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American-Asian options are average-price options that allow early exercise. In this paper, we derive structural properties for the optimal
exercise policy, which are then used to develop an efficient numerical algorithm for pricing such options. In particular, we show that the
optimal policy is a threshold policy: The option should be exercised as soon as the average asset price reaches a characterized threshold,
which can be written as a function of the asset price at that time. By exploiting this and other structural properties, we are able to
parameterize the exercise boundary, and derive gradient estimators for the option payoff with respect to the parameters of the model. These
estimators are then incorporated into a simulation-based algorithm to price American-Asian options. Computational experiments carried out
indicate that the algorithm is very competitive with other recently proposed numerical algorithms.
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1. INTRODUCTION

Asian options are derivative securities with payoffs that
depend on the average of an underlying asset price over
some specified period. Because of their relatively small
exposure to risk, they have become one of the most pop-
ular exotic options traded over the counter. The purposes
of this paper are to rigorously establish a characterization
of the optimal exercise policy for American-Asian options!
and to develop a Monte Carlo simulation-based method that
exploits the established structural properties to efficiently
price such options.

Sections 2.5-2.7 of Karatzas and Shreve (1998) pro-
vide a fairly comprehensive survey on the properties of the
early exercise boundaries for ordinary “vanilla” American
options; however, “exotic” American-Asian options are not
considered there. These options differ from ordinary Amer-
ican options in many aspects. First, since their payoff is a
function of the average asset price, the payoff upon exercise
depends on the price path of the asset, rather than only the
asset price at the exercise date. Second, at any exercisable
date, the asset price remains influential in determining the
early exercise decision. This interplay between the current
asset price and the average stock price makes the analysis
of American-Asian options more complicated.

Prior work by Grant et al. (1997) provides plausible
heuristic arguments for the form of the optimal exercise
boundary. Our work provides rigorous mathematical proofs
establishing the structure of the optimal exercise policy for
American-Asian options. Assuming the asset price evolves
according to a Markovian model in a quite general set-
ting, we rigorously show that the optimal exercise policy
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for a fixed strike American-Asian call option is a threshold
policy: The option should be exercised as soon as the
average asset price reaches a characterized threshold, which
can be written as a function of the asset price at that
time. Furthermore, we prove that the threshold level is
unbounded, and under a mild condition, nondecreasing in
the asset price at that time, and for a large class of models,
the threshold level is also convex.

A closely-related purpose of this paper is to price
American-Asian options. Asian options have proven to be
much more difficult to value than regular asset options.
Because of their path dependencies, standard techniques
tend to be impractical or inaccurate. There are a few
approximation methods for European-style (i.e., without
early exercise features) Asian options appearing in the liter-
ature (e.g., Turnbull and Wakeman 1991, Vorst 1992, Levy
1992, Levy and Turnbull 1992, Geman and Yor 1993).
Monte Carlo simulation seems to be a popular approach,
especially for practitioners, to price European-style Asian
options (e.g., Fu et al. 1999). As for American-Asian
options, there are even fewer alternatives. Hull and White
(1993) propose a modification of the binomial method, but
provide no proof of convergence. Neave (1994) provides
a frequency distribution approach based on a binomial
tree, but his method still requires O(N*) computation time,
where N is the number of time steps in the lattice. Hansen
and Jorgenson (2000) provide analysis of the floating strike
case that leads to a closed-form solution for geometric
averaging and an approximation for arithmetic averaging,
but their methodology cannot be applied to the (more
common) fixed strike case. There are recently developed
partial differential equation (PDE) approaches (Barraquand
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and Pudet 1996, Zvan et al. 1997), for which special care
needs to be taken in order to get an accurate option value.
Also, the computational requirements for the binomial and
PDE approaches become impractical for models incorpo-
rating stochastic volatility and stochastic interest rates.

