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Fig. 6 Optimal solution (19), the upper (23) and lower (22) bounds in the zero-impact case

used in this case study. We compared their results for a 4-branch scenario tree, solution to

which was presented among others, with the solution of problem (18) under a “tree” partition

constructed by splitting each group into 4 groups of equal size at each time t . According

to Proposition 1, “tree” partition reduces any decision rule (14) to the simple rule (12). We

ran both algorithms on an instance of data containing 5120 paths, and the algorithm (18)

slightly outperformed the dynamic programming approach, producing expected return of

1.0241 versus 1.02062 obtained by Butenko et al. (2003). The similarity of solutions ob-

tained by different techniques validates the correctness of our approach and that presented

in Butenko et al. (2003).

3.2 Optimal closing under temporary market impact

To study the optimal closing strategies under temporary market impact, we assumed that

function � t (y) in the objective of problem (19) and (20) has the form

� t (y) = y −
1

� c
y� , � > 1, c ≥ 1. (32)

This function, evidently, satisfies assumptions (i)–(iv). In representation (32) c = 1 corre-

sponds to the “most severe” market impact; when c increases, the impact function � t (·)
approaches the no-impact case � t (y) = y. When � = 2, equality (32) describes the linear
temporary market impact. By virtue of Proposition 7 and Corollary 2, in this case the opti-

mization problem (19) was replaced with convex quadratic programming problem (25) with

a diagonal matrix, which was solved using MINOS engine.

The correspondence between problems (19) and (25), established in Corollary 2, is not

valid when market impact is weak enough to allow zero trades (�� j
t = 0) in optimal solution

of (25). By varying parameter c in (32) we found that optimal solution of (25) violates

condition �� ∗ j
t > 0 for c ≥ 25.

Linear temporary market impact (� = 2) Table 2 displays the optimal values of the decision

variables xk
t , obtained as solution of a quadratic programming problem (25) with function

� t (·) defined above for � = 2. The problem was solved for cases c = 1 (“severe market

impact”) and c = 10 (“weak impact”).
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Table 2 Optimal trading strategy under linear temporary market impact (� = 2)

c =1.0

k t = 1 t = 2 t = 3 t = 4 t = 5

10 0.804 0.608 0.407 0.205 0

9 0.805 0.609 0.409 0.204 0

8 0.805 0.610 0.408 0.203 0

7 0.804 0.608 0.409 0.203 0

6 0.806 0.607 0.408 0.204 0

5 0.804 0.607 0.410 0.206 0

4 0.805 0.609 0.409 0.206 0

3 0.804 0.608 0.409 0.206 0

2 0.804 0.609 0.408 0.205 0

1 0.806 0.607 0.409 0.205 0

c =10.0

k t = 1 t = 2 t = 3 t = 4 t = 5

10 0.869 0.701 0.490 0.262 0

9 0.867 0.713 0.516 0.255 0

8 0.864 0.723 0.506 0.245 0

7 0.856 0.702 0.516 0.248 0

6 0.885 0.697 0.508 0.259 0

5 0.860 0.697 0.523 0.280 0

4 0.862 0.711 0.518 0.276 0

3 0.851 0.707 0.518 0.273 0

2 0.857 0.711 0.505 0.263 0

1 0.874 0.692 0.519 0.263 0

First of all, observe that in the presence of “severe” market impact (c = 1), the optimal

trading strategy becomes almost identical to the naive strategy

xnaive = {0.8, 0.6, 0.4, 0.2, 0}, (33)

such that the position is sold in equal portions at all available time moments. This is consistent

with the results by Bertsimas and Lo (1998) for linear-percentage price impact. As the effects

of market impact diminish (c → ∞, � (y) → y), the solution starts to exhibit deviations from

the naive strategy.

In the case of linear temporary market impact (32) with c = 10, the difference between the

lower-bound solution (22) and the corresponding upper-bound solution (i.e., problem (22)

without the constraint � j
t = xk( j,t)

t ) does not exceed 2% of objective value. Also, the optimal

objectives of lower-bound formulation (22) and the simplified formulation (25) coincide at

the considered instances of optimal liquidation problem with temporary market impact.

