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Tax Management Strategies with Multiple Risky Assets

Abstract

We study the consumption-portfolio problem of a capital gain taxed investor whohas access
to multiple risky stocks. Primary to our analysis is to understand how cogly short selling in°u-
ences portfolio choice with a shorting the box restriction. Our analysis uncoverswo di®erent
scenarios where it is optimal to short sell. The “rst, identi ed as a trading °exibility strategy
which is new in our analysis, is an ex ante way of minimizing future tax-induced tading costs.
With this strategy, the investor shorts one of the stocks even when no stoclkas an embedded
gain. The second incentive to short is an imperfect form ofshorting the boxused to ex-post
reduce aggregate equity exposure. Given these two strategies to short, it is canon for an
unconstrained investor to short some equity while a constrained investor holds gositive in-
vestment in all stocks. A similar trading °exibility strategy is implicitly present if the investor
can not short but is allowed to buy put options. Somewhat surprisingly, the bene't of trading
separately in the two stocks for a short-sale constrained investor is not ecmmically signi cant;
while, on the other hand, the welfare benet is signi cant for investors who can shortat a low

cost and for those who can trade in derivatives.

JEL classi cation: G11, H20



1 Introduction

When investors are faced with asset allocation and consumijain decisions, capital gain taxation
plays an important role in the investor's optimal strategy. In his seminal work valuing the tax
loss selling option from capital gain taxation, Constantinides (1983) shows that an investor's port-
folio choice problem is integrally linked to realized capital gain taxation. With the only friction
being taxation, the investor optimally defers all gains and immediately realizes all losses without
in°uencing his optimal consumption strategy. This separation result is achieved by the investor
rebalancing his portfolio without triggering a tax liabili ty by engaging in a \shorting the box"
strategy: if an investor is over-exposed to a stock with a larg embedded capital gain, he shorts
that security instead of selling it so that his net position in the stock is optimal. By shorting, the
investor has rebalanced and deferred realizing any taxableapital gains since none of the original
position was sold. Before the 1997 Tax Reform Act, shorting he box was not viewed as a tax
triggering transaction. Besides the collateral costs of sbrting, the investor could e®ectively shield
all gains from capital gain taxation over his lifetime given the U.S. tax code provision of resetting

the tax basis of all securities to market prices at the time ofdeath.

However given the shorting the box strategy for identical seurities is no longer permitted
under U.S. tax laws and short selling is costly, investors dorealize gains. For recent empiri-
cal evidence, see the references in Poterba (2001) as well Aserbach and Siegel (2000). The
work of Dammon et al. (2001b) uses this evidence as one motitian for studying capital gain tax
portfolio-consumption problems where the separation resulfails. They study a short-sale con-
strained investor's consumption-portfolio problem with a single stock. Since the investor cannot
trade without tax liabilities, the optimal policy is in°uenc ed by the current portfolio composition.
They nd results similar to portfolio problems with transact ion costs | the mix between the stock
and the money market can optimally deviate from the no capitd gain tax optimal policy due to
the tax induced costs of trading. A limitation of their work i s their one risky stock assumption.
As a result, they are unable to analyze how the composition ofin investor's multiple risky stock
portfolio is a®ected by realized capital gain taxation. By irtroducing taxes, risk-based motives for

portfolio rebalancing now interact with motives for reducing realized capital gains.

In this paper, we study the role of realized capital gain taxaion on an investor's consumption-

portfolio problem with two risky stocks and a money market where costly shorting is allowed under



a no shorting the box constraint. Our choice of two stocks is ér tractability. However, the main

features of our results should extend to portfolio choice wh additional stocks. The setting we have
in mind is one where an investor considers moving from investg in a single index fund and a money
market to a portfolio of two index funds and a money market. Current investment vehicles make
this transition particularly easy with the introduction of several exchange traded funds (ETFS) in

recent years like the SPDR and the DIAMONDS contract.!

We quantitatively analyze the trade o® between diversi cation and minimizing tax liabilities,
where we consider both diversi cation between bonds and stdes and diversi cation within the
equity portion of the portfolio. By allowing short-selling, we uncover a novel tax management
strategy that leads to an ex-ante incentive to short stock evea when an investor has no embedded
capital gains in his portfolio. Such a trade helps lower futue tax-induced trading costs. We
term this new feature the trading °exibility strategy. Additionally, the investor also engages in
an imperfect form of shorting the box to reduce overall equiy exposure when capital gains are

embedded in the portfolio.

As a baseline in our analysis, we start by studying optimal patfolio choice with a short-sale
constraint. Our results show that for stocks that are not highly correlated (2= 0:4), the asset
allocation in one stock is largely una®ected by the embeddedapital gain in the other stock. As
in the single stock case, the basis reset provision at the imstor's death leads to holding more
equity as the investor ages. However, if embedded gains ararbe enough, the investor retains an
undiversi ed equity portfolio. When the stock return correl ation rises to a level commonly observed
between U.S. large capitalization ETFs (2= 0:8), the optimal portfolio policy is di®erent since tax
considerations now outweigh diversi cation costs. The porfolio allocation for one stock is not just
driven by its own basis and position, but the basis and positon of the other stock. If initially over-
invested in equity, the investor sells the stock with the lowest tax cost. If short sale constrained,
the investor may entirely liquidate his position in one stok. This behavior leads to the investor

holding a less diversi ed equity position than before.

Allowing the investor to short-sell while still imposing a shorting the box constraint dramatically
changes behavior. When the cost of shorting is not too large rad the return correlation between

the two stocks greater than or equal to%:= 0:65, the investor employs two tax management trading

interestingly, many ETFs pass on lower taxable unrealized capital gains to investors than mutual funds. This is
due to active creation and destruction of ETFs (Poterba and Shoven (2002)) . Also, ETFs are marginable and most
can be shorted without being subject to the uptick rule.



strategies that utilize short selling. The rst strategy, new in our analysis, is an ex-ante way of
minimizing future tax-induced trading costs by the investor shorting one of the stocks even when
the stock portfolio contains no embedded capital gains. Teming this trade the trading °exibility
strategy, it is used when the bene t of holding a well diversi ed stock patfolio is outweighed by
potential future rebalancing costs of such a position. The scond strategy is an imperfect form of
shorting the box used to ex-post reduce the investor's total quity exposure by shorting the stock
with the largest tax basis. Given the two stocks are not perfetly correlated, such a trade entails
fundamental risk and is permitted under current U.S. tax laws. From these two incentives to short,
the optimal equity portfolio is signi cantly di®erent from bo th the no-tax well-diversi ed allocation
and the allocation when short selling is disallowed. In partcular, a short-selling investor is better
able to manage his total equity exposure over his lifetime agompared to a short-sale constrained

investor.

The ability to short sell introduces another interesting feature to the trading strategy relative to
the case of no short sales. Given the marginal bene ts and cosif selling equity are not continuous
in the portfolio position, we show it is common for an unconstained investor to short equity while
an otherwise identical constrained investor holds stricty positive positions in all stocks. This
feature is especially common when the portfolio contains n@mbedded gains, but still occurs even

when the portfolio's stock positions contain capital gains

Whether the portfolio strategies identi ed in our analysis should be used as normative advice
to investors depends on two important factors. The rst factor is the magnitude of the welfare
improvement that can be obtained by following such strateges. Somewhat surprisingly we nd
that when short sales are prohibited the welfare benet of usng the optimal strategy is negligible
relative to the case in which the investor just invests in a sngle index fund and a money market.
On the other hand, if short selling is allowed the bene t can besigni cant. The second factor is
the investor's type. We show that use of the trading °exibility and the imperfect shorting the box
strategies can be bene cial to wealthy investors, but not so mich to small investors who pay higher

shorting costs.

As an alternative to shorting, we also consider how derivatve securities can be used by an
investor to manage tax trading costs when rebalancing. Cortantinides and Scholes (1980) discuss
a similar trading strategy without exploring its feasibili ty. The introduction of derivatives in the

opportunity set restores a small investor's °exibility to defer capital gains while keeping the equity



exposure of the optimal portfolio closer to the no tax benchnark. In particular, we consider a
strategy in which the investor, in addition to trading a single risky stock, is also able to hold a
put option written on a highly correlated stock. This strate gy is available to both small and large
investors and is an implicit use of the trading °exibility str ategy. We show that the welfare bene't

of using puts is similar in magnitude to that of using low cost short selling.

Two recent papers developed simultaneous to this work, Dammn et al. (2001a) and Garlappi
et al. (2001), have also numerically analyzed some aspectd the capital gain tax investment
problem with multiple stocks. The focus of each of these paps is quite di®erent in that neither
studies the role of shorting in portfolio choice or the welfae bene ts of investing in two stocks
relative to one. The numerical analysis in Dammon et al. (20Qa) focuses on demonstrating that
the diversi cation bene't of reducing the exposure to a highly volatile concentrated position can
signi cantly outweigh the tax cost of selling. The paper of Garlappi et al. (2001) mostly analyzes
features of the \no trade region" in the presence of capital @ins taxes when an investor maximizes

the expected utility of terminal wealth over ten periods wit h tax forgiveness at the terminal date.

Our work is also related to several earlier papers charactéing portfolio choice with capital
gain taxes or transaction costs. Building from Constantinides (1983), the pricing implications of
optimal after-tax portfolios with shorting the box trades is studied in Constantinides (1984). Our
analysis considers the case when shorting the box trades apFohibited. Dybvig and Koo (1996) is
one of the earliest numerical studies of after-tax portfoliochoice in a single stock and bond setting
with no short sales. Due to computational ditculties, they only study the portfolio problem for a
limited number of time periods in contrast to the lifetime portfolio problem considered here. Using
the single stock and bond framework of Dammon et al. (2001b)Dammon et al. (2000) and Huang
(2001) study the asset location decision when taxable and tedeferred accounts are available to
investors. By retaining the single stock assumption, thesestudies face a less complex numerical
characterization than the multiple stock case. Other earlyworks on after-tax portfolio choice but in
a single period setting are Elton and Gruber (1978) and Balceand Judd (1987). For exact solutions
to capital gain tax portfolio problems under restrictive conditions see Cadenillas and Pliska (1999)
and Jouini et al. (2000). Using results from the literature on portfolio problems with transaction

costs? Leland (2001) numerically characterizes a portfolio alloation problem for a stock and a

2See for example Constantinides (1986), Davis and Norman (1990), Davis et al. (1993), Shreve and Soner (1994),
and Akian et al. (1996).



bond with capital gain taxes when the objective is to minimize the deviation from exogenous
portfolio weights subject to capital gain taxes and transadion costs. Finally, the numerical study
of our capital gains tax problem is related to numerical chaacterizations of portfolio problems with

transaction costs (Balduzzi and Lynch (1999), Balduzzi andLynch (2000)).

The remainder of the paper is organized as follows. Section formulates the consumption-
portfolio problem. Sections 3 and 4 discuss our numerical aysis where we provide characteriza-
tions and comparative statics for the trading strategies aswell as a welfare analysis. An alternative
trading strategy using derivative securities is discussedn Section 5. Section 6 concludes. Appendix
A gives a formal mathematical de nition of the problem studied in Sections 3 and 4. Appendix B
modi es the portfolio problem to incorporate investment in a put option as discussed in Section 5.

Appendix C discusses the numerical procedure used.

2 The Consumption-Portfolio Problem With Taxes

an optimal consumption and investment policy in the presene of realized capital gains taxation.
Our framework is an extension of the single risky asset modelf Dammon et al. (2001b) modi ed to

incorporate multiple risky assets and short sales with margn requirements and shorting collateral
costs. These modi cations greatly expand the opportunity s¢ of the investor as compared to a no
short sale setting as will be described in Sections 3 and 4 whewe provide a numerical character-
ization of the investor's consumption-portfolio problem both when short-sales are prohibited and
when they are allowed. Our assumptions concerning securitprices, taxation, and the investor's
portfolio problem are presented below. A mathematical desdption of our model is provided in

Appendix A.
2.1 Security Market

An investor derives utility from consuming a perishable goal nanced through yearly trade in the

security market. This market consists of three assets: a ridess money market account and two
risky dividend paying stocks. The riskless money market pag a continuously-compounded pre-tax
interest rate r. The two risky stocks pay pre-tax dividends with constant dividend yields. The
evolutions of the ex-dividend stock prices are described by ihomial Markov chains, where the

correlation between the two stocks is equal to a constantz When presenting our results, we will



often refer to a benchmark economy with only a single risky sbck. This is an economy where the

two stocks can only be traded as an index constructed from angually-weighted portfolio.
2.2 Taxation

Dividend and interest income are taxed as ordinary income orthe date that they are paid at the
constant rate ¢p. Realized capital gains and losses are subject to a constantpital gains tax rate of
¢c where we assume that the full proceeds of capital losses carlused. When an investor reduces
his outstanding stock position either by selling his long p@ition or buying back his short position,
he incurs realized capital gains or losses subject to taxatn. The tax basis used for computing
these realized capital gains or losses is calculated as a whied-average purchase price rulé. At
the time of an investor's death, capital gain taxes are forgien and the tax bases of the two stocks
reset to the current market prices. This is consistent with the reset provision currently in the U.S.

tax code? Dividend and interest taxes are still paid at the time of death.

