. the �-algebra F� ;

IP is the conditional probability w.r.t. the �-algebra F .

We suppose that repair intervals, r` , ` = 1; 2; : : : and operation intervals, � `,
` = 1; 2; : : : are independent random values having densities, % , and, � , respectively.
Also, to simplify calculations, we suppose that operation intervals cannot be shorter
than some minimal value, �min , i.e., distribution function � equals zero for the values
less then �min . For example, � could be a normal distribution truncated at the point
�min . The value �min is chosen such that the server, working during the time �min ,
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Figure 2: Amount of material in the bu�er. Bu�er size equals 2. Batches with
numbers 3, 4, 8, 9 are lost.

is able to process the arriving batches and empty the bu�er. Denote the maximal
bu�er size by

Smax = maxfS1; : : : ; SIg :

If the server processes only the batches in the bu�er, the maximal processing time of
these batches is not longer than x2Smax . Since the server can devote only fraction
(x1 � x2)=x1 of its time to process the batches in the bu�er, �min , must be larger
than x2Smax x1=(x1 � x2) .

Let us denote by A(x2) a random number of failures of the work-station in a run
consisting of 	 processed batches. This number A(x2) does not depend upon x1 ,
because the random operation interval � ` does not include idle time of the work-
station.

For a large 	 , the ratio of total processing time 	x2 and the mean time to failure
T approximately equals the expected number of failures IEA(x2) , i.e.,

IEA(x2) = 	x2=T : (4)

Let us denote by �`(x; S) the number of lost batches because of the repair ` . The
expectation of the function L	(x; S) can be represented as

IEL	(x; S) = IE

A(x2)X
`=1

�`(x; S) = IEIE�

A(x2)X
`=1

�`(x; S) = IE

A(x2)X
`=1

IE� �`(x; S) ; (5)

Denote by q `(x) the number of batches arrived to the work-station during repair
` plus the number of batches arrived during processing the remaining portion of
the batch after �nishing the repair ` . Thus, q `(x) is the total number of batches
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arrived to the work-station during processing the batch with repair ` . The number
of lost batches, �`(x; S) , can be expressed as the function of q `(x) and S , i.e.,
�`(x; S) = K(q `(x); S) . This number depends upon the size of the bu�er: it equals
zero, if q `(x) is not larger than the size of the bu�er, and equals q `(x)� S , if q `(x)
is larger than the bu�er size S , i.e.,

K(q; S) = maxfq � S; 0g : (6)

With the full probability formula

G(x)
def
= IE� �`(x; S) = IE�K(q `(x); S) =

1X
q=1

K(q; S)�q(x) ; (7)

where

�q(x)
def
= IP� [q `(x) = q] : (8)

The processing time of the batch with repair ` , including repair time r` , equals
x2 + r` . The constraint q `(x) = q is equivalent to the constraints (see Fig. 2).

qx1 � x2 + r` � (q + 1) x1 : (9)

Therefore, the function �q(x) can be calculated using a cumulative distribution
function D(r) of the random repair times r`

�q(x) = D((q + 1)x1 � x2) � D(qx1 � x2) : (10)

Equations (4), (5), and (7) imply

IEL	(x; S) = IE [A(x2)]G(x) =
	x2
T

G(x) :

Therefore, with (3) and (6)

F	(x; S) = T�1x2G(x) = T�1x2

1X
q=S+1

(q � S)�q(x) : (11)

The function �q(x) tends to zero when q tends to in�nity. Although formula (11)
contains in�nite summation, for practical purposes, it is su�cient to include only a
�nite number Q of terms. This number depends on the distribution function D and
the values x1 and x2 . Therefore, the function F	(x; S) approximately equals

F (x; S) = T�1x2

QX
q=S+1

(q � S)�q(x)
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=

QX
q=S+1

(q � S) [D((q + 1)x1 � x2) � D(qx1 � x2)]

=

QX
q=S+1

[(q � S)D((q + 1)x1 � x2) � (q � 1� S)D(qx1 � x2) � D(qx1 � x2)]

= T�1x2

 
(Q� S)D((Q+ 1)x1 � x2)�

QX
q=S+1

D(qx1 � x2)
!
: (12)

Thus, �nally, we came to the following minimization problem:

Minimization problem

C(x; S) ! min
x2X ;

S2fS1;::: ;SIg

(13)

subject to

X = f x 2 IR2 : x1 � x2 + � ; x2 � 0 g ; (14)

where the performance function equals

C(x; S) = c (x; S) +
� + �

F�1(x; S) + 1
� � ; (15)

and the function F (x; S) is given by equation (12).

