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DERIVATIVES OF PROBABILITY
AND INTEGRAL FUNCTIONS: General
Theory and Examples

Probability functions probability function are
commonly used for the analysis of models with
uncertainties or variabilities in parameters. For
instance, in risk and reliability analysis, perfor-
mance functions, characterizing the operation of
systems, are formulated as probabilities of suc-
cessful or unsuccessful accomplishment of their
missions (core damage probability of a nuclear
power plant, probability of successful landing of
an aircraft, probability of profitable transactions
in a stock market, or percentiles of the risks in
public risk assessments). Sensitivity analysis of
such performance functions involves evaluating
of their derivatives with respect to the param-
eters. Also, the derivatives of the probability
function can be used to solve stochastic opti-
mization stochastic optimization problems [1].

A probability function can be formally pre-
sented as an expectation of a discontinuous in-
dicator function of a set, or as an integral over
a domain - depending upon parameters. Never-
theless, differentiability conditions of the proba-
bility function do not follow from similar condi-
tions of the expectations of continuous (smooth
or convex) functions.

The derivative of the probability function has
many equivalent representations. It can be rep-
resented as an integral over the surface, an inte-
gral over the volume, or a sum of integrals over
the volume and over the surface. Also, it can be
calculated using weak derivatives of the proba-
bility measures or conditional expectations.

The first general result on the differentia-
bility of the probability function was obtained
by Raik [8]. He represented the gradient of
the probability function with one constraint
in the form of the surface integral. Urya-
sev [10] extended Raik’s formula for probabil-
ity functions with many constraints. Kibzun
and Tretyakov [3] extended it to the piece-wise

probability function

stochastic optimization
derivative of probability function
gradient of probability function
integral over the volume
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smooth constraint and probability density func-
tion. Special cases of probability function with
normal and gamma distributions were investi-
gated by Prékopa [6]. Pflug [5] represented the
gradient of probability function in the form of an
expectation using weak probability measures.

Uryasev [9] expressed the gradient of the
probability function as a volume integral. Also,
using a change of variables, Marti [4] derived the
probability function gradient in the form of the
volume integral.

A general analytical formula for the deriva-
tive of probability functions derivative of prob-
ability function gradient of probability function
with many constraints was obtained by Urya-
sev [10]; it calculates the gradient as an integral
over the surface, an integral over the volume,
or the sum of integrals over the surface and the
volume. Special cases of this formula correspond
to the Raik formula [8], the Uryasev formula [9],
and the change—of—variables approach [4].

The gradient of the quantile function was ob-
tained by Kibzun et al. [2].

Notations and Definitions.
Let an integral over the volume integral over
the volume

F(r) = plz,y) dy (1)
F(wy) <0

is defined on the Euclidean space IR", where
f: R"x R"— RFandp: R"x R — R
are some functions. The inequality f(z,y) < 0
in the integral is a system of inequalities

filr,y) <0, i=1,... k.

Both the kernel function p(z,y) and the func-
tion f(x,y) defining the integration set depend
upon the parameter 2. For example, let

F(r) = P{f(x,{(w)) <0} (2)

be a probability function, where ((w) is a ran-
dom vector in IR™. The random vector ((w)
is assumed to have a probability density p(x,y)
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that depends on a parameter x € IR"™ . The
probability function can be represented as an ex-
pectation of an indicator function expectation of
indicator function, which equals one on the in-
tegration set, and equals zero outside of it. For
example, let

F(e) = Bl ¢) < 0y 9(:0)]

= / g9(z,y) p(z,y) dy
Flay) <0

= / p(z,y) dy , (3)
f(@y) <0

where Iy is an indicator function, and random
vector ¢ in IR" has a probability density p(x,y)
that depends on a parameter z € R.

Integral Over the Surface Formula.

The following formula calculates the gradient
of an integral (1) over the set given by nonlinear
inequalities as sum of integral over the volume
plus integral over the surface of the integration
set. We call this the integral over the surface for-
mula because if density p(z,y) does not depend
upon x the gradient of the integral (1) equals
an integral over the surface. This formula for the
case of one inequality was obtained by Raik [§]
and generalized for the case with many inequal-
ities by Uryasev [10].

Let us denote by u(x) the integration set

pr) = {ye R™ : f(r,y) <0}

def
= {y

and by du(z) the surface of this set p(z). Also,
let us denote by O;u(x) a part of the surface

e R™ : fi(z,y) <0, 1 <1<k}

which corresponds to the function f;(x,y), i.e.,

Oip(r) = px) (1{ye R™: fi(z,y) =0}.

If the constraint functions are differentiable
and the following integral exist, then gradient
of integral (1) equals

Vo F(x) = / Vip(,y) dy

o)

expectation of indicator function
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- DY g, fi(zy) dS. (4
> | Ty a5 @
Oip(z)

A potential disadvantage of this formula is that
in multidimensional case it is difficult to cal-
culate the integral over the nonlinear surface.
Most well known numerical techniques, such as
Monte-Carlo algorithms, are applicable to vol-
ume integrals. Nevertheless, this formula can be
quite useful in various special cases, such as the
linear case.