Linear temporary market impact that depends on market parameters According to discussion

in section 1.3, the market impact function � (·) depends on the market conditions at the moment

of transaction. To accommodate this in our model, we consider function (32) with coefficient c
that depends on the current volume Vt of trades in the market. In particular, we assumed the

following expression for c:

c = 1 + eM
�

V j
t −C

�
,

where M and C are some constants. This parametrization of the impact function � t (·) reflects

the presumption that the temporary market impact decreases (c → ∞) if the current trading

volume is high, and increases (c → 1) when the volume is low. The optimal solution shows

significant differences compared to the naive strategy (33) (see Table 3).

3.3 Optimal closing under permanent market impact

The problem of optimal closing in the presence of permanent market impact (26) was con-

sidered in two settings: in the assumption of linearity of the market impact functions � t (·) and
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Table 3 Optimal trading

strategy under linear temporary

market impact that depends on

price dynamics

k t = 1 t = 2 t = 3 t = 4 t = 5

10 0.84 0.73 0.43 0.26 0

9 0.88 0.66 0.43 0.23 0

8 0.82 0.56 0.45 0.25 0

7 0.84 0.71 0.47 0.28 0

6 0.88 0.65 0.47 0.25 0

5 0.92 0.62 0.44 0.17 0

4 0.85 0.65 0.5 0.23 0

3 0.85 0.65 0.49 0.22 0

2 0.83 0.67 0.57 0.24 0

1 0.87 0.68 0.4 0.2 0

Table 4 Optimal trading strategy under linear permanent market impact

c =1.0

k t = 1 t = 2 t = 3 t = 4 t = 5

10 0.913 0.804 0.659 0.440 0

9 0.914 0.805 0.661 0.440 0

8 0.913 0.805 0.659 0.439 0

7 0.913 0.804 0.661 0.439 0

6 0.914 0.804 0.659 0.439 0

5 0.913 0.804 0.660 0.441 0

4 0.913 0.805 0.660 0.441 0

3 0.913 0.804 0.660 0.440 0

2 0.913 0.805 0.659 0.440 0

1 0.914 0.804 0.660 0.440 0

c =10.0

k t = 1 t = 2 t = 3 t = 4 t = 5

10 0.929 0.836 0.694 0.472 0

9 0.931 0.839 0.704 0.467 0

8 0.930 0.842 0.700 0.461 0

7 0.928 0.836 0.704 0.463 0

6 0.934 0.835 0.701 0.470 0

5 0.929 0.835 0.707 0.484 0

4 0.929 0.839 0.704 0.481 0

3 0.927 0.838 0.705 0.479 0

2 0.928 0.839 0.700 0.473 0

1 0.932 0.834 0.705 0.473 0

� t (·), and under more realistic assumption (7). Recall that in presence of permanent market

impact, optimal liquidation problem reduces to nonlinear non-convex programming problem

(26). However, as discussed above, the size of (26) can be reduced significantly, leaving only

xk( j,t)
t as decision variables, which in case of T = t and K = 10, results in problem with

50 variables. This allowed us to use MINOS nonlinear solver to solve the corresponding

non-linear problems.

Linear permanent market impact For simplicity, we assumed functions � t (·) and � t (·) to be

equal, and the temporary part of market impact in (26) is equal to (32) with � = 2, i.e.,

� t (y) = � t (y) =
1

2c
y.

In both cases of “severe” impact (c = 1) and “light” impact (c = 10) the optimal solution

exhibits differences with the naive strategy (33) and the solution of the corresponding problem

with temporary impact (see Table 4). Under permanent market impact, algorithm tends to

sell smaller portions of position during earlier transactions, in order to reduce the losses due

to permanent impact at later stages.

Linear permanent market impact with lag The main drawback of the linear permanent market

impact model discussed above is that it allows for permanent changes in the security price to
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The form of function � t (·) ensures its smoothness (continuous differentiability) in the “tran-

sition point” y = 	 that separates trades that do not cause permanent price changes (y ≤ 	 )

and those that lead to permanent price drop (y > 	 ). As before, the value of 	 is taken to be

equal to 	 = 0.1.

Solution in Table 6 shows less pronounced differences with the naive strategy due to

the convexity of the non-linear impact functions, which implies smaller execution costs in

comparison to the linear non-convex permanent market impact.