Monte Carlo simulation was first introduced to finance
in Boyle (1977). Since that time, simulation has been suc-
cessfully applied to a wide range of asset pricing problems
(Boyle et al. 1997). However, until recently the technique
has not been applied to the valuation of American-style
options. The major difficulty lies in the need to estimate
an optimal exercise policy, which is usually obtained via
a backward induction algorithm, whereas simulation is a
forward-based process. In the past decade, a number of
Monte Carlo simulation-based approaches have been pro-
posed to address the problem of pricing American-style
options. For an overview of the approaches, see Broadie
and Glasserman (1997b) or Fu et al. (2001). Of the work
surveyed there, only Grant et al. (1997) address specif-
ically the pricing of American-Asian options. Their pro-
cedure mimics the backward induction solution method
of stochastic dynamic programming. At every exercis-
able date, the optimal threshold parameters are estimated
by testing all possible values from a preselected finite
parameter grid. The algorithms proposed by Broadie and
Glasserman (1997a, 1997c) are based on simulated paths
and lead to biased high estimators and biased low estima-
tors that converge to the true value in the appropriate limit.
Unfortunately, since there is no proper transition probability
density function for American-Asian options, the stochastic
mesh method (Broadie and Glasserman 1997c) does not
appear applicable to American-Asian options. Although
one can extend the simulated tree method (Broadie and
Glasserman 1997a) to American-Asian options, a large
number of simulated trees need to be generated in order to
get an accurate option value, which is impractical from the
perspective of computation costs.

Over the last decade, there has been a lot of research on
simulation-based approximate dynamic programming (see
Bertsekas and Tsitsiklis 1995). Recently, Longstaff and
Schwartz (2001) and Tsitsiklis and Van Roy (2001) applied
this approach to the pricing of American-style options by
approximating the holding value function at each time step
using a linear combination of basis functions fitted to the
simulated data via least square regression. In particular,
Longstaff and Schwartz (2001) demonstrate the efficiency
of their least square approach through several numerical
examples, and Tsitsiklis and Van Roy (2001) rigorously
establish the general convergence properties of the method.

An alternative to approximating the value function is to
approximate the exercise boundary, i.e., the boundary at
which the holding value equals the exercise value. How-
ever, in order for this approach to be effective, some knowl-
edge on the structure of the optimal policy is crucial, and
thus the theoretical results on the form of the policy are
exploited to this end. Our simulation-based approach to
value American-Asian options parameterizes the exercise
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boundary and maximizes the expected discounted payoff
with respect to the early exercise threshold parameters.
Similar ideas are also used in Fu and Hu (1995) to price
ordinary American call options. Once a parameterization
is assumed, the most difficult and challenging part of our
approach is to find a good gradient estimator for American-
Asian options, a task that is more complicated than that
for ordinary American options (Fu et al. 2000). We derive
the gradients with respect to associated parameters via
perturbation analysis (PA)(Ho and Cao 1991, Glasserman
1991, Fu and Hu 1997), a sample path method for gra-
dient estimation. Then we incorporate the PA estimators
into a stochastic approximation algorithm to estimate the
optimal threshold parameters, and consequently obtain an
estimate for the option price. Using examples from Grant
et al. (1997), we compare our algorithm with their algo-
rithm and with the algorithm from Longstaff and Schwartz
(2001), and find that our approach is quite competive, if
not superior, for the testbed of problems considered.

In sum, our work contributes to the research stream on
pricing American-Asian options in significant ways:

e We provide rigorous proofs establishing various struc-
tural properties of the optimal exercise policy (in a
Markovian setting more general than geometric Brownian
motion).

e We derive gradient estimators for the option payoff
with respect to model parameters.

e By exploiting the structural properties, we apply the
gradient estimates to a parameterized exercise boundary
in order to provide a computationally efficient simulation-
based pricing method.

During final preparation of the initial version of our
paper, we were made aware of related work by Ben Ameur
et al. (2002), who also develop a numerical method
for pricing American-Asian options based on dynamic
programming combined with finite-element piecewise-
polynomial approximation of the value function. Indepen-
dently from us, they also establish some similiar the-
oretical properties for the optimal exercise strategy for
American-style Asian options in the Black-Scholes set-
ting. Many of our results hold in a more general setting
than theirs, because our proof techniques differ from theirs,
in that the stopping times are carried out throughout our
proofs, whereas their proofs proceed by backward induc-
tion on time steps of the dynamic programming optimality
equation.

The rest of the paper is organized as follows. Section 2
introduces the problem setting. Section 3 describes the var-
ious structural properties for the optimal exercise policy.
All proofs of the results can be found in the Appendix.
The perturbation analysis estimators are presented in §4,
with the detailed derivations in the Appendix. In §5, we
parameterize the exercise boundary, simplify the estimators
derived in the previous section, and provide the simulation-
based valuation algorithm, which is tested on some numer-
ical examples in §6. Section 7 contains concluding remarks.
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2. PROBLEM SETTING

We begin by introducing the following notation to be used
throughout:

S, = asset price at time 7,

r = annualized riskless interest rate
(compounded continuously),

o = volatility of the underlying asset,

K = strike price of the option contract,

T = expiration date of the option contract.