Ezxample 1. Linear Case: Integral QOver the Sur-
face Formula [10] .

Let A(w), be a random ! x n matrix with the
joint density p(A). Suppose that z € R"™ and
xj#0, j=1,...,n. Let us define

F(z) =P{Aw)r <b, Alw) >0}, (5)

b= (by,...,b) € R, ze R",

i.e. F(x) is the probability that the linear con-
straints A(w)x < b, A(w) > 0 are satisfied. The
constraint, A(w) > 0, means that all elements
a;j(w) of the matrix A(w) are non-negativity.
Let us denote by A; and A’ the i-th row and
column of the matrix A

Ay
A= = (Ala : 7An) )
A
then
Ajx — by
fi(r, 4) 5
. Ajx — by
flx, A) = : = _Al )
Ji(x, A) :
_An
k=I1l+1xn.

The function F'(x) equals

[ payaa. (6)

f(@,4)<0
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We use formula (4) to calculate the gradient
V. F () as an integral over the surface. The func-
tion p(A) does not depend upon x and V,p(A) =
0 . Formula (4) implies that V,F(x) equals

Z | Ty T
O; ()
Since V, fi(x,A) =0 fori=1+1,...
V. F(z) equals

,k, then

(4)
- Z | Tehiy A d

i ()

_ii;/

B 6“u(m)

ﬂAT ds =
|||

p(A) AT dS .

l
= ll=lI=t )

=1 Ap<p, a>0
A;x=b;

Integral Over the Volume Formula. This
section presents gradient of the function (1) in
the form of volume integral. Let us introduce the
following shorthand notations

fl (.’I?, y)
fll($7y) = ) f(T7y) :flk(Tay) ’
fl(:r> y)
afl (I,y) 8fk‘(m7y)
gy > T Oy
vyf(ma y) = :
9f1(z,y) Ofk(z,y)
Ym 7 T 7 Oym

Divergence for the n x m matrix H consisting
of the elements hj; is denoted by

m

Ohy;
2 By
divy H =

m

o
Following [10], derivative of the function (1) is
represented as an integral over the volume

/Va:pTy

w(z)
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+ [ v pH@p)dy, (1)
e,
where a matrix function H : R" x R™ —

IR™*™ satisfies the equation

H(Tay) Vyf(Tay) + sz(Tay) =0. (8)

The last system of equations may have many
solutions, therefore formula (7) provides a num-
ber of equivalent expressions for the gradient.
The following section gives analytical solutions
of this system of equations. In some cases, this
system does not have any solution, and formula
(7) is not valid. The following section deals with
such cases and provides a general formula where
system of equations can be solved only for some
of the functions defining the integration set.

Ezxample 2. Linear Case: Integral Quer the Vol-
ume Formula [10].

With formula (7), the gradient of probabil-
ity function (5) with linear constrains consid-
ered in the Fxample 1 can be represented as
the integral over the volume. It can be shown
that equation (8) does not have a solution in
this case. Nevertheless, we can slightly modify
the constraints, such that integration set is not
changed and equation (8) has a solution. In the
vector function f(x, A) we multiply column A’
on ' if 2’ is positive or multiply it on —a® if
x' is negative. Therefore, we have the following
constraint function

Az — by

Ajx — by
_(+)1'1A1 ’ (9)

[, A)

—(+)an An

where —(+) means that we take an appropriate
sign. It can be directly checked that, the matrix
Hj (x, A)

H*(z, A) = (h'(x, A1),...  hl(z, 4)) ,
ail$fl 0

hi(x, Aj) = —
0 amaﬁfll
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is a solution of system (8)). As it will be shown
in the next section, this analytical solution fol-
lows from the fact that change of the variables

Yi = AV i o= 1,...

,n eliminates variables

2, i=1,...,n from the constraints (9).
Since Vyp(A) = 0 and divg (p(A)H*(m,A))
equals

Tfl (lp(A) + Zézl Gil%]’@@)

S (1p(A) + Y anpdp(4))
OF (x)
aCCj

equals

A)) dA .

General Formula. Further, we give a general
formula [9, 10] for the differentiation of inte-

formula (7) implies that

1
0

A) + ZaijaT/'jp(
i=1 !

gral (1). A gradient of the integral is represented
as a sum of integrals taken over a volume and
over a surface. This formula is useful when sys-
tem of equations (8) does not have a solution.

. . di
We split the set of constraints K e {1,...,k}
into two subsets Kj and K. Without loss of
generality we suppose that

1 K}

The derivative of integral (1) can be represented

Klz{l,... KQZ{Z—{—L...

as the sum of the volume and surface integrals

/Va:pTy

w(z)

+ /divy(p(ac,y)Hl(m,y)) dy

u(z)

Z / HVyfz T,y H

i= l+1 0 ()

+ Hy(x,y) Vy fi(w,y)] dS (10)

Rn X IR,m N IRnXm

where the matrix H; :
satisfies the equation

Hl(1'>y) Vyfll(may) + Va:fll(may) = 0. (11)
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The last equation can have a lot of solutions and
we can choose an arbitrary one, differentiable
with respect to the variable y .