While we allow an investor to wash sell to immediately realiz capital losses, we do not allow him
to \short the box" by taking an o®setting position in the same security to circumvent paying capital
gains taxes on realized gains. Shorting the box involves rdiaing a gain without tax consequences.
Suppose an investor is currently long equity with a large emledded gain. Instead of selling this
position, the investor could take an o®setting short positim in the same security. He has now
e®ectively sold his long position with no tax consequences. e 1997 Taxpayer Relief Act reclassi ed

such a trade as a sale of the original position subject to capal gains treatment.®

To accommodate short sales with a shorting the box restricton, the evolution of the capital

gain tax basis for each stock includes a variety of cases. Ataeh trading date, the tax basis for each

3The U.S. tax code allows investors a choice between the weighted-aerage price rule and the exact identi cation of
the shares to be sold. While choosing to sell the shares with the snallest embedded gains using the exact identi cation
rule is bene cial to the investor, solving for the optimal investmen t and liquidation strategy becomes numerically
intractable for a large number of trading periods (see for example Dybv ig and Koo (1996); Hur (2001); DeMiguel
and Uppal (2003)). Furthermore, for parameterizations similar to those in t his paper, DeMiguel and Uppal (2003)
numerically show that the certainty equivalent wealth loss of using the weighted-average price basis rule as compared
to the exact identi cation rule is small. For a portfolio horizon of ten ye ars, they nd the certainty equivalent wealth
loss to be less than 05%.

“For long positions, the U.S. tax code is explicit that the basis is res et at death. For short positions, the basis
is also reset to the stock price at the time of death (see the IRS Rewvenue Ruling 73-524 and the IRS Private Letter
Rulings 9436017 and 9319005).

SStrictly speaking, the 1997 Taxpayer Relief Act did not completely ru le out shorting the box for deferring gains,
but it seriously limited its e®ectiveness. Under the Act, short ing the box is still allowed to defer gains for one year
but you must close your short position within 30 days after the end of the year, and then you must stay long in the
stock unhedged for 60 days before closing your long position. To simplify our analysis, we assume that shorting the
box is prohibited.



stock position either evolves as a share-weighted average e current stock price and the previous
basis when increasing a stock's position, resets to the cuent stock price, or remains unchanged.
The basis resets to the current stock price under two di®erenscenarios: when an investor incurs
a capital loss on his position, or when the investor's posithn changes sign from timet j 1 to time
t. If a position in the investor's portfolio incurs a capital | oss, it is optimally liquidated to realize
the loss given wash sales are allowed. We assume that the fudimount of this loss can be used
immediately.® A transaction where the investor's position changes sign otm time tj 1 tot is
treated as a closing of thet j 1 position, since shorting the box is prohibited. Any gains @ losses
on this position are taxed at the capital gains rate. A stock's price basis remains unchanged when

the investor reduces but does not fully liquidate the absolde size of his stock holdings.
2.3 Investor Problem

In order to nance consumption, an investor dynamically trades in the two risky stocks and the
money market account. Short-sales of equity are allowed subft to collateral and margin require-
ments. The collateral and margin constraints lead to a constaint on the minimum amount invested
in the money market. Investors must also pay lending fees whe shorting stocks. These fees are
incorporated by reducing the rate of return received on the bort sale collateral as compared to
money invested in the money market. While small investors tyically receive no interest on short
sale proceeds, large investors face much smaller fees. Farde loans, the general collateral rate
de ned as the rate of return received on collateral is on averge 8 basis points below the federal
funds e®ective rate, while for medium size loans the generabltateral rate is, on average, 15 basis
points below the federal funds rate (see Geczy et al. (2002))These lending fees are integrated into

our analysis.

Given an initial equity endowment, an admissible trading strategyof consumption and asset
allocation choice satis es the collateral and margin requiements, is subject to lending fees, is
self- nancing, and leads to a nonnegative wealth over the lifeme of the investor. The investor
is assumed to live at mostT periods and faces a positive probability of death each perid. The
probability that an investor lives up to period t < T is given by a survival function, calibrated to

the 1990 U.S. Life Table, compiled by the National Center forHealth Statistics. At period T, the

8Under the current U.S. tax code, realized losses can only o®set up to $3)00 of ordinary income, but can be
carried forward inde nitely. Relaxing our full loss usage assumption wou Id add one state variable to the formulation
signi cantly increasing the complexity of the problem. For a no after- tax arbitrage analysis of the role of capital
losses see Gallmeyer and Srivastava (2003).



investor exits the economy with certainty.

The investor's objective is to maximize his discounted expeted utility of real lifetime consump-
tion and a time of death bequest motive by choosing an admisbkle consumption-trading strategy
given an initial endowment. For tractability and ease of comparison with no tax portfolio problems,
the utility function for consumption and wealth is of the con stant relative risk aversion form with a
coexcient of relative risk aversion of °. Using the principle of dynamic programming, the Bellman
equation for the investor's optimization problem, derived in Appendix A, can be solved numerically
by backward induction starting at time T. Details of the computational complexity of this problem

are outlined in Appendix B.
2.4 Scenarios Considered with Parameter Values

To understand how an expanded opportunity set due to shortirg in°uences the allocation decision
and welfare of an investor, we focus on analyzing several cas where an investor has di®erent
investment opportunities and faces di®erent tax trading cots. While a variety of di®erent investor
scenarios could be studied in the context of portfolio choie with multiple risky assets, we focus
on studying an index investor who considers moving from inveting in a single index fund and the
money market to a portfolio of two funds that compose the index and the money market. Our
benchmark is the case when the investor trades a money markednd a single risky index fund
with realized capital gain taxation.” We compare this benchmark to an investor who has access
to two identical risky stocks that are subject to capital gain taxes. We consider investors who are
restricted from shorting equity, as well as investors who ca short subject to margin constraints

and collateral costs.

Given the main emphasis of our work is to understand the quarnitative features of portfolio
choice with taxes and short sales, especially the use of the R#ility and the imperfect shorting the
box strategies, our index fund setting is chosen given the ke number of exchange traded funds
(ETFs) that are now available to invest in broad-based market indices. Currently, roughly forty
di®erent ETFs trade on the American Stock Exchange that are pgged to market-wide indices. All
of these ETFs are marginable and can be shorted where only a hdful of them are not exempt

from the \uptick rule.” & Additionally, the market for shorting ETFs is very active. F or example,

"When the investor is not subject to capital gain taxation, irrespectiv e of the number of risky assets a mutual fund
theorem results. He only trades in an appropriately weighted index fu nd of the two stocks and the money market.
8Rule 10a-1 of the Securities Exchange Act of 1934, more commonly known as the \uptick" rule, precludes shorting



the NASDAQ 100 tracking stock, QQQ, had an average open integst of 27% of shares outstanding

and an average days to cover of B0 over the year 2002.

Our base case choice of parameters considers an index fundtiwiprice dynamics consistent
with large capitalization U.S. stock indices given by an expected return due to capital gains of
1 = 7%, a dividend yield = = 2%, and a volatility %= 20%. To facilitate easy interpretation of
the optimal portfolio choice, this index fund is comprised d two ETFs in equal proportions with
identical expected returns, dividend growths, and volatilities. For convenience throughout the rest
of the paper, we will always refer to the ETF investments as sbck investments. We allow the return
correlation “2between the two stocks to vary and report results for correldions ¥2= 0:4, Y= 0:8,
and 2= 0:9. In order to keep the pre-tax Sharpe ratio of the equally-weitpted risky stock portfolio
“xed as the correlation is varied, we set the volatility of each individual stock to % = pﬁ
For all parameterizations, the money market's return r¢ equals 6%. The investor rebalances his

portfolio once a year. The investor enters the economy at ag@0 and exits at age 100.

When only studying the role of short-selling on portfolio chdce, our analysis is focused on
a setting where the correlation between the two risky stocksis at least ¥2= 80%. From our
investment setting of a portfolio of exchange traded funds witten against broad market indices,
such correlations are consistent with those seen among laggmarket indices. Over the period 1962-
2001, the correlation of returns between the S&P 500 and thealue-weighted CRSP index, the Dow
Jones Industrial Average, and the equal-weighted CRSP indexvere 99%, 95% and 87% respectively.
Over the period 1973-2001, the correlation of returns betwaethe NASDAQ 100 index and the S&P
500 index, the value-weighted CRSP index, and the equal-weighd CRSP index are 80%, 73%, and
74% respectively. Currently, several ETFs exist that are eiher directly pegged to these indices or
are pegged to other large capitalization indices. Example EFs include the SPDR, the DIAMOND,
the Fortune 500 Index Tracking Stock, the Rydex S&P Equal Weight ETF, the Vanguard Total
Stock Market VIPER, the Vanguard Extended Stock Market VIPE R, the iShares S&P500 Fund,
the iShares Russell 1000, and the streetTRACKS Dow Jones Ghal Titans 50 Index.

The tax rates in the numerical examples are set to roughly math those faced by a wealthy
investor. We assume that dividends and interest are taxed athe investor's marginal income rate
¢o = 36%. The capital gain tax rate is set to the long-term rate ¢c = 20%. The investor begins

investing at age 20 and can live to a maximum of 100 years whenhe single period hazard rates,

selling when security prices are falling.



are calibrated to the 1990 U.S. Life Table compiled by the Natonal Center for Health Statistics.
Hence, the maximum horizon for an investor isT = 80. The in°ation rate is assumed to be
i = 3:5%. The investor's power preferences are calibrated with aitne discount parameter = 0:96
and relative risk aversion® = 3. The bequest motive is calibrated such that the investor gans to

provide a perpetual real income stream to his heirs.

To short stock, U.S. investors must trade in a margin account Such an account requires
investors who buy on margin or short stock to deposit and maitain a minimum amount of cash
or securities with their broker. The Federal Reserve Boards Regulation T sets the initial margin
requirement for stock positions undertaken through brokes. For long or short equity positions,
the initial margin requirement is currently 50 percent of the value of the stock position. For a
long position, the investor cannot borrow more than 50 percat of the market value of the stock.
For a short position, this implies that not only does the investor not have availability of the cash
proceeds of the short sale, but he also must deposit an amoumqual to 50 percent of the value of
the short sale in his margin account. Typically in the U.S. equity market, 102% of the short sale
proceeds must be held in cash® The remaining 48 percent needed to cover the margin requireent
can be held in other securities. Small retail investors do nbtypically receive any interest on the
cash collateral; however, large investors do. From data in @czy et al. (2002), the rate of interest
received on collateral, thegeneral collateral ratg is on average 8 basis points below the federal funds
e®ective rate, while for medium size loans the general collatal rate is on average 15 basis points
below the federal funds rate. For our analysis, we consideranservative estimates for these lending
rates where we assume a large investor receives interest oistcollateral at a rate of either 30, 50,
or 100 basis points below the riskless interest rate. Also fotractability, we make no distinction
between initial and maintenance margin and assume that whemebalancing, the investor's portfolio

must conform with Regulation T initial margin requirements .

3 Structure of Optimal Portfolios

We begin our numerical analysis by studying the structure of optimal portfolios. Speci cally,

our goal is to numerically characterize how and when investo behavior changes by expanding

®Our parameterization of the investor's preference parameters inclu ding the bequest motive is consistent with the
one used in Dammon et al. (2001b).

0 For institutional details concerning the market for lending shares, see Geczy et al. (2002) and Duze et al. (2002).
For margin requirement institutional details, see Fortune (2000).
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the investment opportunity set to include costly short-selling where the °exibility and imperfect

shorting the box strategies can be employed.
3.1 Single Stock Benchmark

To facilitate comparison with the two stock setting, we rst b rie°y analyze portfolio choice when
the investor's only risk asset is a single index fund. Figurel outlines the characteristics of this case
both with and without realized capital gain taxation. Using the parameterization outlined above
when the index volatility is ¥2= 20%, the optimal equity allocation for an investor who faces no
capital gain taxation but pays interest and dividend taxes is summarized by the solid line in the
top panel of Figure 1. Under this benchmark, the equity to wedth ratio is constant at 20% since

the pre-capital gain tax opportunity set is constant through time.

The bottom panels of Figure 1 document optimal portfolio chdce with realized capital gain
taxation at ages 20 and 80. This is the setting studied by Damnon, Spatt, and Zhang (2001b).
In this case, the investor's optimal equity exposure is a fuition of the beginning period allocation
and the basis-price ratio. When the marginal tax costs of tradng are high due to a large embedded
capital gain (a low basis-price ratio), the investor optimally holds more equity. This behavior occurs
at a smaller embedded gain as the investor ages, since it is igen by the basis reset provision at
death. The top panel of Figure 1 demonstrates this age e®ect i embedded capital gains on
equity choice conditional on three di®erent basis-price ratis and an initial stock allocation of 30%.
When the embedded gain in the stock portfolio is high (a 50% bsis-price ratio), an age 20 investor
reduces his equity exposure to 26% of wealth while an age 80 investor fully retains his 30% eqty
position. As the initial embedded gain in the stock position falls, the investor optimally liquidates
more stock but less when older. This is captured in the basisd price ratio cases of 75% and 100%
plotted in Figure 1. Relative to the no capital gain tax setti ng, the investor can be signi cantly

overexposed to equity when older with a large embedded gain.