For ease of exposition, r, o, and K will be assumed
constant. If r or o is stochastic, it can also be easily incor-
porated into our context. Without loss of generality, we
designate the present time as time 0.

We consider a discrete arithmetic American-Asian
option, where the averaging starts at time ¢, and A¢ is the
equally-spaced interval between the averaging dates. Let N
be the number of price average dates if held to expiration
T (so T =ty,+ (N —1)Ar), and (< N) be the number of
early exercisable dates for the American-Asian option (see
Figure 1), denoted as #;,i =1, 2, ..., . For notational con-
venience we also denote T' =1, . Define 5/ as the set of
all average dates and % as the set of all exercisable dates,
ie., s = {1y, ty+At, 1g+2At,... ,ty+ (N —2)Az, T} and
€={t,,i=1,2,...,m+1}. Note that € C f. If € = o,
then the option can be exercised at any price averaging
date. For any ¢ € 3, define n, as the number of averaging
dates up to and including time .

Let {S,} denote the asset price process, which we assume
throughout to be Markovian. We define the stopping time to
be a random variable 7 that takes values in € such that each
event of the form {7 =1}, t € € is an element of the algebra
7,, the filtration generated by the relevant price processes
up to time ¢ in the economy. Write ¢(x) = (x — K)™ £
max(x — K, 0). Then the immediate exercise value of the
American-Asian call option at time 7 € € is given by (S,),
where S, is the average price up to and including time
t, 1.e.,

ra Sto+Sto+At+"'+St
S = .

n,

We assume that the financial market is arbitrage free, so
that by the fundamental theorem in asset pricing (e.g.,
Harrison and Pliska 1981), there exists an equivalent risk-
neutral pricing measure Q such that ¢S, is a martin-
gale under measure Q. Since the stock price process {S,}
is Markovian, the future stock price path {S,},., only

Figure 1. Averaging and exercise dates for the discrete
American-Asian option.
7+ 1 exercisable dates in £
0 to to+ Al Bt A ALy e e t, - T
f

[ - f 1 o t
t N price average dates in A t
averaging starts expiration

depends on the current stock price S,. Arbitrage-free valu-
ation theory implies that the value of the American-Asian
call option at time ¢ € € is given by taking the supremum
over all stopping times 7 > ¢ of the expected discounted
payoff of the option under risk-neutral pricing measure Q:

sup E<e " 0y(S,)S;. 5,]. (1)
T2t

Throughout, all expectations will be taken under the Q
measure, so for ease of notation, the superscript Q will be
omitted.

3. STRUCTURE OF THE OPTIMAL
EXERCISE POLICY

In this section, we characterize the structure of the optimal
exercise policy for the American-Asian call option. Analo-
gous ideas can be used for a discussion of the American-
Asian put option. Specifically, we first show that the
optimal exercise strategy is a threshold policy, i.e., the
option should be exercised as soon as the average asset
price reaches a characterized threshold, which can be
written as a function of the asset price at that time. Then
we try to explore further the properties of the threshold,
i.e., the shape of the exercise boundary.

Note that at each exercisable time ¢ € €, the option
holder must choose whether to exercise immediately or to
continue the life of the option and revisit the exercise deci-
sion at the next exercisable date. The payoff upon imme-
diate exercise at time ¢ with average asset price S, is given
by #(S,). We introduce the notation c(x,y,) to denote
the continuation value of the option, i.e., the value of the
option conditional on the option not being exercised at or
prior to time 7, with current average asset price S, = x and
current asset price S, =y. Then we have

c(x,y,1) = supE[e_"(T_’>¢(§T)|§, =x,8, = y],
T>1

where the supremum is taken over all stopping times
T > t, instead of 7 > ¢. Since the value of an American
option at any time is the maximum of the payoff upon
immediate exercise and the continuation value, one may
also write the option value at time ¢, given by (1), as
max(c(S,, S,,1),¥(S,)). Since the option holder exercises
as soon as the immediate exercise value is greater than or
equal to the value of continuation, the exercise region at
exercise point t € €, denoted as R*, can be characterized by

R (1) ={(x, ) : e(x, 3, 1) <P (x)}.