4 Approaches to solve the optimization problem

This section discusses optimization approaches for solving the mixed discrete-continuous
optimization problem (13) with constraints (14). Further, we consider two approaches
for reducing this problem to a continuous one. Also, we described deterministic and
stochastic algorithms for solving this reduced continuous optimization problem.

4.1 Decomposition approach

The optimization problem (13) is continuous w.r.t. x and is discrete w.r.t. S . If
the bu�er size Si is �xed, this is a typical nonlinear optimization problem with linear
constraints with respect to x . For each bu�er size Si, we can solve the problem

C(x; Si) ! min
x2X

(16)
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with respect to x and �nd an optimum vector x�i . Then, we can �nd optimal bu�er
size Si minimizing C(x�i ; Si) w.r.t. Si . Because for each bu�er size we need to run
a nonlinear programming algorithm, this brute-force approach is applicable for the
problems with a relatively small number of feasible bu�er sizes Si . The function
C(x; S) is smooth w.r.t. the variable x for the �xed bu�er size S ; moreover the
gradient w.r.t. x can be calculated in analytical form. Indeed, we supposed that
the �rst term c(x; S) of the performance function C(x; S) is smooth; also, the second
term is smooth because it is expressed (see (12)) through the smooth function F (x; S) .

Since the function D(qx1 � x2) can be analytically di�erentiated w.r.t. x1 and x2 ,
i.e.,

@

@x1
D(qx1 � x2) = q% (qx1 � x2) ;

@

@x2
D(qx1 � x2) = �% (qx1 � x2) ; (17)

the function F (x; S) and, consequently, the performance function C(x; S) can be
analytically di�erentiated w.r.t. x1 and x2 . So, we can use e�cient nonlinear gradient
algorithms to solve subproblem (16).

4.2 Arti�cial variables approach

An alternative way to reduce problem (13) to a continuous optimization problem is
using arti�cial variables. It can be proved that problem (13) is equivalent to the
minimization problem

�(x; y)
def
=

IX
i=1

C(x; Si) yi ! min
(x;y)2IR2

�IRI
; (18)

subject to constraints

IX
i=1

yi = 1 ; yi � 0 ; i = 1; : : : ; I ; (19)

x 2 X : (20)

Denoting

Y = f y 2 IRI :
IX

i=1

yi = 1 ; yi � 0 ; i = 1; : : : ; I g ;

the problem (13) can be reformulated as

�(x; y) ! min
(x;y)2X�Y

: (21)
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This is a continuous optimization problem with linear constraints. Despite the fact
that the original problem is a mixed discrete-continuous optimization problem, we
reduced it to a problem with continuous variables by using additional variables
y1; : : : ; yI . To calculate the performance function �(x; y) , the function C(x; S)
should be calculated I times. A potential problem with this approach is that for
the case with large I , the exact evaluation of the function �(x; y) may involve a
tremendous amount of calculations. The next section shows that these numerical
di�culties can be overcome with stochastic quasigradient algorithms, which use only
rough stochastic estimates of the gradients of the performance function.

4.3 Stochastic quasigradient algorithm

As we mentioned in the previous section, for problem (21) nonlinear programming
methods may be a poor choice, because of prohibitively large amount of calculations
involved in evaluating the performance function and the gradients. This section
considers an alternative approach which is called stochastic quasigradient algorithms
(on background of stochastic quasigradient algorithms see [2]). One of the most
simple stochastic quasi-gradient algorithms for problem (21) can be represented in
the following form

(xs+1; ys+1) = �X�Y ((xs; ys)� �s�
s) ; (22)

where s is a number of algorithm iterations; (xs; ys) is the approximation point of
the extremum on the sth iteration; �X�Y (�) is the orthoprojection operation on the
convex set X�Y ; �s > 0 is a step size; and �s is a stochastic quasi-gradient satisfying
the following property