While examining optimal portfolio choice at a particular ti me and state is useful in understand-
ing the conditional asset trading behavior of an investor, t provides limited information about
portfolio composition over the investor's lifetime. To gain insights about the unconditional optimal
portfolio choice, Monte Carlo simulations were performed grting at age 20 with no initial em-
bedded stock gains to track the evolution of the investor's ptimal portfolio at ages 40, 60, and 80

conditional on the investor's survival. These results are eported in the lines labeled \One Stock

11



Benchmark" in panels A through C of Table 1. The columns labeed \Max Equity Allocation" and
\Max Equity Basis" present the mean and standard deviation of equity exposure and the price-basis
ratio respectively. The equity exposure is expressed as adction of total nancial wealth. The
column \Embedded Gains" measures the fraction of nancial welth that is an unrealized capital

gain.tt

The simulation analysis provides insights on the magnitudeof the investor's equity position
as he ages relative to the no tax benchmark. At age 40 in the \Om Stock Benchmark" (panel
A), the allocation in equity increases on average to 24% froml8% at age 20, while the average
basis-price ratio drops to 0.48 from 1.0 at age 20. The evoluin of the optimal portfolio leads
to an average embedded gain in the risky stock of 13% of the imstor's wealth, indicating that
the investor's portfolio has substantial embedded capitalgains. As the investor grows older, his
fraction of wealth invested in the stock and embedded gain catinues to grow as can be seen in the
age 60 and 80 simulations. By age 80, the investor holds on ansge 29% of his wealth in equity
with an average embedded gain of 19% of his wealth due to his haest motive and capital gain

tax forgiveness at death.
3.2 Optimal Portfolio Composition with Two Stocks and No Sho rnt Sales

To facilitate disentangling the role of short-selling from the role of additional stocks in optimal
portfolio choice, the e®ect of introducing a second stock wit no short sales is now studied. Intu-
itively by being able to trade the components of the stock index individually, the investor should

be able to rebalance his portfolio in a more tax-excient manneras compared to only trading the
entire index. However such rebalancing is costly given thenvestor still has an incentive to main-
tain a well-diversi ed portfolio for risk exposure purposes. To understand how these two incentives
guantitatively determine portfolio composition, we consider two di®erent scenarios. Under the rst
scenario, the investor is grossly over invested in equity aopared to the single stock benchmark.
Speci cally, we consider an investor who holds 70% of his wetlil in equity with 40% in stock 1

and 30% in stock 2. This allows us to study the tradeo® betweeholding the optimal equity-bond

mix and minimizing tax-induced trading costs. To capture the costs of holding an undiversi ed

equity position, our second scenario assumes the investarinitial investment in equity is 20% of

1L All simulations are over 40,000 path&. The standard error for each mean estimate can be computed by dividing
the Monte Carlo standard deviation by = 40; 000 = 200. Given the largest standard deviation in the table is 0 :28, the
largest standard error for the mean estimate of any quantity in the table is 0:0014.
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wealth which is roughly equal to the optimal no capital-gain tax total equity exposure. However,
the investor initially holds only one of the stocks which makes him grossly undiversi ed but not

overexposed to equity versus bonds.

Starting with the setting when the investor is overexposed b equity relative to the money
market, the optimal strategies for a stock return correlation of 80% are presented in Figure 2. The
left (right) panel describes the optimal equity allocation at age 20 (80) as a function of the equity
basis-price ratios. From the gure, the optimal trading strat egy is sensitive to tax trading costs.
The optimal portfolio choice in one stock is not independentof the investor's position in the other.
For example, the optimal allocation for stock 2 is weakly inaeasing in the basis-price ratio of stock
1 both for young and old investors. Given that the two stocks ae highly correlated, the investor
sells the stock with the smallest embedded gain to reduce théotal equity exposure. The smallest
optimal position in stock 2 occurs when its basis is in the taxloss selling region and the embedded
gain of stock 1 is high. Here, the investor completely liquicites his position in the stock in order
to reduce his total equity exposure as cheaply as possible. Wén the basis to price ratios are
close to each other, the optimal allocation can change drantaally for small perturbations in the
initial bases. For example at age 20, stock 2's optimal alloation is 8:1% of wealth for a basis-price
distribution of by = 0:6 andb, = 0:8, while it changes to 173% of wealth when the initial basis-price
ratios are reversed tob; = 0:8 and b, = 0:6. In unreported results, when the correlation between
the two stocks is reduced to 40%, the optimal strategy mirros the strategy of the investor who
only has access to a single stock. The investor optimally sksl more of the stock when its embedded
gains are smaller. The existence of a second stock does notpaar to signi cantly in°uence the
investor's action in the other stock. Summarizing these reslts, as the correlation between the two
stocks increases, the investor sells the stock with the smigist marginal cost to trade to reduce his

total equity exposure.

We now examine optimal portfolio choice under our second sc&rio when the investor starts out
with an equity position that is of the appropriate magnitude , but is grossly undiversi ed. Figure
3 presents the optimal equity position in each stock as well a the aggregate equity position as a
function of stock 2's basis-price ratio. The investor enterghe period only holding an equity position
of 20% of his wealth in stock 2. He holds no position in stock 1 tven he enters the period. The top
panel gives the optimal allocations for a return correlation of 40% while the bottom panel gives the

optimal allocation for a return correlation of 80% for an age 20 investor. At a correlation of 40%
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and a low stock 2 basis-price ratio, the tax trading costs keephe investor from rebalancing back to
a well-diversi ed equity portfolio. To diversify this risky s tock investment, the investor purchases
some stock 1 and only slightly liquidates stock 2. Since it ig00 costly to liquidate stock 2, this
leads to being overexposed to equity with a total equity expaure of 255% of wealth at a basis-price
ratio of 0:3. When stock 2 no longer has an embedded capital gain, the imstor rebalances to a
well-diversi ed portfolio that has an overall equity exposure of 180% with equal investments in
each stock. When the return correlation increases to 8 (bottom panel), tax trading costs become
more important since the diversi cation bene ts have fallen. The investor remains undiversi ed
and does not trade until the basis-price ratio is greater than0:6. When the basis-price ratio reaches
1.0, the investor rebalances back to an equally-weighted portilio of the two stocks without paying

capital gain taxes.

From these conditional snapshots of optimal portfolio choce, the 40% correlation case seems to
exhibit few cross equity e®ects, while the 80% correlation @ does when the basis-price ratios are
suzciently di®erent across the two stocks. Returning to the simulation analysis presented in Table
1, the e®ect of these changes in optimal portfolio choice rdiae to the one stock case can be studied
across the investor's lifetime. As in the one stock benchmds, we performed simulations starting
at age 20 with no embedded gains. Results are presented at agyd0, 60, and 80 for both the 40%
and 80% correlation cases in the lines labeled \Two Stock No I®rt Sales." The column labeled
\Max Equity Allocation" records the simulation characteri stics of the largest stock position, while

\Min Equity Allocation" records the smallest stock positio n's characteristics1?

From the simulations, trading in two stocks is quite similar to trading in the index as the overall
mean equity allocations for both correlations are only slidntly lower than the index case. However,
the equity portfolio can deviate from the no-tax benchmark of equal investments in each stock. For
example, at age 40, an investor who trades two stocks with an @6 correlation on average holds
22% of his wealth in equity as compared to holding 24% of his wadth in equity if he just invests
in the index. He does however hold unequal positions in the ter stocks on average. His average
maximum equity allocation in one of the stocks is 13% of weal, while his average minimum equity
allocation in one of the stocks is 9% of wealth. His embeddedains in the portfolio are slightly

lower than the index case: 10% of wealth as compared to 13% ofealth for the index investor. As

2Given the two stocks are ex ante identical, we arrive at the same stati stics for each stock if the allocation
characteristics are recorded on a stock by stock basis.
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in the single stock case, the investor tends to hold more eqtyi as he ages. For example from the
age 80 simulations, the investor holds 40% more equity on avage than his untaxed counterpart
when the correlation between the two stocks is 80%. This ove&xposure to equity is only slightly

lower than when trading in the index and taxed on realized cajital gains.
3.3 Optimal Portfolio Composition with Two Stocks and Short Sales

By allowing short selling, the investor's after-tax opportunity set is expanded. Short selling allows
two additional trading strategies: a trading °exibility strategy in which an investor currently not
overexposed to total equity ex-anteshorts one stock to optimally manage realized capital gainsvhen
portfolio rebalancing in the future; and, an imperfect shorting-the-box strategyin which an investor
overexposed to equity with embedded gaingx-posttrades to reduce the exposure by shorting the
cheapest to trade stock. These strategies are more e®ectiver fstocks that are highly correlated
where the costs of not being well diversi ed are low. At a corréation between the two stocks of
40% as studied in the no short sale case, our numerical analgsveri ed that it is never optimal
to short. Here an unconstrained investor acts like his constiined counterpart. Given our setting
is one where the investor's portfolio holdings are in exchage traded funds where highly correlated
substitutes for particular securities are common, our disassion is focused to a correlation between

the two stocks of 2= 80% and higher.
3.3.1 Optimal Strategies

Figure 4 presents the optimal portfolio choice with shorting allowed for an investor that is over-
invested in equity with 40% of his wealth in stock 1 and 30% of fis wealth in stock 2. The investor
faces a shorting cost where the general collateral rate is 3Basis points below the riskless interest
rate. Compared to the no short sale case documented in Figurg, the optimal trading strategies
are strikingly di®erent. With shorting available, the investor no longer holds positive positions in

both stocks.

Surprisingly as compared to the no-tax benchmark, the invesbr can choose to optimally short
stock even when he has no embedded gains in either stock. Foxample, at age 80 when the basis
to price ratio is one for both stocks, the investor invests 3% of his wealth in stock 1 and shorts
14% of his wealth in stock 2 for a net equity exposure of 18%. Tis trading °exibility strategy

preserves the investor's °exibility for future asset reallacation by minimizing realized capital gains
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when rebalancing. This strategy leads to additional trading °exibility by providing capital losses

in the portfolio when they are most needed. For example, corider two di®erent ways of holding a
net equity position of 18% of wealth as the investor does at ag 80 in Figure 4 with no embedded
gains. To simplify the discussion, assume that the two stock are perfectly correlated. In the rst
strategy, the investor holds 9% of his wealth in each stock. n the second strategy, the investor
holds 32% of his wealth in stock 1 and 14% of his wealth in stock 2 as he does at age 80 in the no
embedded gains region. With no capital gain taxes, these pdasons would be identical. However,

with capital gain taxes, the second strategy leads to more tading °exibility.

If the stock market increases over the next year, the investds proportion of wealth in equity
increases. Without taxes, the investor optimally sells sone equity to rebalance back to his optimal
total equity wealth ratio. Under strategy 1, the investor has an embedded gain in both stock
positions. To rebalance he pays capital gain taxes on the ammt he sells. Strategy 2 however
gives the investor a way to rebalance while paying lower capal gain taxes than in strategy 1. By
liquidating his losses in the short position in stock 2, the nvestor can o®set the realized capital
gain from rebalancing his stock 1 positiont* Hence, strategy 2 creates a capital loss when it is
most useful | when the investor's aggregate equity position has increased in value and he needs to
sell to rebalance. If the stock market falls, the investor tax loss sells his long stock positions under
either strategy. However, under strategy 2 the short positon in stock 2 now has an embedded gain.
In the worst case scenario, he can also liquidate this positin. His realized capital loss for the entire
position under strategy 2 is identical to his realized capitl losses under strategy 1. As a result, the
investor is no worse o® when the stock market falls under sttagy 2 as compared to owning 9% of
his wealth in each stock (strategy 1). Combining the two postle market outcomes, the investor

is better o® under strategy 2.

Returning to Figure 4, when the investor's portfolio contains embedded gains, his strategy is to
short the stock that is cheapest to trade. Thisimperfect form of shorting the boxleads to an overall
exposure to equity that is smaller than that of a short-sale castrained investor. For example at
age 20 and a basis-price ratio of @ for both stocks, the investor liquidates some of his stock 1
position which falls to 38:9% of wealth while shorting 157% of his wealth in stock 2. By doing so,

the investor's net equity position is reduced to 232% as compared to 3M% when short sales are

B This assumes that the capital loss from stock2 is large enough to o®set the ealized gain in rebalancing stock 1.
This occurs for the case considered.
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not allowed. This imperfect shorting the box strategy is optimal even though the investor faces

fundamental price risk given that the two stocks are not perkectly correlated.
3.3.2 Trading Flexibility Strategy

To explore the sensitivity of the °exibility and imperfect sh orting the box strategies to di®erent
shorting costs and correlations, Figure 5 examines the opthal stock allocation as a function of
age for two di®erent general collateral rates (30 basis poist(left panels) and 50 basis points (right
panels) below the money market rate). The top and middle panés explore these comparative statics
for the °exibility strategy. In the top two plots, the investo r's portfolio contains no embedded gains
in either stock. The middle two plots capture the scenario when the investor's total equity exposure
is close to the no-tax optimal, but each stock contains embeded gains. Speci cally, the investor's
initial equity position is 10% of his wealth in each stock with a 0:5 basis-price ratio for each stock.
Here the investor might desire to engage in the °exibility strategy to reduce future tax trading
costs even though he will pay some capital gain taxes today taebalance. The bottom two plots
of Figure 5 explore these comparative statics for the impedct shorting the box strategy. In these
panels, the initial asset allocations are as in Figure 4. Thenvestor is grossly overinvested in equity
with 40% (30%) of wealth in stock 1 (2). The investor also has&rge embedded gains in each stock

{ the basis price ratio is 0:5 for each stock.