4 Conclusions

In this paper, we have developed an approach for optimal transaction execution based on the

stochastic programming framework and a sample-path scenario model. The main contribu-

tions of our work with respect to the existing literature are as follows: (1) The developed

trading strategy is truly dynamic, i.e. it allows for an adequate response to the observed mar-

ket conditions at each time step; (2) The approach admits incorporation of various types of

constraints in the trading strategy, such as institutional constraints, those expressing investor’s

preferences, etc. In particular, we considered risk-averse trading strategies, which control risk

of financial losses during transactions using the Conditional Value-at-Risk measure; (3) The

proposed approach can accommodate different models of temporary and permanent market

impact, transaction costs, etc.; (4) A key feature of our approach is the sample-path scenario

model, which does not impose restrictions on the price process of the security, and improves

numerical tractability of the model.

To avoid anticipativity of the solutions, caused by specific properties of the sample-path

scenario model, we introduced path partitioning with a new “lawn-mower” decision rule. Op-

timal liquidation with temporary market impact and this decision rule reduces to optimization

problems with generally non-convex objective functions. In the case of concave temporary

market impact, meaning that larger trades yield larger revenues, lower and upper bounds can

be constructed by convex programming. On the other hand, the permanent market impact

has essentially non-linear and non-convex nature, hence the optimal closing problem under

permanent market impact is reducible to a nonlinear non-convex programming problem.

In frictionless market, the optimal trading strategy based on the “lawn-mower” constraint

has 0–1 structure, i.e., it liquidates the entire position in one transaction. If the risk of

financial losses during trades is controlled by CVaR constraints, the trading strategy becomes

fractional. When “severe” temporary is present, the optimal trading strategy approaches the

so-called “naive” strategy, which consists in selling equal portions of the position at each

time step. Under “weaker” market impacts, the optimal trading strategy starts to deviate from

the “naive” strategy. In presence of permanent market impact, the optimal trading strategy

deviates significantly from the “naive” one by liquidating larger portions of the position at

later stages (permanent price changes impel to sell less at earlier stages). It is shown that a

“lag” in the permanent market impact function, which prevents small enough trades from

inducing permanent price changes, allows for increasing the size of transactions at earlier

stages.

Appendix

Proof of Proposition 1: Consider time t = 1. Then ∀ j ∈ Gk
1: � j

1 = f (xk( j,1)

1 , � j
0 ) =

f (xk( j,1)

1 , 1) = x̃ k( j,1)

1 . At the next step, t = 2, we have ∀ j ∈ Gk
2: � j

2 = f (xk( j,2)

2 , � j
1 , � j

0 ) =
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f (xk( j,2)

2 , x̃ k( j,1)

1 , 1). Since x̃ k( j,1)

1 is constant ∀ j ∈ Gk
2, then f (xk( j,2)

2 , x̃ k( j,1)

1 , 1) = x̃ k( j,2)

2 .

Proceeding to t = T , in a finite number of steps we obtain that for any t and for all

j ∈ Gk
t : � j

t = x̃ k( j,t)
t . �

Proof of Proposition 2: Let us show that the “lawn-mower” principle (16) implies that the

position variable � j
t can be expressed as

� j
t = min

�
xk( j,1)

1 , xk( j,2)

2 , . . . , xk( j,t)
t

�
, j = 1, . . . , J, t = 1, . . . , T . (35)

Obviously, the assertion holds for t = 1: � j
1 = min{1, xk( j,1)

1 } = xk( j,1)

1 = min{xk( j,1)

1 }. As-

sume that (35) holds for some t = � , then

� j
� +1 = min

�
� j

� , xk( j,� +1)

� +1

�
= min

�
min

�
xk( j,1)

1 , . . . , xk( j,� )
�

�
, xk( j,� +1)

� +1

�

= min
�

xk( j,1)

1 , . . . , xk( j,� +1)

� +1

�
,

which proves (35) by induction. �

Proof of Proposition 3: Consider � j
0 = 1, � j

t = 0, t = 1, . . . , T , j = 1, . . . , J , and

xk( j,t)
t = 0, t = 1, . . . , T , j = 1, . . . , J . �

Proof of Proposition 4: First, observe that

� j
t = min

�
� j

t−1, xk( j,t)
t

�
⇔ � j

t−1 − � j
t = � j

t−1 − min
�
� j

t−1, xk( j,t)
t

�

⇔ � j
t−1 − � j

t = max
�
0, � j

t−1 − xk( j,t)
t

�
, (36)

Taking into account form (36) of the “lawn-mower” principle and expression (35) for position

variables � j
t , problem (19) can be written as follows

max � (x) =
1

J

J�

j=1

T�

t=1

S j
t max

�
0, min

�
xk( j,1)

1 , . . . , xk( j,t−1)

t−1

�
− xk( j,t)

t

�
(37)

s.t. 0 ≤ xk( j,t)
t ≤ 1, k( j, t) ∝ 
 (S ), t = 1, . . . , T , j = 1, . . . , J.