E [ �s j (x0; y0); : : : ; (xs; ys) ] = rx�(x
s; ys) :

The conditional expectation of the vector �s is equal to the gradient of the function
�(x; y) at the point (xs; ys). This algorithm is quite e�cient for non ill-conditioned
performance functions, i.e., for non-\ravine" functions. In case when the function
�(x; y) is \ravine", algorithm (22) may get stuck \at the bottom of the ravine".
In such a case, more complicated stochastic quasigradient algorithms, such as algo-
rithms with averaging (see, for example [6], [9],[17]) or variable metrics algorithm [20]
may be used. Also, practical convergence rate of algorithm (22) may be improved
using adaptively controlled step sizes [18] and the scaling procedure, suggested by
Saridis [15].

Further, we provide formulas for calculating stochastic quasigradients of the func-
tion �(x; y) . An advantage of the stochastic quasigradient algorithms is that they
may use rough stochastic estimates of the gradient, which can be obtained with very
little computational e�ort compared to the e�ort needed for calculating the exact
gradient of the performance function �(x; y) . Formula (15) implies that

C(x; S) = �(x; S; F (x; S))

55



and

�(x; y) =
IX

i=1

�(x; Si; F (x; Si)) yi (23)

Hence,

rx�(x; y) =
IX

i=1

yi [rx�(x; Si; z) +rz�(x; Si; z)rxF (x; Si) ]z=F (x;Si) ; (24)

ry�(x; y) =

0
B@

�(x; S1; F (x; S1))
...

�(x; SI ; F (x; SI))

1
CA : (25)

To calculate stochastic quasigradients, instead of exact values F (x; Si) ; rxF (x; Si) ;
i = 1; : : : ; I in formulas (24) and (25), we can use rough stochastic estimates. In
this case, estimates of the gradients rx�(x; y) , ry�(x; y) are biased, because the

function �(x; Si; z)) is nonlinear w.r.t. z . However, this bias is relatively small

because the function �(x; Si; z)) is close to linear w.r.t. z . Indeed, by de�nition,
the function F (x; S) is a ratio of the number of lost and processed batches. From
engineering considerations, this number is much less than 1. Therefore, the function

�(x; Si; F (x; S)) approximately equals the following linear function F (x; S)

�(x; S; F (x; S)) = C(x; S) = c (x; S) +
� + �

F�1(x; S) + 1
� �

� c (x; S) + (� + �)F (x; S) � � :

As follows from (7) and (11) the function F (x; S) equals

F	(x; S) = T�1x2G(x) = T�1x2 IE� �`(x; S) : (26)

Consequently, T�1x2 �`(x; S) , is an unbiased estimate of the function F (x; S) which
can be obtained by sampling the lost number of batches �`(x; S) . Formula (26)
implies that the gradient of the function F	(x; S) equals

rxF	(x; S) = T�1
�

0
1

�
+ T�1x2rxG(x) : (27)

Gradient of the function G(x) can be calculated using APA [23]; see brief description
of APA in Appendix A. Similar to (35), equation (7) represents the function G(x) as
a sum of indicator functions, where (see (8),(9))

�q(x) = IE� [Ifqx1�x2+r`� (q+1) x1g ] =

Z
qx1� x2+r� (q+1) x1

%(r) dr
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=

Z
q� (x2+r)=x1 � q+1

%(r) dr : (28)

To use APA, the gradient rx �q(x) should be represented in a form similar to the
integral (28). Since analytical expression (10) for �q(x) and its derivative (see (17))
is available, we can write

rx�q(x) =
rx�q(x)

�q(x)
�q(x) = bq(x)�q(x) ;

where

bq(x) =

 
(q + 1)% ((q + 1)x1 � x2) � q % (qx1 � x2)
�% ((q + 1)x1 � x2) + % (qx1 � x2)

!
�
D((q + 1)x1 � x2) � D(qx1 � x2)

� :

As it follows from formula (39) in Appendix A, a unbiased estimate of the gradient
rxG(x) equals

K(q `(x); S) b
q`(x) ; (29)

and

rxG(x) = IE� [K(q `(x); S) b
q`(x)] : (30)