From the top and middle panels of the gure, the trading °exibil ity strategy use is decreasing
in the shorting cost and increasing in age and correlation. Aa correlation of 90%, the °exibility
strategy is used from age 20 for both shorting costs; howevethe magnitude of the individual stock
positions is reduced for the higher shorting cost of 50 basipoints. Comparing the top and middle
panels, the use of the °exibility option is reduced when the ivestor's portfolio initially contains
embedded gains (the middle panels). This reduction manifes itself both by the investor engaging
in the strategy later in life and by holding smaller absolute positions in each stock. However, even
with each stock having a basis-price ratio of @b, the investor is willing to realize capital gains at
age 20 (age 40) with a correlation of 90% and a shorting cost B0 (50) basis points to engage in
the °exibility strategy. As the correlation between the two stocks falls, the usefulness of the trading
°exibility strategy decreases since the probability that both the long and short legs of the portfolio
simultaneously generate capital gains increases. This retes the incentive to engage in such a tax

management strategy. In numerical results that we do not reprt, we found that, while utilizing

17



the trading °exibility strategy is optimal when the correlat ion between the two stocks isv2= 80%,

it is not when the correlation is lower than ¥2= 65%:
3.3.3 Imperfect Shorting the Box Strategy

The bottom two plots of Figure 5 explore the use of the imperfet shorting the box strategy for
di®erent correlations and shorting costs. In contrast to theno short-sale case where the investor
rebalances to a positive position in both stocks, an investowho can short sell is willing to realize
fully his capital gain in stock 2 to establish an imperfect storting the box strategy. By doing so,
the investor can signi cantly reduce his total equity exposure. The desire to short stock 2 is driven
by the cost of shorting as well as the basis risk. When the gemal collateral rate is 30 basis points
below the riskless rate, the investor shorts stock 2 at all ags. For the higher shorting cost of 50
basis points in the right panel, the investor does not short ock 2 until age 50 when the correlation
is 80%. At a 90% correlation, the fundamental price risk has leen reduced enough so that the
investor in all cases shorts stock immediately at age 20. In ddition, the 90% correlation case
shows that with less fundamental price risk the investor is wiling to take larger absolute positions
in the two securities that increase with age. Given the corréation is higher, the probability of both

the long and short positions both realizing gains next peria is smaller leading to larger positions.
3.3.4 Implications for Stock Allocation Relative to No Short Sa les

The use of the trading °exibility strategy highlights an inte resting feature of short-selling?* With no

embedded gains, a short-sale constrained investor holds a pitive position in each stock, but if the

constraint is relaxed, he optimally shorts one of the stockgor a low enough shorting cost. Figures
6 and 7 explore this feature across all basis distributions ¥ considering a risky stock portfolio
where the investor initially owns equal weights in each seatty. In each panel, the characteristics
of optimal portfolio choice across the basis-price ratios ofhe two stocks are explored. In the region
marked \1," a constrained investor trades to positive holdings in both stocks, while a short-selling
investor trades to a negative position in one stock. If both hvestor types hold positive positions
in each stock, the region is marked \2." Finally, the region marked \3" designates the short-sale
constrained investor holding a zero position in one stock ad the unconstrained investor shorting
one of the stocks. The left (right) panels characterize tradng behavior at age 20 (80). The total

fraction of wealth initially invested in equity increases moving down the panels. We present results

We thank the referee for drawing this feature to our attention.
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when the equity exposure in each stock is 1098 and 20% of wealth. The correlation between the
two stocks is 80% for Figure 6 and 90% for Figure 7; the generalollateral rate when short-selling

is 30 basis points below the money market rate.

From both gures, it is very common for an unconstrained invegor to short while a constrained
investor holds positive weights in each stock (region \1"). Such behavior is most prominent at age
80. Here the only time the short-sale constrained investor hlals a zero position in one of the stocks
is in the two regions marked \3" in the lower right panel of the 90% correlation gure. Given
in this panel the investor initially holds 40% of his wealth in equity, an unconstrained investor
always shorts one of the stocks to engage in the trading °exillity or the imperfect shorting the box
strategy. The constrained investor only liquidates entirdy one of his equity positions when it has
small embedded gains relative to the other stock. At age 20,His behavior is more dependent on
the return correlation between the two stocks. In the top left panel of Figure 6 where the investors
are not overexposed to equity, both types of investors holdsictly positive positions in both stocks.
This behavior is driven by the °exibility strategy not being o ptimal for the unconstrained investor
at age 20 and a return correlation of 80%. However, when the tarn correlation increases to 90%
(top left panel of Figure 7), the unconstrained investor at age 20 again shorts while the constrained

investor holds positive weights in each stock.

This non-convexity in the short-sale constraint is driven by discontinuities in the marginal
tax bene ts and costs of selling shares. When the initial porfolio contains no embedded gains,
an unconstrained investor reaps the bene ts of the °exibility option by short-selling one of the
stocks to generate a capital loss in the portfolio when the téal equity position must be reduced
in the future. Such a trade only has a marginal bene't to the investor in the short-selling region.
Constrained investors cannot capture the bene't given they @n only trade to a zero position that
will not generate a capital loss when the overall equity podion needs to be scaled back next
period. Likewise when an investor is initially overexposedto equity, he typically liquidates the
stock with the smallest marginal tax trading cost or the highest basis-price ratio. For a constrained
investor, it might be too costly to liquidate fully to a zero p osition in this stock. However, it may
be optimal for an unconstrained investor to short-sell this fcurity. Once he has closed the long
position, today's marginal cost of shorting is zero, but the marginal bene t through reducing the

total equity exposure is still positive.

15The results are identical for an equity exposure in each stock less than or equal to 10%.

19



3.3.5 Simulation Results

To determine whether short selling translates into signi cantly di®erent lifetime unconditional
portfolio allocations relative to the constrained case, weagain turn to our simulation analysis
summarized in Table 1. In addition to the allocation distrib utions examined in the no short-selling
case, the last column of the table labeled \Time Shorting" reports the fraction of simulation paths at
each age when the investor is shorting one of the stocks. Thensulations reveal that unconditional
portfolio allocations are greatly in°uenced by the ability t o short-sell. First, shorting behavior is
prominent. At age 40 and a shorting cost of 30 basis points in Bnel A, the investor is shorting
55:3% of the time. By age 60 (80) in Panel B (C) , even an investor wh faces a shorting cost of
100 basis points is shorting 28% (46:5%) of the time. This shorting behavior leads to the investor
better managing his net equity exposure relative to the mong market. For example at age 80 in
the column labelled \Total Equity Mean" in Panel C, an unconstrained investor paying shorting
costs of 30 basis points on average holds 21% of his wealth inuty { a 25% reduction as compared
to a constrained investor. Additionally, this allocation i s only slightly larger than the no capital
gain tax optimal total equity allocation of 20%. Shorting also leads to higher embedded gains in
the portfolio. On average at age 80, an unconstrained invesir paying 30 basis point shorting costs
has embedded gains of 34% of his nancial wealth as compared tt7% for a constrained investor.
These embedded gains are concentrated in one stock as can bees from the reported average
bases of the two stocks. Essentially the investor's portfab generates increased embedded gains in
one stock, but the investor is able to maintain an equity expsure closer to the no-tax benchmark
by shorting the other stock. This leads to the composition ofthe short seller's equity portfolio
becoming less diversi ed with age since the sizes of the longhd short equity positions grow as can

be seen at ages 60 and 80.

This increased embedded gain relative to the no short sale s& highlights the ability of the
trading °exibility option to defer gains. If instead we assume capital gains are not forgiven at
death as in the Canadian tax code, the investor no longer usethe °exibility option due to the
large embedded gain it generates that will not be forgiven. ldwever even under the Canadian tax
code, the investor still will short one stock if he is currenty over-invested in the other stock with

a large embedded gairt®

1 These results are available from the authors.
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4 Economic Significance of Optimal Portfolios and

Comparative Statics

Our analysis of the structure of optimal portfolios in Section 3 highlights that when short-sale
constrained, an investor's portfolio experiences limitedcross-holding e®ects due to taxation when
the correlation is high. In contrast, allowing costly short-selling leads to optimal portfolios that are
greatly in°uenced by tax trading costs. By employing the trading °exibility and imperfect shorting
the box strategies, it is common for the investor to short onestock while long the other when an
otherwise identical short-sale constrained investor holdpositive positions in both stocks. However,
we have yet to address how economically bene cial it is to tra@é the components of the stock index
relative to the index itself. Table 2 reports the age 20 lifeime utility bene ts of investing in multiple
risky stocks as well as the no embedded gains stock allocatie at ages 20, 40, and 60. Panel A
considers the base case model parameters used in the previogection, while panel B considers a

variety of di®erent parameterizations.

The wealth bene t ratios measure the fraction of wealth an age20 index investor would pay
to be indi®erent between his current index fund investment ora two stock equity portfolio with or
without costly shorting. In contrast to existing literatur e (Constantinides (1983); Dammon et al.
(2001b); Garlappi et al. (2001)), we do not measure the wealt bene ts relative to an accrual-based
capital gain taxation system where all gains and losses are anked-to-market annually. Instead, our
wealth bene't ratio is meant to capture the marginal contribu tion to investor welfare of switching
from a single index fund to a portfolio of risky stocks | measu ring the wealth bene t relative to
an accrual-based tax would lead to signi cantly higher wealthbene ts. We present results when
the initial portfolio has no embedded gains as well as when tl investor is initially overexposed to
equity with embedded gains. Speci cally, we examine the wedh bene t for an investor who holds
40% of his "nancial wealth in an equally-weighted equity portfolio under three di®erent embedded

gain scenarios.

When short-sales are prohibited, the wealth benets from panés A and B show a striking
feature | the bene ts of trading the components of the index ar e very small. From panel A, the
wealth bene t ratio of trading each stock separately with a short-sale constraint is 0:2%, (3%,
and 0:4% for stock return correlations of 40%, 80%, and 90% respegtly with no embedded gains.

Additionally, the wealth bene ts are small across the compaative static exercises of panel B. Given
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the small di®erence in the simulation results in Table 1 betwen the one and two stock cases with

no short sales, the small wealth bene ts are not necessarilyusprising.

When short-sales are allowed, the wealth bene ts increase rafive to the no short-sale case at
age 20, but are sensitive to the correlation between the twotecks. At 90% correlation, the no
embedded gains wealth bene't ratios are 1A%, 58%, and 38% for shorting costs of 0, 30, and
50 basis points respectively. When more basis risk in engagy in short position is introduced
by dropping the stock correlation to 80%, the wealth benet drops to 20%, 15%, and Q8%
for respective shorting costs of 0, 30, and 50 basis points. Ihough these are smaller than the
90% correlation setting, they are signi cantly larger than the no-short sale case wealth bene't
ratios. When the shorting cost increases to a rate faced by amall investor (600 basis points),
the welfare bene ts of shorting disappear leading to the samavelfare bene ts as the constrained
case. Summarizing, the bulk of the economic bene ts of spliihg the index up into its components
are through short-selling when shorting costs are not too hif | short-sale constrained portfolios
only lead to small wealth bene t increases. The optimal consmption strategies under the di®erent
stock trading scenarios mirror the welfare results in that dlowing short selling with low shorting
costs leads to higher consumption rates. In addition, when mbedded gains are large, the investor
reduces his consumption slightly due to the e®ectively loweealth due to potential future tax
liabilities.

To understand the sensitivity of the results to di®erent mode parameters, Panel B of Table 2
considers several variations on the base case set of parareet when the return correlation is 80%
and 90%. The no short sale and 30 b.p. short sale cost cases arensidered. The no embedded
gains optimal stock allocations are presented for ages 2004and 60 as well as the wealth bene t

ratios for age 20.

First, the relative risk aversion is increased to 4 from the lase case of 3. Not surprisingly,
the total equity positions are decreasing in risk aversion. Given smaller equity positions in the
portfolio for higher risk aversions, the wealth bene t ratios are slightly lower than the base case.
Increasing the index volatility to 30% leads to lower pre-tax Sharpe ratios and hence lower equity
investments. However, in contrast to when the risk aversionis increased, the wealth bene t ratios
actually increase when the index volatility is 30%. This is diven by the value of the tax loss selling

option in the portfolio increasing in volatility as in Const antinides (1983).
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We also considered tightening either the short or long margi requirements. By doing so, the
no embedded gain optimal equity positions were not in°uenceduntil age 60 leading to a slight
reduction in the position in each stock relative to the base ase. To gain additional insight on
how frequently the margin constraints bind, we used our simiation analysis where we tabulated
the frequency of the margin constraints binding in our base ase parameters with 30 b.p. shorting
costs. From the simulation starting at age 20 with no embeddd gains, the margin constraints
never bind before age 70. Along a path starting at age 20, the nconditional probability that the
constraint eventually binds is 4:3%. If the long margin requirement increases to 75% from 50%his
probability increases to 80%. If instead the short margin requirement is increased to @0%, the
unconditional probability that the margin constraint even tually binds is 15:2%. From the margin

constraints being tighter, this translates into lower wealth bene t ratios as can be seen in the table.

Finally, we examine the role of the bequest motive on optimalbehavior and on the wealth
bene ts. The last entry in Panel B of Table 2 considers the casavhen the investor has no bequest
motive. At a stock return correlation of 80%, the no embeddedgains stock allocations are identical
for both the no short sale and the short sale cases. By havingmbequest motive, wealth bene ts
are also signi cantly reduced. At the 80% correlation, no weéth bene t is larger than 0:02%. The
90% correlation case however still leads to the investor eraging in the trading °exibility strategy
when short selling is allowed. By doing so, the investor can efer realizing capital gains leading to

wealth bene ts no smaller than 1% at age 20.