The general formula contains as a special
cases the integral over the surface formula (4)
and integral over the volume formula (7). When
the set K7 is empty, the matrix H; is absent and
the general formula is reduced to the integral
over the surface. Also, when the set K5 is empty
we have integral over the volume formula (7).
Except these extreme cases, the general formula
provides number of intermediate expressions for
the gradient in the form of the sum of an in-
tegral over the surface and an integral over the
volume. Thus, we have a number of equivalent
representations of the gradient corresponding to
the various sets K7 and Ko
equation (11).

Equation (11) (and equation (8) which is a
partial case of equation (11)) can be solved ex-

and solutions of

plicitly. Usually, this equation has many solu-
The matrix

- Vl“fll(ma y) (Vnyll(Ta y)

tions.

XVyfll(:r> y))ilvnyll(ma y)

is a solution of equation (11

(12)

). Also, in many
cases there is another way to solve equation (11)
using change of variables. Suppose that there is
a change of variables

y=n(z,2)

which eliminates vector x from the function
f(x,y) defining integration set, i.e., function
f(x,y(x, 2)) does not depend upon the variable
x . Denote by 7~ 1(z, y) the inverse function, de-

fined by the equation

v N2, 7(x, 2))

Let us show that the following matrix

= Z.

H(T,y) = m’Y(T> Z)|Z:’Y71(-'L"7?/) (13)

is a solution of (11). Indeed, the gradient of the
function ~(z,y(x,z)) with respect to z equals
zero, therefore

0= vzfll($7’)/($7 Z))

=Y (2, 2)Vy fu(e, y) |y=7(9072)
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+ vscfll(ma y) ‘yZ’Y(%Z)’

and function V,7y(x, 2)
equation (11).

Formula (7) with matrix (13) gives the deriva-
tive formulas which can be obtained with change
of variables in the integration set [4].

| 2=y ~1(z,y) 18 a solution of

Ezample 5. While investigating the operational
strategies for inspected components (see [7]) the
following integral was considered

[ rwa.

b(y)<z ,
yi>0,i=1,....m

where z € R,y e R™,p: R™ — R 60>0,
b(y) = > y&. In this case
i=1

F(z)= (14)

bly) —
9_
fep=|
0 — ym
and
F(r) = / p(y) dy = /p(y) dy
Flay) <0 u(z)

Let us consider that [ = 1, i.e. K1 = {1} and
Ky = {2,... ,m + 1}. The gradient V,F(x)
equals
[ [Fepto) + ai (o)1 ()] dy
()
m+1 /

) (o
i=2 . ||Vyfz(’1',y)|| [mez(’y)
Oi ()

+ Hy(2,y) Vyfi(w,y) | dS

Where the matrix Hi(x,y) satisfies equation
(11). In view of

(15)

a—1

U
vyfl ([57 y) =
Yot

a solution Hi(x,y) of equation (11) equals

3 vmfl(T7y) =-L

Hi(e,y) = h(y) < (), honlym))
= % (y%fa, . ,y;n_a) . (16)
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Let us denote

(91 | y) = (y1>"' 7yi*1>9>yi+13"' ,ym) 5

yii = (917"' sy Yi—1,Yi+1, - - - 7ym) ’
m

bO:[y) = 0%+ D 45 -
o

We denote by 4y~ > 6 the set of inequalities

yy >0, j=1,...,i—1Li+1,...,m.
The sets O;u(x), i =2,... ,m+ 1 have a simple
structure

Oip(r) = p(x) ({ye R™:y =0}

={y e R" ' : by <z,y ">0}.
For:=2,...
(Vyfiy); =0,5=1,....m, j#i—-1 (17)

,m 4+ 1, we have

(Vyfi(9)ioy = =1, IV fily)l| = 1.
The function p(y) and the functions f;(y), i =

(18)

2,...,m+ 1 do not depend on x , consequently
Vzp(y) =0, (19)
Vefily) =0, i=2,... m+1 (20)

Equations (15) - (20) imply

V.F(z) = | div,(p(y)h(y)) dy
u(x)
m+1
-3 [ e Vi) d
=2 gy

/ divy, (p(y)(y)) dy

u(x)
m+1

£ 3 0@ [ aly)ds
=2 6il;(93)

- / divy (p(y)h(y)) dy

b(y)<z ,
yi>0,i=1,....,m
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91—04

m
+ Z am
i=1

/ p(6i | y) dy " .

b(Oily)<z,
y~'>0

Since

divy (p(y)h(y))
= h(y)Vyp(y) + p(y)divyh(y)

1 = 9p(y)

1—a &

-« «
- LT + - ,
5 s Y; »(y) m 12 - Y;

we, finally, obtain that the gradient V,F(x)
equals

oy Y ooply)
D S R R
b(y)<w,
yi>0,i=1,...,m

/ p(0i | y) dy™" .

R
y >0

The formula for V, F'(z) is valid for an arbitrary
sufficiently smooth function p(y).
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