Also, this formula can be obtained with Smoothed In�nitesimal Perturbation Analysis
[5]. APA provides one more expression for the estimate of the gradient of the function
G(x) , which is based on integral over volume formula (44). Since the change of
variables z = (x2+r)=x1 eliminates variables x1; x2 from constraints in integral (28),
the matrix H(x; r) can be calculated with formula (46)

H(x; r) = rx(x1z � x2)jz=(x2+r)=x1 =

�
z
�1

�����
z=(x2+r)=x1

=

�
(x2 + r)=x1

�1

�
:

Therefore, with formula (44), the gradient of integral (28) equals

rx�q(x) =

Z
q� (x2+r)=x1 � q+1

@

@r
(%(r)H(x; r)) dr =

Z
q� (x2+r)=x1 � q+1

aq(x) %(r) dr ;

where

aq(x) = H(x; r)
@

@r
ln%(r) +

@

@r
H(x; r) =

�
(x2 + r)=x1

�1

�
@

@r
ln%(r) +

�
x�11
0

�
:
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Similar to (30), formula (39) in Appendix A implies that an unbiased estimate of the
gradient rxG(x) equals

K(q `(x); S) a
q`(x) ; (31)

and

rxG(x) = IE� [K(q `(x); S) a
q`(x)] : (32)

A similar estimate can be obtained with the Push Out approach [14]. Thus, we have
two unbiased estimates, (29) and (31), for the gradient rxG(x) . For popular distri-
butions such as the exponential or normal distribution, the derivative of the logarithm
of the density function, @

@r
ln%(r) , is a constant or a simple function; therefore aq(x)

and the estimate (31) can be easily evaluated. Estimate (29) involves calculation
of the density and cumulative distribution functions which may take more time than
calculating the estimate (31). Nevertheless, estimate (29) could be preferable because
the variance of this estimate is lower than the variance of the estimate (31).

5 Example calculations

This section calculates optimal parameters for an example system. We suppose that
the cost and maintenance function per unit of product consists of three terms:

c (x; S) = c1(x1; x2) + c2(S; x1) + c3(x1) :

The �rst term is an investment cost for the work station:

c1(x1; x2) =
C1x1
x2

;

the second term is the bu�er cost:

c2(S; x1) = C2Sx1 ;

and the third term is the maintenance cost

c3(x1) = C3x1 :

Constants C1, C2, and C3 equal:

C1 = 1 ; C2 = 0:1 ; C3 = 0:65 :

The gain for the processed batch equals, � = 2 , and the cost of a lost one equals,
� = 3 . The parameter � in the constraint (14) equals � = 0:1 and parameter Q
in formula (12) equals Q = 30 . The mean time to failure of the work station equals
T = 20 . The maximum feasible bu�er size S is 8, i.e., S 2 fS1; : : : ; S8g = f1; : : : ; 8g .
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Figure 3: Optimal values C(x�i ; Si) for each bu�er size Si 2 f1; : : : ; 8g .

The repair intervals are normally distributed with parameters m = 2 , � = 1 . The
normal distribution is truncated at the point 0 to avoid negative values for the repair
intervals. Fixing the bu�er size Si reduces problem (13) to a nonlinear minimization
problem with linear constraints w.r.t. x . For each bu�er size Si 2 f1; : : : ; 8g , we
solved the problem

C(x; Si) ! min
x2X

(33)

w.r.t. x and found an optimum vector x�i . We used MATHEMATICA code of the
variable metric algorithm [19] running on PC 486. Optimal values for each Si 2
f1; : : : ; 8g are plotted in Fig. 3. This �gure shows that the optimal bu�er size
equals S� = 4 . The performance function at the optimal point equals C(x�; C�) =
�0:133027 and the optimal vector x� equals x� = (0:47561; 0:37561) .
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6 Appendix A. Description of the analytic pertur-

bation analysis

Let (IP;F ;
) be a probability space, and G(x) = IE g(x;!) be an expectation of the
function g(x;!) depending upon the control variables x 2 IRn and a random element
! 2 
 .