5 Tax Management Through Derivative Trading

While we have established that large investors who pay low sbrting costs are better o® trading
components of an index rather than the index itself, our reslts also indicate that small investors
with large shorting costs are e®ectively precluded from follwing the tax management strategies we
have described. In this section we present a di®erent stratgghat most investors would be able to
implement, restoring the ability of investors to balance gans in one stock with losses in another to

minimize realized capital gains when portfolio rebalancim.

This strategy is related to the one discussed in Constantinies and Scholes (1980), where an
investor uses derivatives to defer capital gain taxes. We ivestigate the case where the investor
trades in one stock while holding a one year, at the money, pubption on another highly correlated

stock. We focus on trading a put option on a stock closely comlated but not actually held by the
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investor since buying put options against positions owned ¥ an investor can be viewed as a sale
for tax purposes. Holding a put is similar to using the tax management strategies we described for
the wealthy investor who can sell short at a low cost since a pucan be decomposed into a short
position in the stock and investment in the money market. The put generates gains (losses) when
the stock tends to generate losses (gains). Since the put ojpin is reset every trading period, this

setting is especially tractable since the only state varialbes needed to characterize the investor's
portfolio choice are the stock basis and the initial positio. The underlying stocks have the same
characteristics as in the cases we have considered so far. Ve##so assume that the investor is

precluded from short positions in any security.

Pricing the put option by no arbitrage is complicated by the taxes in our economy. When
the participants in the option market are di®erentially taxed on the option's cash °ows, it is not
immediately clear who is the marginal pricer of the option given di®erent valuations can arise for
di®erent tax rates. These pricing with di®erential taxation issues are discussed in detail in Schaefer
(1982); Dybvig and Ross (1986); Dammon and Green (1987); Req1987). For our portfolio choice
exercise with a put option, we assume that the price of the opbn is set by an investor who faces
realized capital gain taxation and can costlessly short. Ths price is determined by using standard
replication arguments on the after-tax payo®s of the option. This valuation of the option actually
leads to a higher price than if the pre-tax cash °ows are used to alue the option. This is because
the put option generates a positive after-tax cash °ow when thestock prices increases due to the
capital loss write-o® from the put option. By using this higher put price, our calculated wealth
bene ts of trading the put are understated as compared to a putoption valued using pre-tax cash
°ows. The modi cation of our earlier model to incorporate investing in a put option is provided in

Appendix B. The Appendix also summarizes the pricing of the ut option.

Table 3 describes the optimal strategy, as well as the welfa bene ts for di®erent correlations
for a 20 year old investor. Panel A presents the optimal tradng strategy when the only risky
security is the stock index. Panels B through D document optimal portfolio choice across di®erent
correlations between the two stocks when risky investment pportunity set consists of the rst stock
and the put written against the second stock. Within each parel, the top line gives the optimal
portfolio when the portfolio initially contains no embedded gains. The other four lines describe
optimal portfolio choice when the investor initially holds 20% or 40% of his wealth in the rst stock

with basis-price ratio of either 0:8 or 0:4.
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By trading in the put, the investor is able to engage in both the °exibility and the imperfect
shorting the box strategies from the previous section. Fromthe table, the investor uses the put as
a trading °exibility option when he initially holds no embedd ed gains in his portfolio. When the
stock return correlation is 90% with no embedded gains in theportfolio, the investor places 06%
of his wealth in the put. When the correlation increases to 9%6, the put investment increases to
3:6% of wealth. From the put's delta, the column labelled \Stock 2 Exposure from Put Allocation”
gives the synthetic stock 2 portfolio position as a fractionof wealth. For the no embedded gains
case considered, the investor's synthetic stock positionsij 2:9% of wealth when the stock return

correlation is 90% andj 17:3% of wealth when the stock return correlation is 95%.

The investor also uses the put as an imperfect form of shortig the box. For example, when
the return correlation between the two stocks is 90%, the inestor places 48% of his wealth in the
put (a synthetic position of j 23% of his wealth in stock 2) and does not trade his stock 1 poson
when he initially holds 40% of his wealth equity with a basis-gice ratio of 0:4. By doing so, the
investor's e®ective total equity exposure falls to 15% of wealth!” If instead the investor only

holds the index (panel A), his wealth invested in equity only falls to 34:7% of wealth.

We note that the welfare benet at age 20 of investing in a put are sensitive to the return
correlation as well as the pricing of the put. However, the pu's welfare bene ts are comparable to
the welfare bene t of an investor that can sell short subject © low shorting costs even using the
conservative valuation of the put. For example in the no embeéded gains region, the wealth bene t
of investing in the put is 0:53%, 184%, and 455% across return correlations of 85%, 90%, and
95% respectively. If instead we assume the put is priced by rarbitrage by a tax-exempt investor
leading to a lower initial price, the respective wealth benets across the three previous correlations
are signi cantly higher: 4:6%, 7.6%, and 124% of wealth. This analysis indicates that investing in
puts is a viable alternative for tax management of capital gans for investors that face large shorting

costs.

6 Conclusion

In selecting an optimal consumption-investment strategy, nvestors need to balance two considera-

tions: present and future tax selling costs and diversi caton both within the equity portfolio and

"To compute the e®ective total stock allocation we translate the position in the put to an equivalent short position
in the stock 2 by multiplying the put position by the put's delta, i.e. its sensitivity to the underlying stock price,
and adding it to the stock 1 position.
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between bonds and equity. In contrast to Constantinides (183) where shorting the box is allowed,

the consumption-portfolio problem, in our paper, is not independent of tax trading concerns.

We have shown that with shorting prohibited, the investor's optimal strategy is similar to the
case of one risky stock with the notable exception that tax trading costs can lead to the investor
holding an undiversi ed equity position. However starting from positions with no embedded gains,
the welfare bene t of being able to trade the two stocks separtely as opposed to holding a mutual

fund that combines the two is small.

Allowing short sales leads to dramatically di®erent behavio. The investor can use short selling
both as an ex-ante and as an ex-post tax excient mechanism to redte overall equity exposure
and tax related trading costs. The combination of lower trading costs and the ability to scale
back overexposure to equity dominates the loss in diversi caon within the equity portion of the
portfolio. Speci cally, we have described a novel ex ante mave the investor can use, thetrading
°exibility strategy, where he shorts one of the stocks even when no stock has an esdlded gain.
Ex post, he can use an imperfect form of shorting the box. Inteestingly, this shorting behavior
commonly occurs when an otherwise identical, but short-saleconstrained, investor would hold
strictly positive investments in all stocks. This behavior is driven by the marginal bene ts and cost

of selling equity being discontinuous in the portfolio postion.

Not surprisingly, the tax bene ts from shorting depend on the shorting costs that the investor
faces. For a large and wealthy investor, the bene ts of shortig outweigh the costs. On the other
hand, for small investors that get a low rebate rate on their $ort proceeds the bene ts are reduced,
and, for high enough shorting costs, a small investor will nolonger use the °exibility option. We
have proposed an alternative mechanism for utilizing the tading °exibility strategy by buying
puts, which essentially generates an implicit °exibility strategy. The welfare bene t associated
with using puts is similar to the one obtained by shorting and at the same time buying puts is a

feasible strategy even for smaller investors.

While we have restricted the analysis to two risky stocks anda money market account for
tractability, we expect similar results to hold when the investor is allowed to hold more than two
stocks. To manage tax trading costs, the investor could usehe trading °exibility and imperfect

shorting the box strategies on highly correlated sets of stoks within the portfolio.
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Appendix A - Investor Consumption-Portfolio Problem with

Two Stocks

The mathematical description of the framework described inSection 2 is now presented. Our two
risky stock model is an extension of the single stock settingf Dammon, Spatt, and Zhang (2001b)

to accomodate costly short selling with margin constraints We consider a discrete-time economy

chooses an optimal consumption and investment policy in thepresence of realized capital gains
taxation. We assume that the investor lives for at mostT periods and faces a positive probability
of death each period. The probability that an investor lives up to periodt, 0<t<T , is given by
the survival function H (t) = exp ii P E:o s n¢where3 n is the single-period hazard rate for period
n where we assume, > 0;8n,and ,t+ = 1 . Thisimplies0- H(t)< 1,80 t<T. At T, the
investor is assumed to exit the economy, implyingH (T) = 0. The hazard rates , , are calibrated

to the 1990 U.S. Life Table compiled by the National Center fo Health Statistics.
Security Market

The market consists of three assets: a riskless money markand two risky dividend paying stocks.
The riskless money market with timet price Sp(t) pays a continuously-compounded pre-tax interest

rate r. The price dynamics over the time interval ¢ are

So(t+¢ +)
—————=exp(r¢y): Al
S0 p(rey) (A1)
The two risky stocks with time t ex-dividend prices Si(t); i 2 f 1;2g; pay pre-tax dividends of
+ S;(t) at time t where 4 is each stock's dividend yield. The pre-tax ex-dividend stockprices follow

binomial processes with price dynamics over the time interal ¢ ; given by:

MU 1 l
Si (t + ¢ t) 1 13 2 p - .

Sm COP iig# Gur% ea ; i2fLg (A.2)
where zr is a binomial random variable taking on the two valuesi 1 and 1 with a joint probability
distribution specied as p(z1=1; 2% =1)= p(z =il %=1 = %1(1 +WWandp(z1=1; % =
il)=pz=il2z=1)= 3(1i % where %is the correlation between the two stock prices. For

each stock, the quantity 1; is the instantaneous capital gain expected growth rate and¥ is the
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instantaneous volatility. We also assume that ¢; = 1 matching the trading interval of the investor
in the economy with time units measured in years. A trading strategy from time t to t + 1 in the
money market account and two stocks is given by @(t); pu(t); te(t)) where ®(t) denotes the shares

of the money market held and (t) denotes the shares of stock held.
Capital Gain Taxation

Realized capital gains and losses are subject to a constangpital gains tax rate of ¢z where we
assume that the full proceeds of capital losses can be used.iv@n our investor trades at an annual

frequency, no distinction is made between long and short-tan capital gains.

The tax basis for computing capital gains or losses is calcated as a weighted-average purchase
price rule for tractability. Let B;(t) denote the nominal tax basis of stocki after trading at time t.

If long stock at date t, 14 (t) > 0, the stock basis evolves as

8
< : . . .
Si(t) if w(ti 1)- OorBi(ti 1)>S;(t);
Bi(t) = : Bli (ti D (ti D ®i kit D)'SIO  Giherwise | | #3)
Bt D (i Wt 1))° ’
wherex* 2 max( x; 0). If short stock at date t, 4(t) < O, the stock basis evolves as
8
< ; . . .
Si(t if w(ti 1), OorBi(tj 1) <Si(t);
s | SO wti 1), i n<sims

Bi(ti i (ti Di+(i (jii_w (ti i)* Si(t) -
T (6 DI+ (D1 | (6 DD* otherwise.

If w(t) =0, the basis resets to the current stock price,B;(t) = S;j(t). Summarizing, stocki's basis
resets to the current stock price when his position changesign from the previous period or when
he is tax-loss selling. When increasing his position in stock (the \otherwise case in (A.3) and

(A.4)), the basis evolves as a share-weighted average of theqvious basis and today's share price.

Any realized capital gains or losses are subject to capital gn taxation. Several di®erent types
of trades trigger realized capital gains or losses. First,iace the investor is precluded from shorting
the box, closing out a timetj 1 position and investing at time t in the position of opposite sign

for that stock triggers a taxable event. Such a trade is denatéd CP for \close position." The time

28



t realized capital gain taxes, &E (t), from such a trade are

X2
OLR() = éc (S Bi(ti )u(ti 1)E

i=1 u ﬂ
Ltw: owcti D>0,8i(ti 1) sig * Lew, o (ti H<0;Bi(ti 1), si(g © (A5)

The rst (second) indicator function in (A.5) captures movin g from a long (short) position to a
short (long) position in stock i. Second, tax-loss selling denoted TL induces realized cagit losses.

The tax-loss selling contribution to time t capital gain taxation is denoted as @g(t) and given by

X2
Ols(t) = ¢éc  (Si(t)i Bi(ti V)u(ti 1E

i=1 u ﬂ
Lt p>0:8:(t 1> (g T Lt <0;Bi(ti D<si(tyg + (A.6)

where the “rst (second) indicator function denotes tax loss &lling when holding a long (short)
position. Finally, when the investor reduces the size of hid j 1 position at time t denoted RP,

capital gain taxes are assessed. Their contribution to timet capital gain taxes, €R%(t), is

X2 M
ORE()=¢c (S Bi(ti 1DE Liywsouci 1, 0:8:(t 1) sogliti 1)i W)*

i=1 q
+ L <ot - 0.8t 1), sgH®) i Kti 1) 5 (A7)

where the rst (second) indicator function captures reducing a long (short) position in stock i.
Summarizing, the total capital gain taxes paid at time t, ©“©(t), consisting of realized capital

gains/losses from closing positions €CP), tax-loss selling (TL), and reducing positions RP) are
©ca(t) =©&G(t) +© &g (t) + © 85 (1): (A.8)

If death occurs at some timet®, all capital gain taxes are forgiven implying €cg(t9 = 0.
Admissible Trading Strategies.