Observe that � (x) is a piecewise-linear function of x ∈ RK , K =
� T

t=1 Kt , and can be

represented as

1

J

J�

j=1

T�

t=1

S j
t max

�
0, xk( j,� ∗)

� ∗
− xk( j,t)

t

�
, where � ∗ = � ∗( j, t) = arg min

1≤� ≤t−1

�
xk( j,� )

�

�
.

Using contradiction argument, we now show that there exists an optimal 0–1 solution to

problem (37). For simplicity, let us consider the optimal solution of (37) with only one

non-binary component xk0

t0 ∈ (0, 1). Having all other elements of x fixed, consider � (·) as a
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where �̃ j
� are the new values of the position variables. As a result, variable u j

t1 increases by a

positive amount: ũ j
t1 = �̃ j

t1−1 − xk( j,t1)
t1 = u j

t1 + � j
t1−1. Positiveness of ũ j

t1 ,

ũ j
t1 = �̃ j

t1−1 − xk( j,t1)
t1 = � j

t − xk( j,t1)
t1 > 0,

and property (iii) of function � t (·) imply that the objective of (20) has also been increased (the

variable u j
t1 has either changed from negative to positive, or increased by positive amount

� j
t1−1).

This proves that the solution of (20) that does not satisfy the lawn-mower principle (16)

is non-optimal. Consequently, the optimal solution of problem (20) does not change if the

lawn-mower constraint (36) is added to the constraint set of (20), which would make the

formulation of (20) identical to (41). Thus, we have shown that both problems (19) and (20)

can be rewritten in the form (41), which implies that optimal values of their objectives, and

their sets of optimal solutions in variables � j
t and xk( j,t)

t coincide. �

Proof of Proposition 6: First, consider the case of monotonically non-increasing thresholds

xk( j,t−1)

t−1 ≥ xk( j,t)
t , t = 2, . . . , T . Assume that for some j and t in the optimal solution of (22)

we have

� j
t < xk( j,t)

t ,

and let such t be the smallest possible for given path j . Evidently, in this case one can

improve the objective term p j
t+1 � t (u

j
t+1) by increasing position variable � j

t by a positive

amount � j
t = xk( j,t)

t − � j
t > 0:

�̃ j
t = � j

t + � j
t ⇒ � t

�
ũ j

t+1

�
= � t

�
�̃ j

t − xk( j,t+1)

t+1

�
= � t

�
u j

t + � j
t

�
> � t

�
u j

t

�
,

where ũ j
t+1 and �̃ j

t are the new values of variables u j
t+1 and � j

t . This contradicts our assump-

tion that the solution with u j
t , � j

t is optimal. Thus, in the optimal solution with monotonic

thresholds must be � j
t = xk( j,t)

t , implying that

� j
t−1 − � j

t = � j
t−1 − xk( j,t)

t = u j
t ≥ 0 ⇒ � j

t−1 − � j
t = max

�
0, u j

t

�

⇒ u j
t = max

�
0, � j

t−1 − xk( j,t)
t

�
.

Now suppose that thresholds xk( j,t)
t are non-monotonic. Let t be the smallest possible such

that for some j we have

xk( j,t−1)

t−1 < xk( j,t)
t .

If � j
t = � j

t−1 then u j
t < 0 and the proposition holds. If, on the contrary, � j

t < � j
t−1, the solution

(namely, objective variable u j
t+1) can be improved by putting �̃ j

t = � j
t−1, but u j

t will remain

negative as long as it is optimal to keep xk( j,t−1)

t−1 < xk( j,t)
t . Therefore in the optimal solution

of problem (22) the negative value of variable u j
t implies that � j

t < xk( j,t)
t and � j

t − � j
t−1 =

0 = max{0, u j
t }. �
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