We suppose that:

1. the set 
 can be split into subsets �q(x) 2 F ; q = 1; 2; : : :


 =
1[
q=1

�q(x) ; (34)

and the function g(x;!) is di�erentiable w.r.t. ! (or w.r.t. to some components
of !, if ! is a vector) on each subset �q(x) ; q = 1; 2; : : : ;
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2. for any q 6= j

IP(�q(x)
\

�j(x)) = 0 ;

3. each subset �q(x) ; q = 1; 2; : : : can be represented by the system of inequalities

�q(x) = f! 2 
 : f q(x;!) � 0 g

def
= f! 2 
 : f ql (x;!) � 0 ; 1 � l � kq g ;

where f ql : IRn � 
! IR ; 1 � l � kq :

Iffq(x;!)�0g denotes an indicator function, which corresponds to the set �q(x)

Iffq(x;!)�0g =

�
1 ; if ; f q(x;!) � 0 ;
0 ; otherwise :

With these de�nitions, the performance functionG(x) = IE g(x;!) can be represented
as the sum

G(x) = IE g(x;!) = IE[
1X
q=1

Iffq(x;!)�0g g(x;!)] =
1X
q=1

IE[Iffq(x;!)�0g g(x;!)] : (35)

The function

�q(x)
def
= IE[Iffq(x;!)�0g g(x;!)]

is an integral of the function g(x;!) over the set �q(x) : This function is di�erentiable
under general conditions (see formulas (41), (43), and (44)). The gradient rx�q(x)
can be represented as an integral of another function aq(x;!) over the same set �q(x)
plus an additional function  q(x) , which is a surface integral, or equivalently, it can
be represented as a mathematical expectation of the product aq(x;!)Iffq(x;!)�0g ;
plus  q(x) ; i.e.,

rx�q(x) = IE[Iffq(x;!)�0g a
q(x;!)] +  q(x) : (36)

The function �q(x) can be di�erentiated directly, or it can be written as

�q(x) = IE[Iffq(x;!)�0g g(x;!)] = IE[IEq[Iffq(x;!)�0g g(x;!)]] ;

where IEq is a conditional expectation such that the function

IEq[Iffq(x;!)�0g g(x;!)] (37)
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is smooth w.r.t. x . Further, we can interchange the gradient and expectation signs

rx�q(x) = rxIE[IEq[Iffq(x;!)�0g g(x;!)]] = IE[rxIEq[Iffq(x;!)�0g g(x;!)]] ;

and apply di�erentiation formulas (41), (43), and (44) to the function (37). Thus,
(35) and (36) imply

rxG(x) = rx

1X
q=1

�q(x) =
1X
q=1

rx�q(x)

=
1X
q=1

IE[Iffq(x;!)�0g a
q(x;!)] +

1X
q=1

 q(x)

= IE aq(x;!) +
1X
q=1

 q(x) ; (38)

where,

q = minf� : ! 2 ��(x) g :

If
P1

q=1  
q(x) = 0 , then aq(x;!) is an unbiased estimate of the gradient, which

can be evaluated together with the sample-path function g(x;!) during the same
simulation run. If

P1
q=1  

q(x) 6= 0 , it is desirable to �nd an expression for this term
so that it can be calculated during the same simulation run, together with g(x;!)
and aq(x;!) . In some cases, it is possible to convert  q(x) using arti�cial variables
to the integral over the volume

 q(x) = IE[Iffq(x;!)�0g b
q(x;!)] :

Then, with (38),

rxG(x) = IE aq(x;!) +
1X
q=1

IE[Iffq(x;!)�0g b
q(x;!)] = IE[aq(x;!) + bq(x;!)] :

(39)

Thus, dq(x;!)
�
= aq(x;!) + bq(x;!) is an unbiased estimate of the gradient. The

random vector dq(x;!) can be obtained with one Monte-Carlo simulation run of the
model, analogous to the random value g(x;!) .

The estimate dq(x;!) can be used in Monte-Carlo type simulations. Standard
variance reduction techniques (see, for example [13]), such as conditioning, coupling,
and importance sampling can be used to reduce the variance of this estimate. Let mea-
sure �(x; !) dominate the measure p(x; !) . Importance sampling technique, changing
the measure in expectation

IE[dq(x;!)]
�
=

Z
dq(!)(x; !) p(x; !) d! =
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Z
dq(!)(x; !)

p(x; !)