We now de ne the set of admissible trading strategies when thénvestor can short stock in a margin

account.
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Collateral and Margin Requirements. To short stock, U.S. investors must trade in a margin
account. Such an account requires investors who buy on margior short stock to deposit and
maintain a minimum amount of cash or securities with their broker. The Federal Reserve Board's
Regulation T sets the initial margin requirement for stock positions undertaken through brokers.
For long or short equity positions, the initial margin requirement is currently 50 percent of the
value of the stock position. For a long position, the investa cannot borrow more than 50 percent
of the market value of the stock. For a short position, this implies that not only does the investor
not have availability of the cash proceeds of the short saleput he also must deposit an amount
equal to 50 percent of the value of the short sale in his margimccount. Typically in the U.S. equity
market, 102% of the short sale proceeds must be held in casfi. The remaining 48 percent needed
to cover the margin requirement can be in other securities. 8all retail investors do not typically
receive any interest on the cash collateral; however, largevestors do. From data in Geczy et al.
(2002), the rate of interest received on collateral, thegeneral collateral rate is on average 8 basis
points below the federal funds e®ective rate, while for medim size loans the general collateral rate
is on average 15 basis points below the federal funds rate. Four analysis, we consider conservative
estimates for these lending rates where we assume a large @stor receives interest on his collateral

denotedr. at a rate of either 30, 50, or 100 basis points below the riskks interest rate.

To model the margin requirements, we assume that there is noi®erence between initial and
maintenance margins. Explicitly incorporating maintenance margins into our optimization prob-
lem would lead to the problem being numerically intractable. The quantity -; , O denotes the
proportional margin requirements on short stock positionssatis ed by cash or other securities and
-+ 2 [0; 1] the proportional margin requirement on long positions. Fom Regulation T on initial
margin requirements, this implies-;, = - = 0:5. Denoting ®c(t) as the amount of money in cash
collateral at time t, short-selling bounds this amount from below by

X .
®c(t), 102 () Si(t); (A.9)
i=1
where xi , max(j x; 0) and we have assumed that the required cash collateral is P9 of the

value of the short position. The margin requirements imposea restriction that the investor can

only borrow using as collateral cash or stock in excess of theequired margin. This implies a lower

8 For institutional details concerning the market for lending shares, see Geczy et al. (2002) and Duze et al. (2002).
For margin requirement institutional details, see Fortune (2000).
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bound on the dollar amount invested in the money market,

I
A @ 2 !

&) So(t).i  ®i (I+-;) MO SO+ -+) KOS (A.10)
i=1 i=1
P
Theterm ® i (1+ -;) i2:1 L (t)1 Si(t) is the additional margin needed in other securities after

P
taking into account the cash collateral when short selling. The term (1§ - +) i2=l w7 Si(t) is

the marginable value of all long stock positions.

Given the money market's return always dominates the return received on cash collateral,
equation (A.9) always holds with equality, so cash collateal is completely determined by the size
of the investor's short position. The bound on the money marlet given by (A.10) can also be
simpli ed by appealing to the time t self- nancing condition. Let W (t) denote the time t beginning
period wealth before portfolio rebalancing and before any apital gain taxes are paid, but after
dividend and interest taxes are paid. Given no resources arkst when rebalancing the portfolio at

time t,

X2
W(t) = @ + &) So(t) +  W()Si(t) + C(t) +© ca(); (A.11)
i=1

where C(t) > 0 is the time t consumption. Solving the above expression for money markdtoldings
P P P , ) o
and using Z, w()Si()=  Z, w®*Si()i 2, w(t) Si(t), equation (A.10) simplies to
X2 _ X2 .
W) i C(t)i ©ca(t), - (D' Si(t)+ -+ p(t)” Si(h): (A.12)
i=1 i=1
Dividend and Interest Taxes. Dividend and interest income are taxed as ordinary income athe
constant rate ¢p. Each period, the investor pays taxes on his dividend and intrest income. The

total taxes paid on this income at time t is

X2
Op(t)= ¢p®(tj 1)So(ti 1)(exp(r)i 1)+ ¢p(1:02)  w(ti 1) Si(ti L)(exp(re)i 1)
i=1

X2
+¢éo M(ti DSi(t)h: (A13)
i=1

The rst term in (A.13) is the income tax due to money market int erest. The second term captures

the taxes on any interest on cash collateral while the last tem accounts for the dividend taxes. If
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the investor dies at time t, interest and dividend taxes are still paid.

Wealth Dynamics. Again letting W (t +1) denote the beginning period time t + 1 wealth before
portfolio rebalancing and before any capital gain taxes arepaid, but after dividend and interest

taxes are paid, W (t + 1) is given by

W(t+1) = @&1)So(t)((1i ép)exp(r)+ i)

X2
+1:02) W) SiI(Li é)exp(re) + o) (A.14)
i=1

X2
+  KO)Si(t+1)(1+ (i ép));
i=1

where (A.13) has been substituted. Substituting (A.11) into (A.14) gives the dynamic after-tax

wealth evolution of the investor,

H X2
W+ = WO KWOSOi CO)i ©“C(t)
i=1 )@ ﬂ
i (1:02) W) Si(t) (@i p)exp(r)+ o)
i=1
NG

+(1:02) W' SiH)(Li éo)exp(re) + i)
i=1

X2
+ wOSE+A+ K1 é0)): (A.15)

i=1

An admissibletrading strategy is a consumption policy and a security trading policy (C; ®; p; )
such that for all t, C(t) , 0, W(t) , O, and equations (A.9) through (A.15) are satis ed. The set

of admissible trading strategies is denotedA.
Investor's Objective

The investor's objective is to maximize his discounted expeted utility of real lifetime consumption
and nal period wealth at the time of death by choosing an admisible trading strategy given
an initial endowment. For tractability, the utility functi on for consumption and wealth is of the

CRRA form with a coexcient of relative risk aversion of °. This leads to the following optimization
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problem:

v W
e "~ HO

e (exp(i )C()t
I

L HEE i H()
1j °

max
(C;®;u1;2) 2A t=0
3/4>

3 (exp(i W) T (A.16)

subject to (A.9) through (A.15) where i is the instantaneous in°ation rate and  is a time-preference
parameter. The coexcient 3 controls the relative importance of the bequest to consumpion for
the investor. In our numerical work we choose® such that the nal bequest motive is equivalent

to the investor wanting to provide a constant real after-tax cash °ow in perpetuity to his heirs.
A Convenient Change of Variables

As in a no-tax portfolio choice problem with CRRA preferences the optimization problem (A.16)

is homogeneous in wealth, and thus independent of the inveet's initial wealth. To show wealth is

not needed as a state variable when solving (A.16), we expreghe optimization problem's controls
as being proportional to beginning of timet wealth before trade has occurred but after dividend
and interest taxes have been paid. We de ne

4 Si(u(ti 1) 4 Si(tp(t) .

where %(t) and ¥(t) are the proportions of stock i owned entering and leaving periodt, with
respect to beginning period wealthW (t).°

Using (A.17), it is useful to express the basisBi(t) as a basis-price ratioh(t + 1) 2 B

Si(t+1) -
Using (A.3), if long stock at date t, ¥4(t) > 0, the basis-price ratio evolves as
8
Si ; .
) 2 o if Y(t) - 0orh(t) > 1
BU+D= o hOuOCAI%O  henwise. (A.18)

ST 4 O+ (0 %(0)*)

19Since we allow for short-sales in our formulation, it is possible that han cial wealth W (t) no longer remains
positive implying that it is not possible to de ne portfolio weights.  However, the investor will never choose a trading
strategy that leads to a non-positive wealth at any time given our utility  function choice, the bequest motive, and
the positive probability of death over each period.
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If short stock at date t, 7(t) < 0, the stock basis-price ratio evolves as

8
<  Si(1) : .
h(t+1)=  SED T%(t), 0orb(t) < L
© Bt D% OGO %0)* :
% 01+ % O % 0)* otherwise.

(A.19)

If 74(t) = 0, the basis-price ratio b(t + 1) resets to the ratio of the time t and t + 1 stock price,

b(t+1)= Sis(‘t(ﬂ) . The basis-price ratio at time t + 1 can be expressed as a function of the capital
Si(t+1)

gain of stocki over one period S the previous period's basis-price ratioh (t), and the equity

proportions %(t) and ¥%(t).
Using the equity proportions and the basis-price ratios, thetotal capital gain taxes paid at time
t, ©ca(t) =© &R (1)+© Lk (1)+© §R (1) can be written proportional to W (t), ©cg(t) = W (t)Acs(t)

where Ac (t) is independent of W (t), since each component can be written proportional toW (t):

eca(t) = ch(t)X2 (Li b))%t £
u i=1 ﬂ
L 0% m>0b® 10 Linw, oym<ob, 19 (A.20)
NG H 1
©le(t) = &«W(t) (@i b))% Liymsonm>19* Linm<onm<iyg :  (A21)
i=1 u
OZG(t) = W)  (Li bM)%WM) Liyw>o0wnwm, onw- 10M) i %H)*
i=1 ﬂ
+ 1ty (1)< 0; % (t)- O;bi (1), 1g(174(t) i Z}('[))Jr : (A.22)

Given no resources are lost when portfolio rebalancing andgying taxes, equation (A.11) implies

the money market investment ®(t) Sp(t) can be written proportional to W (t):

A v e !
&) So(t) = W(t) 1i (1:02) %M i  %®)i o®)i Acc(t) ; (A.23)
i=1 i=1
wherec(t) , %(tt)) Using (A.23), the margin requirement constraint given by (A.10) can be written
independent of wealth:
1i c)i Ace(t), -1 %O + -+ %()": (A.24)
i=1 i=1
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The wealth evolution equation (A.15) can also be written proportional to W (t) implying

% = 1j %) i ct)i ACC(t)i (1:02) w(t) ((Li ¢o)exp(r)+ ¢ép)
=1 i=1

X2 X2
+(1:02)  w(t) (Li éo)exp(re)+ ép)+ %M@+ w1 ¢p)): (A.25)
i=1 i=1

Additionally, the stock proportion evolution is given by

Si(t+1)
sm U

W (t+1) !
W (t)

Y(t+1) = (A.26)

a guantity that is independent of time t wealth. This evolution is needed in the dynamic pro-
gramming formulation of the investor's problem where %4 is a state variable and¥% is a control

variable.

Using the principle of dynamic programming and substituting out W (t), the Bellman equation

for the investor's optimization problem (A.16) is given by

el -te(t)t” N 3(1j e -Y)

V(t;liﬁ(t);%g(t)l;lbl(t);bz(t)): C(t);g;%(%(t) 1; @i )
[ Tai < #
e 'W(t+1)

+e UE, V(t+1;%(t+1);Y(t+1);b(t+1);b(t+1)) ; (A.27)

W(t)

fort =0;1;:::;T i 1 subject to the wealth evolution equation (A.25), the margin requirement

constraint (A.24), and the stock proportion dynamics (A.26).
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Appendix B - Investor Consumption-Portfolio Problem with

One Stock and a Put Option

The modi cations to the portfolio problem to incorporate inv estment in a put option as described in
Section 5 are now presented. The setup is the same as describiea Appendix A with the following

notable exceptions.
Security Market

The market consists of four assets every trading period: a skless money market, two risky dividend
paying stocks, and a European put option that expires in one tading period (one year in our
analysis). The price dynamics of the riskless money marketrad the two risky stocks are given by

(A.1) and (A.2) respectively.

The investor trades in the riskless money market, the “rst risky stock, and the put option. He
does not trade in the second risky asset; rather, the secondsky stock's only role is to be the put
option's underlying asset. The put option's strike price is the current price of the second risky

stock, Sy(t). The put option's price p(t) is presented below after discussing capital gain taxation
Capital Gain Taxation

As in the two stock portfolio problem, realized capital gains and losses are subject to a constant

capital gains tax rate of ¢c where we assume that the full proceeds of capital losses care lused.

The calculation of the tax basis for the investment in stock ae is simpli ed in that we assume
the investor cannot short the riskless money market, the stak, or the put option. The tax basis for
stock one for computing capital gains or losses is calculateas a weighted-average purchase price
rule for tractability. Let B1(t) denote the nominal tax basis of stock 1 after trading at timet. The

stock basis evolves as

8
< Sy(t) if p(ti 1)=0o0r By(tj 1)>Sq(t);

Bi(t) = : (B.1)

Ba(ti Dpa(ti D)+ pa(t)i pa(ti 1))* Sa(t) i
bt DH Ot 1)° otherwise,

where x* 2 max( x; 0). If w(t) =0, the basis resets to the current stock price,B1(t) = Si(t).

The put option is treated as a cash-settled contract, so capial gain taxes are assessed on
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the realized gain or loss on the put investment. By assuming lat the put option expires after
one trading period, computing the capital gain on the put postion is simpli ed since the tax
basis is always the purchase price of the put. Lettingu,(t) be the number of units of the put
owned from time t to t + 1, the dollar capital gain or loss from the put position at timet+ 1 is

Hp(t) (maxfSy(t) i Sp(t+1);0gi p(t)) since the strike price of the put is Sy(t).

Any realized capital gains or losses are subject to capital @n taxation. The capital gain taxes

©cg(t) at time t are

H
Oca(t) = éc (Sa(t)i Bati m(ti Dife, i 1>s1(t)g (B.2)
+(S1(t) i Ba(ti 1)lig,(t; 1)- si(nyglbult H] 1)i m(t)”

+p(t) (maxf Sy(t) i So(t+1);0gi p(t) ;

where the rst line calculates capital losses from tax loss dkng the stock, the second line calculates
taxes from selling stock with a capital gain, and the last line calculates capital gains or losses from
the put option holdings. If death occurs at some timet® all capital gain taxes are forgiven implying
©cg(tY = 0.

Valuation of the Put Option

The put option is priced by no arbitrage, but this is complicated by the taxes in our economy.
When the participants in the option market are di®erentially taxed on the option's cash °ows, it
is not immediately clear who is the marginal pricer of the opion given di®erent valuations can
arise for di®erent tax rates. These pricing with di®erential tixation issues are discussed in detail
in Schaefer (1982); Dybvig and Ross (1986); Dammon and Gree(l987); Ross (1987). For our
portfolio choice exercise with a put option, we assume that he price of the option is set by an

investor who faces realized capital gain taxation and can cstlessly short.

This price is determined by using standard replication argunents on the after-tax payo®s of
the option. Letting ® and [ be the riskless money market and stock two investments resmpéively

to replicate the put option's after-tax payo®, after-tax cash °ows must be matched if stock two
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increases (denotedS(t +1; U)) or decreases (denotedS,(t + 1; D)) next period,

&ep(t) = (B.3)
(L7 LSt +15U) i Sat)) + &eSa(t) +(1 i ép)Sa(t+1; U))
+So(t) (1§ ¢p)exp(r) + ¢ép) ®;

(1i &) (SaAt)i Sa(t+1; D))+ éep(t) = (B.4)
(i &)(SaAt+1;D)i Sa(t)) + &Sa(t) +(1 i ép)So(t+1; D)) 1

+So() (L i ép)exp(r)+ ¢p)®;

and the price of the put p(t) must equal the initial value of the replicating portfolio,

p(t) = Sa(t) U+ So(t) @: (B.5)

Given the parameters used for the price system, the put is ol in the money if stock two decreases

over the next period. Solving (B.3)-(B.5) yields the put price p(t) as well as the replicating strategy.

This valuation of the option actually leads to a higher price than if the pre-capital gain tax
cash °ows are used to value the option by setting;c = 0. In contrast to a no-tax valuation, the put
option has a positive after-tax payo® ofécp(t) if the option expires out of the money. This payo® is
the capital loss write-o® from the put option. By using this higher put price, our calculated wealth
bene ts of trading the put are understated as compared to a putoption valued using pre-tax cash

°ows.
Admissible Trading Strategies

We now de ne the set of admissible trading strategies when thenvestor can invest in stock one,
the put option, and the riskless money market. Again, we assme that the investor is prohibited

from shorting any security.

Dividend and Interest Taxes. Dividend and interest income are taxed as ordinary income athe
constant rate ¢p. Each period, the investor pays taxes on his dividend and intrest income. The

total taxes paid on this income at time t is

Op(t)= o ®tj 1)Se(ti L)(exp(r)i 1)+ éopu(ti 1)Si(H)n: (B.6)
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If the investor dies at time t, interest and dividend taxes are still paid.

Wealth Dynamics. Letting W (t + 1) denote the beginning period time t + 1 wealth before
portfolio rebalancing and before any capital gain taxes arepaid, but after dividend and interest

taxes are paid, W (t + 1) is given by

W(t+1) = ®&t)Se(t)((Li ¢p)exp(r)+ ép) (B.7)
+(1)S1(t+ 1)1+ 11§ ép))+ Hp(t) maxf Sy(t) i Sy(t+1); Og;

where (B.6) has been substituted. Given no resources are lbsvhen rebalancing the portfolio at

time t, W(t) is given by
W(t) = &1)So(t) + ka(t)Sa(t) + p(D)P(t) + C(1) + © ca(1); (B.8)

where C(t) > 0 is the time t consumption.

Substituting (B.8) into (B.7) gives the dynamic after-tax we alth evolution of the investor,

i ¢
W(t+1)= "Wt m®Sit)i w®)pt)i Ct)i 1) (Li )exp(r)+ )
+ (St + 1)1+ H(Li )+ ppo(t) maxfSy(t) i Syt +1); Og: (B.9)

An admissibletrading strategy is a consumption policy and a security trading policy (C; ®; 1; Hp)
such that for all t, C(t) , O, W(t), O, &t), O, w(t), O, up(t), 0, and (B.9) is satis ed. The

set of admissible trading strategies is denoted.
Investor's Objective

The investor's optimization problem is given by (A.16) where the investment in stock two is replaced
by the investment in the put option. As in Appendix A, the opti mization problem can be written

independent of wealth leading to a dynamic programming prollem with one less state variable
given the capital gain tax basis of the put option is no longerneeded since the contract expires

every period.
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Appendix C - Numerical Setup and Optimization

The value function (A.27) is solved numerically by backward recursion starting at time T. The
optimization problem is 80 years long with annual time steps 4 state variables, and 3 choice
variables. The state variables are the beginning of period walth allocation in each risky asset and
the beginning of period tax basis for each risky asset. In thaotation introduced earlier, the state

variables correspond to ¢4 (t); Y(t); by(t); bx(t)).

On each point on the grid of state variables we solve an optingation problem for 3 choice vari-
ables: the optimal consumption level and the wealth allocaion in each risky asset ¢(t); ¥a(t); ¥»(t)).
We limit the search over a set of values for which the margin costraint is satis ed, and we search
this set using a grid, in a recursive manner (coarse grid to negrid). Speci cally, for each period
and each point in the state variable grid, an initial coarse gid in consumption levels and wealth al-
location in equity levels is searched for the choice variald values that maximize the value function.
Subsequently the search grid is re ned around the choice vaable points with the highest level of
the value function. The procedure is repeated until the sizeof the dimensions of the grid are smaller
than some required accuracy. The accuracy used in the optirzations reported in the paper was 10
basis points in the optimal wealth allocations in equity and 1 basis point in the consumption level.
The state variables for each period are discretized with a dicretization step of 5% both for the tax
basis and the wealth allocation in each asset. Due to the disete nature of the state variable grid,
and the arbitrary positions taken when exploring the set of dlowed values in the choice variables,
we interpolate the value function on the state variable grid. The interpolation algorithm we use
relies on rst scaling the value function by the appropriate wealth-related factor, and on linear

interpolation of the resulting, de°ated, value function.
Numerical Accuracy

Our numerical scheme potentially su®ers from inaccuracieswt to the discretization of the state
variable grid, and the subsequent interpolation algorithm. To estimate the level of accuracy we used
grids with di®erent stepsizes for the state variable and chd®d the calculated results for consistency.
We varied the grid stepsizes in both the basis and initial asst allocation directions between 2.5%
- 10%. The results were uniformly consistent with those repded in the paper, with the biggest

di®erences across di®erent grid sizes in wealth bene ts beind2®, and in optimal asset allocations

40



2%.
Parallelization

When solving a dynamic programming problem with many state \ariables, one runs into the well
known curse of dimensionality. For example, for the problemwe consider, it would take more than
two weeks to compute the optimal allocations on a single 2Ghzomputer for one set of parameters.
To partially overcome the curse, we have parallelized many othe computations. Speci cally, each
optimization problem that is solved on the grid for each time slice is independent of all other
maximization problems on the same time slice. To paralleliz the computation, we have divided
the grid for each time slice into sub-grids which are allocatd to a speci ¢ computer in a cluster.
Once all computers have solved the optimization problem fortheir subgrid, they communicate the
value function to all other computer in the cluster and the optimization problems for all the nodes
in the grid of the previous time slice is undertaken. This pallelization procedure is very general

and can be successfully applied to other dynamic programmig problems.

We used two di®erent Cray machines, available at the Texas Adanced Center for Computing
(TACC). The rst machine had 88 nodes operating at 300Mhz each but we were never allocated
more than 32 nodes at a time. The second machine had 270 nodegarating at 300 MHz each, and
we were allocated either 64 or 128 modes. A cluster of compute at the McCombs Business School
student labs was available at nights; each machine runs at 4iIMhz. The machines at the McCombs
Business School Computational Finance lab are 300Mhz eachn addition, at TACC, we had access
to an IBM Power4 system with 224 processors operating at 1.3 &z each (we were allowed to use
up to 64 processors at a time), and an IBM Pentium Il Linux clu ster with 64 processors operating
at 1 GHz each (we were allowed to use up to 32 processors at a tejn By parallelizing the dynamic
programming problem we were able to obtain computational sgeds that correspond approximately

to a 83 Ghz stand-alone machine.
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One stock, optimal asset allocation with and without capital gains taxes
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Figure 1: Benchmark Portfolio Choice With a Single Index Fund. The top panel of the gure

summarizes the equity to wealth ratio as a function of age. The solid line presda the optimal equity

allocation when the investor faces no capital gain taxes {o = 36%, ¢c = 0%, % = 20%). The three
dotted lines present the optimal equity allocation when the investor enters the peiod with 30% of his wealth
invested in equity and faces realized capital gain taxation ¢{c = 20%). The three lines plot di®erent basis to
price ratios (50%, 75%, and 100%) entering the trading period. The bottom paels of the "gure summarize
portfolio choice when the investor faces capital gain taxation on one riky stock. The left (right) panel

presents the equity to wealth ratio as a function of the initial stock allocation and the basis to price ratio at
age 20 (80). Parameters used for the bottom panelsgp = 36%, ¢c = 20%, ¥a= 20%.
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Figure 2: Optimal Portfolio Choice With Short Sales Prohibited and Y4 =0:4, ¥4 =0:3, ¥%=0:8.
The investor enters the trading period with 40% (30%) of his wealth invesed in stock 1 (2). In the left
panels the investor is age 20, while in the right panels the investor is age08 The top (bottom) panels plot
the optimal allocation of stock 1 (2) as a function of the basis to price rdios of the two stocks.
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Correlation 40%, Age 20, Asset 1 0%, Asset 2 20%, no short sales
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Figure 3: Optimal Portfolio Choice With Short Sales Prohibited and Y4 =0:0, % =0:2

at Age 20. The investor enters the trading period with 0% (20%) of his walth invested in stock 1
(2). The top (bottom) panel is for the case when the correlaton between the two stocks ise= 0:4
(2= 0:8).
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Cor. 80, Age 20, Asset 1 40, Asset 2 30, short sales, repo rate 30 b.p.
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Figure 4: Optimal Portfolio Choice With Short Sales Allowed,

Shorting Costs of 30 basis points.
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Figure 5: Flexibility Option and Imperfect Shorting the Box Use Versus Age. The plots examine

the optimal allocation in the risky assets versus age as a fraction of @aalth when the investor is engaged in
the °exibility option (top and middle panels) or the imperfect shorting the box st rategy (bottom panels)

when the correlation between the two stocks is.= 0:8 or %= 0:9. For the left (right) panels, the investor

can short sell subject to shorting costs of 30 (50) basis points. In the topanels, the investor enters the
trading period with no embedded gains in either security. In the middle panels, the invetr enters the

trading period with 10% of his wealth in each stock with a basis-price rato of 0.5 for each stock. In the
bottom panels, the investor enters the trading period with 40% (30%) of hiswealth invested in stock 1 (2)
and a common basis-price rate across stocks of3)
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80% Correlation.

Figure 6: Regions of Shorting Behavior -

holdings with and without a short sale constraint across di®erent basis to priceatios for the two stocks.

The left (right) panels are for age 20 (80).

In the top and bottom panels, he investor's fraction of wealth

invested in each stock entering the trading period is 10% and 20% respectivelyn the region marked \1," the
short-sale constrained investor trades to positive holdings in each stockwhile a short-sale allowed investor

trades to a position that shorts one of the stocks.

In the region marked 2," both types of investors hold

long positions in each security. In the region marked \3," the short-sale costrained investor trades to a zero

position in one stock, while a short-sale allowed investor optimalf shorts one of the stocks. The correlation

between the two stocks is¥2= 0:8. The general collateral rate is 30 basis points below the money market

rate.
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Figure 7: Regions of Shorting Behavior -

The plots examine the di®erences in asset

90% Correlation.

holdings with and without a short sale constraint across di®erent basis to priceatios for the two stocks.

The left (right) panels are for age 20 (80).

In the top and bottom panels, he investor's fraction of wealth

invested in each stock entering the trading period is 10% and 20% respectivelyn the region marked \1," the
short-sale constrained investor trades to positive holdings in each stockwhile a short-sale allowed investor

trades to a position that shorts one of the stocks.