�(x; !)
�(x; !) d! = IE�[d

q(x;!)
p(x;!)

�(x;!)
] ;

may signi�cantly improve the variance.

7 Appendix B. Analytical derivatives of the inte-

grals over sets given by inequalities

Let the function

F (x) =

Z
f(x;y)� 0

p(x; y) dy (40)

be de�ned on the Euclidean space IRn, where f : IRn� IRm ! IRk and p : IRn� IRm !
IR are some functions. The inequality f(x; y) � 0 should be treated as a system of
inequalities

fi(x; y) � 0 ; i = 1; : : : ; k :

Further, we presented a general formula [21, 22] for the di�erentiation of inte-
gral (40). A gradient of the integral is represented as a sum of integrals taken over a
volume and over a surface.

Let us introduce the following shorthand notations

f(x; y) =

0
B@

f1(x; y)
...

fk(x; y)

1
CA ; f1l(x; y) =

0
B@

f1(x; y)
...

fl(x; y)

1
CA ;

ryf(x; y) =

0
B@

@f1(x;y)
@y1

; : : : ; @fk(x;y)
@y1

...
@f1(x;y)
@ym

; : : : ; @fk(x;y)
@ym

1
CA :

Divergence for the matrix H is de�ned as

divyH =

0
BBBB@

mP
i=1

@h1i
@yi

...
mP
i=1

@hni
@yi

1
CCCCA ; H =

0
B@

h11 ; : : : ; h1m
...

hn1 ; : : : ; hnm

1
CA :
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We de�ne

�(x) = f y 2 IRm : f(x; y) � 0 g
def
= f y 2 IRm : fl(x; y) � 0 ; 1 � l � k g ;

and @�(x) to be the surface of the set �(x). Let us denote by @i�(x) a part of the
surface which corresponds to the function fi(x; y)

@i�(x) = �(x)
\

f y 2 IRm : fi(x; y) = 0 g :

If we split the set K
def
= f1; : : : ; kg into two subsets K1 and K2, without a loss of

generality, we can consider

K1 = f1; : : : ; lg and K2 = fl + 1; : : : ; kg :

There is freedom in the choice of the sets K1 and K2 and representation of the
gradient of function (40). First, we consider the case when the subsets K1 and K2

are not empty. In this case, the derivative of integral (40) is given by the formula

rxF (x) =

Z
�(x)

[rxp(x; y) + divy(p(x; y)Hl(x; y)) ] dy �

�
kX

i=l+1

Z
@i�(x)

p(x; y)

jjryfi(x; y)jj
[rxfi(x; y) + Hl(x; y)ryfi(x; y) ] dS ; (41)

where the matrix function Hl : IR
n � IRm ! IRn�m satis�es the equation

Hl(x; y)ryf1l(x; y) + rxf1l(x; y) = 0 : (42)

The last equation can have a lot of solutions and we can choose an arbitrary solution,
di�erentiable with respect to the variable y .

Further, let us present the derivative of function (40) for the case with the empty
set K1. Then, matrix function Hl is absent and

rxF (x) =

Z
�(x)

rxp(x; y) dy �
kX

i=1

Z
@i�(x)

p(x; y)

jjryfi(x; y)jj
rxfi(x; y) dS : (43)

Finally, let us consider a formula for the derivative of function (40) for the case
with the empty set K2. The integral over the surface is absent and the derivative is
represented as an integral over the volume

rxF (x) =

Z
�(x)

[rxp(x; y) + divy(p(x; y)H(x; y)) ] dy ; (44)
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where a matrix function H : IRn � IRm ! IRn�m satis�es the equation

H(x; y)ryf(x; y) + rxf(x; y) = 0 : (45)

In many cases, there is a simple way to solve equations (42) and (45) using a
change of variables. Suppose that there is a change of variables

y = (x; z)

which eliminates vector x from the function f(x; y) , i.e., function f(x; (x; z)) does
not depend upon variable x . Denote by �1(x; y) the inverse function, de�ned by the
equation

�1(x; (x; z)) = z :

In this case, the matrix

H(x; y) = rx(x; z)jz=�1(x;y) : (46)

is a solution of equation (45).
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