In the region marked 2," both types of investors hold

long positions in each security. In the region marked \3," the short-sale costrained investor trades to a zero

position in one stock, while a short-sale allowed investor optimalf shorts one of the stocks. The correlation

between the two stocks is¥2= 0:9. The general collateral rate is 30 basis points below the money market

rate.
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[Ac]

Max Equity Min Equity . . . . . Total . Time
Allocation Allocation Max Equity Basis Min Equity Basis Equity Embedded Gains Shorting

Mean Std. Dev. Mean Std.Dev. Mean Std.Dev. Mean Std.Dev . Mean Mean Std. Dev. Mean

Simulation Results

Panel A: Age 40

One Stock Benchmark 0.24 0.05 0.48 0.26 0.24 0.13 0.08
Two Stock No Short Sales - 40% Correlation 0.14 0.04 0.09 0.02 0.41 0.23 0.63 0.26 0.23 0.12 0.06
Two Stock No Short Sales - 80% Correlation 0.13 0.03 0.09 0.02 0.48 0.22 0.64 0.24 0.22 0.10 0.06

Two Stock Short Sales with Shorting Costs

0 b.p. - 80% Correlation 0.31 0.06 -0.15 0.03 0.45 0.25 0.83 0.14 0.17 0.22 0.10{ 100.0%
30 b.p. - 80% Correlation 0.21 0.10 -0.03 0.10 0.45 0.23 0.76 0.22 0.18 0.15 0.09 55.3%
50 b.p. - 80% Correlation 0.16 0.07 0.05 0.06 0.46 0.23 0.74 0.22 0.21 0.12 0.07 20.0%
100 b.p. - 80% Correlation 0.14 0.05 0.07 0.04 0.48 0.22 0.71 0.23 0.22 0.11 0.06 7.7%
600 b.p. - 80% Correlation 0.13 0.03 0.09 0.02 0.48 0.22 0.64 0.24 0.22 0.11 0.06 0.0%

Panel B: Age 60

One Stock Benchmark 0.25 0.05 0.35 0.26 0.25 0.17 0.09

Two Stock No Short Sales - 40% Correlation 0.15 0.04 0.10 0.03 0.34 0.23 0.51 0.26 0.25 0.16 0.07

Two Stock No Short Sales - 80% Correlation 0.15 0.05 0.08 0.03 0.42 0.21 0.62 0.24 0.24 0.13 0.07

Two Stock Short Sales with Shorting Costs
0 b.p. - 80% Correlation 0.37 0.11 -0.20 0.06 0.43 0.23 0.77 0.15 0.17 0.29 0.11f 100.0%
30 b.p. - 80% Correlation 0.30 0.09 -0.13 0.07 0.42 0.24 0.79 0.18 0.18 0.22 0.11 95.0%
50 b.p. - 80% Correlation 0.20 0.09 0.01 0.10 0.37 0.22 0.75 0.21 0.21 0.16 0.09 36.5%
100 b.p. - 80% Correlation 0.18 0.08 0.04 0.07 0.40 0.22 0.73 0.21 0.22 0.14 0.08 29.3%
600 b.p. - 80% Correlation 0.15 0.05 0.08 0.03 0.41 0.21 0.61 0.24 0.24 0.13 0.07 0.0%

Panel C: Age 80

One Stock Benchmark 0.29 0.08 0.36 0.23 0.29 0.19 0.10

Two Stock No Short Sales - 40% Correlation 0.19 0.06 0.11 0.03 0.34 0.21 0.49 0.25 0.30 0.19 0.08

Two Stock No Short Sales - 80% Correlation 0.18 0.07 0.10 0.04 0.37 0.20 0.57 0.24 0.28 0.17 0.09

Two Stock Short Sales with Shorting Costs
0 b.p. - 80% Correlation 0.47 0.25 -0.28 0.16 0.43 0.26 0.72 0.16 0.19 0.40 0.26( 100.0%
30 b.p. - 80% Correlation 0.41 0.23 -0.20 0.12 0.43 0.25 0.72 0.16 0.21 0.34 0.17 99.8%
50 b.p. - 80% Correlation 0.36 0.12 -0.13 0.08 0.46 0.28 0.76 0.14 0.23 0.27 0.16 99.2%
100 b.p. - 80% Correlation 0.23 0.11 0.00 0.07 0.37 0.23 0.72 0.21 0.22 0.19 0.11 46.5%
600 b.p. - 80% Correlation 0.19 0.07 0.10 0.04 0.37 0.20 0.56 0.24 0.29 0.17 0.09 0.0%

Table 1: Optimal Portfolio Choice Characteristics. The above simulation results for the mean and standard deviation of portblio character-

istics at ages 40, 60, and 80 are over 4000 paths. The simulations consider several scenarios: an investor who trades origky stock (\One Stock
Benchmark"), an investor who trades two risky stocks and is short sale costrained (\Two Stock No Short Sales") at correlations of 0:4 and 08,
and an investor who trades two risky stocks at a correlation of @ and can short sell at a cost (0, 30, 50, 100, 600 b.p.). In all cases, intst income
is taxed at ¢p = 0:36 and realized capital gains are taxed atc = 0:2. The column labeled \Max Equity Allocation" (\Min Equity Allocation")
records the simulation characteristics of the largest (smallest) stock psition. The stock positions and total equity (labelled \Total Equity ") are
computed as fraction of wealth. The bases (\Max Equity Basis" and \Min Equit y Basis") are basis-price ratios when the stock position is positive.
When a stock position is negative, the basis is a price-basis ratio. Embedded e (labelled \Embedded Gains") are calculated as the fraction of
wealth that is a capital gain. Time shorting (labelled \Time Shorting") is the fraction of time the investor is shorting at each age.



No Embedded Gains Stock Allocations Wealth Benefit at Age 20

No . .
Age 20 Age 40 Age 60 Embedded | 'O Eauity Allocation
Gains 40%

b;=1.0, |b,=0.5, b,=0.5, b;=0.5,

q
Stock 1 Stock 2 [Stock 1 Stock 2 Stock 1 Stock 2 b,=1.0 b,=1.0 by=0.75 b,=0.5

Panel A: Base Case - Risk Aversion 3

Correlation 40%

No Short Sales 9.2% 9.2% 9.3% 9.3% 9.8% 9.8% 0.2%| 0.4%; 0.3%; 0.2%

Short Sales -0b.p. 9.3% 9.3% 9.3% 9.3% 9.8% 9.8% 0.2%| 0.5% 0.4%i 0.2%

Correlation 80%

No Short Sales 9.0% 9.0% 9.0% 9.0% 9.2% 9.2% 0.3%| 0.7%; 0.5%; 0.3%

Short Sales -0b.p. 21.2% -6.0%| 21.5% -6.0%| 25.5% -9.6% 2.0% 2.6% 2.4% 2.0%)
-30 b.p. 11.9% 8.5%| 12.9% 7.7%| 21.7%; -5.0% 1.5%| 1.9%; 1.8%; 1.5%
-50 b.p. 9.0% 9.0% 9.1% 9.1%| 12.0% 8.6% 0.8%| 1.3%i 1.1%i 0.8%
- 100 b.p. 9.0% 9.0% 9.0% 9.0% 9.3% 9.3% 0.4%| 0.9%i 0.7%i 0.4%
- 600 b.p. 9.0% 9.0% 9.0% 9.0% 9.2% 9.2% 0.3%| 0.7%; 0.5%; 0.3%

Correlation 90%

No Short Sales 10.1% 8.6%| 10.3% 8.6%| 11.3% 8.6% 0.4%| 0.8%i 0.6%i 0.4%

Short Sales -0b.p. 42.8%; -25.6%| 51.3%; -34.4%| 72.0%; -54.7% 10.1%| 10.7%; 10.4%; 10.1%
-30 b.p. 34.3%; -15.5%( 34.3%; -16.4%| 51.4%; -32.8% 5.8% 6.4% 6.1% 5.8%)
-50 b.p. 25.7%; -7.4%| 31.2%; -11.9%| 42.9%; -23.9% 3.8%| 4.3%; 4.1%; 3.8%
-100 b.p. 9.1% 9.1%| 17.2% 1.9%| 25.9% -4.4% 1.0%| 1.6%; 1.3% 1.0%
- 600 b.p. 10.1% 8.6%| 10.3% 8.6%| 11.3% 8.6% 0.4%| 0.8%i 0.6%i 0.4%

Panel B: Comparative Statics
Correlation 80%

Risk Aversion 4

No Short Sales 7.5% 7.5% 7.6% 7.6% 8.2% 8.2% 0.2% 0.5% 0.3% 0.2%
Short Sales -30b.p. 7.5% 7.5% 8.3% 8.3%| 16.9%i -3.7% 0.5%| 0.9%i 0.7%i 0.5%
Index Volatility 30%

No Short Sales 4.0% 4.0% 4.0% 4.0% 4.0% 4.0% 0.1% 0.1% 0.1% 0.1%)
Short Sales -30b.p. 15.5%; -9.6%| 15.5%; -9.6%| 15.5%;: -9.8% 2.1%| 2.3%; 2.3%; 2.2%
Margin Requirement

Short Sales - Short Margin Increased to 100% 9.1% 9.1% 9.3% 9.3%| 25.6%: -7.6% 0.6%| 1.0%: 0.8%i 0.6%
Short Sales - Long Margin Increased to 75% 9.1% 9.1% 9.3% 9.3%| 25.6%: -7.5% 0.6%| 1.0%; 0.8%: 0.6%
No Bequest Motive

No Short Sales 9.0% 9.0% 9.0% 9.0% 9.0% 9.0% 0.0%| 0.1%i 0.0%i 0.0%
Short Sales -30 b.p. 9.0% 9.0% 9.0% 9.0% 9.0% 9.0% 0.0%| 0.2%; 0.1%i 0.0%

Correlation 90%

Risk Aversion 4

No Short Sales 8.5% 6.2% 8.5% 6.2% 8.5% 7.2% 0.2%| 0.6% 0.5%: 0.3%
Short Sales -30b.p. 27.7%i -19.6%| 27.7%; -19.6%| 42.3%i -29.4% 3.9%| 4.5%; 4.3%i 4.1%
Index Volatility 30%

No Short Sales 4.1% 4.0% 4.1% 4.0% 4.3% 4.0% 0.1%| 0.2% 0.2%: 0.1%
Short Sales - 30 b.p. 23.3%; -17.0%| 23.3%: -17.0%| 26.1%; -20.1% 6.7%| 7.0% 7.0%: 6.9%
Margin Requirement

Short Sales - Short Margin Increased to 100% 34.3%;i -15.5%| 34.3%i -16.4%| 51.4%i -32.9% 4.1%| 4.5%F 4.4%;i 4.2%
Short Sales - Long Margin Increased to 75% 34.3%; -15.3%| 34.3%; -16.3%| 51.4%; -32.8% 3.9% 4.4% 4.2% 3.9%
No Bequest Motive

No Short Sales 9.0% 9.0% 9.0% 9.0% 9.0% 9.0% 0.0%| 0.2% 0.1%: 0.0%
Short Sales - 30 b.p. 25.6%: -8.5%| 25.6%: -8.5%| 25.6%i -8.5% 1.3% 1.6% 1.4% 1.3%)

Table 2: Comparative Statics and Wealth Benets. This table summarizes the di®erences in no

embedded gain trading strategies across a variety of di®erent scenarios as welltag wealth bene't of each
scenario as compared to investing in a single index fund. The wealth bene't is the fractin of wealth an
investor at age 20 who currently invests in a single index fund would pay to swich to each scenario. Panel
A summarizes the results when the investor has a relative risk aversion coexcienvf 3. Panel B considers
several di®erent scenarios where risk aversion, volatility, margin requireents, and bequest motives are
changed from the base case. The \No Embedded Gains Stock Allocations" columns summize the optimal
portfolio choice for an investor with no embedded gains across ages 20, 48nd 60. The \Wealth Bene't
at Age 20" columns summarize the wealth bene ts for no embedded gains and for three di®eteembedded
gains scenarios when the investor holds 40% of his "nancial wealth in an equally-wghited stock portfolio.
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Stock 2

Put Option Used Initial St.ock Basis-l?rice 2:23(1:1! Optimal. Put Exposure TEtZ Tgl\(;ik eralth
Allocation Ratio . Allocation from Put . Equivalent
Allocation . Allocation
Allocation
Panel A 0 1 18.2% 0.0% 0.0% 18.2%
Stock Only 0.2 0.8 20.2% 0.0% 0.0% 20.2%
0.2 0.4 20.2% 0.0% 0.0% 20.2%
0.4 0.8 21.7% 0.0% 0.0% 21.7%
0.4 0.4 34.7% 0.0% 0.0% 34.7%
Panel B 0 1 17.6% 0.0% 0.0% 17.6% 0.53%
Put Correlation 85% 0.2 0.8 20.2% 0.4% -1.7% 18.5% 0.55%
0.2 0.4 20.3% 0.6% -2.8% 17.5% 0.61%
0.4 0.8 21.5% 0.6% -2.7% 18.8% 0.55%
0.4 0.4 35.7% 3.5% -16.7% 19.1% 1.71%
Panel C 0 1 21.5% 0.6% -2.9% 18.6% 1.84%
Put Correlation 90% 0.2 0.8 21.4% 0.9% -4.2% 17.2% 1.88%
0.2 0.4 20.3% 0.9% -4.2% 16.1% 1.93%
0.4 0.8 30.2% 2.6% -12.4% 17.8% 1.94%
0.4 0.4 40.4% 4.8% -23.0% 17.5% 3.46%
Panel D 0 1 34.7% 3.6% -17.3% 17.4% 4.55%
Put Correlation 95% 0.2 0.8 34.6% 3.8% -18.4% 16.2% 4.57%
0.2 0.4 26.3% 2.4% -11.7% 14.6% 4.60%
0.4 0.8 40.5% 5.2% -25.0% 15.5% 4.79%
0.4 0.4 40.5% 5.6% -26.8% 13.7% 6.48%

Table 3: Optimal Stock and Put Option Trade.

Optimal investment in stock 1 and an at-the-money

put written on stock 2, for di®erent correlations, initial allocations in stock 1, and initial basis-price ratios.
The optimal allocations are expressed as a percentage of wealth. The e®ective dbtstock allocation is
computed by translating the put position to an equivalent short position in stock 2 by multiplying the put

position by the put's delta and adding it to the stock 1 position. The wealth equivalent is computed as the
additional wealth that an investor would require in order to be indi®erent betweentrading the single stock
and trading in a put option on a correlated stock.
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