The threshold policy is based on the following observa-
tion: For the same current asset price, a higher current run-
ning average will have a higher continuation value, but the
difference in continuation value is not greater than that in
the current running average.

LEmMMA 1. For any x,y,€ > 0,t € €, we have

0<c(x+ey,t)—c(x,y, 1) <e.



REMARK 1. It is easy to infer from Lemma 1 that for any
fixed y and t € €, (-, y, t) as a function of its first variable
is nondecreasing and uniformly continuous.

THEOREM 1. The optimal exercise policy is a threshold
policy, i.e., there is a function F}(-) at time t € € such that
it is optimal to exercise the option whenever S, > F*(S,) >
K, where

Fi(y) =inf{x:c(x, y, 1) < (x)}.

By establishing the existence of a threshold policy, exer-
cise decisions are completely determined by the function
F(s),s € (0,400) at each early exercisable date r = ;.
The remainder of the results in this section characterize
the shape of this function, which will be useful in formu-
lating an effective parameterization for developing numer-
ical pricing algorithms. The first result establishes that the
boundary goes off to positive infinity with increasing values
of the current stock price.

THEOREM 2. For any t € €(t # T), F(-) is unbounded,
ie, if y— oo, then F;(y) — oo.

The next result establishes the monotonicity of the
boundary. In order to show this, we need to make a mild
assumption on the model of the underlying asset.

ASSUMPTION 1. If y, > y,, then c(x,y,,t) = c(x, y,, t) for
allt € €.

Intuitively, Assumption 1 implies that for the same cur-
rent running average at any fixed time, a higher current
asset price cannot lead to a lower call option value. One
can see that most of the models in practice satisfy the assu-
mption.

DEFINITION 1. An asset price model is multiplicative if it
can be represented by the form

Sy = STXt,l‘/

for any ¢ > t, where X, (> 0) is a random variable inde-
pendent of all {S,, u < ¢} and only a function of quantities
defined on [z, 1].

Intuitively, if the price of the stock at time ¢ doubles,
then the stock price at time ¢ would double. For example,
geometric Brownian motion falls into this category:

S[, — Ste(r—02/2)(t’—t)+0vt’—IZ, (2)

where Z is a N(0, 1) random variable. The general jump
diffusion model (Merton 1976) is also multiplicative:

S, =S, e(r—zﬂ/2)(1'—r)+m/ﬂ—tzo+z,.”§(”)(az,.—az/z), 3)
where Z; ~ N(0, 1) iid, ¢g(z) ~ Poisson(At) with A being
the jump arrival rate, and the jump sizes are i.i.d. log-
normally distributed LN (uw;, 0?), with w; = —8%/2 and
0, =6(6 >0).
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DEFINITION 2. An asset price model is additive if it can be
represented by the form

St' = St +Yt, I

for any 7 > ¢, where Y, ;/ is a random variable independent
of all {S,, u <t} and only a function of quantities defined
on [z,7]. Note that ¥, , is allowed to be negative (so our
model could also handle negative stock prices).

It is easy to check that both multiplicative and additive
models—which include a very general set of stochastic pro-
cesses with stationary independent increments called Lévy
processes—will satisfy Assumption 1. For example, con-
sider the multiplicative model. For any stopping time 7 > t,
we have

E[e0(S, = K)*[S, = x. 5, = y))]

= E|:e_r(7_t) (((n;X +y (Xt, +ar Xf, t+A’X’+A” 1+241
+
+- X[, AT XT—At,T))/nT) - K)
> F |:e_r(7_t) (((n,x +» (Xt, t+ar T Xt» I+AfX’+A” 14201

+
+eeet Xt, AT XT—At,T))/nT) - K) :I
=E[e”" (S, = K)*|S, = x, 5, =y,

where the inequality follows from y, > y, and the fact that
at > bt if a > b. Taking the supremum with respect to
all stopping times 7 > ¢ yields the result of Assumption 1.
Note that the same proof goes through for the additive
model.

Actually, the class of asset price models that satisfy
Assumption 1 extend far beyond just the multiplicative
and additive models illustrated here. Bergman et al. (1996)
demonstrate that as long as a certain no-crossing property
holds, the price of a call option is nondecreasing in the
underlying asset price. For example, they show that all the
one-dimensional diffusion processes,

ds,=a(S,, t)dt+0o(S,,1)S,dW,,

where the instantaneous volatility o (-) can be a function of
the concurrent asset price, satisfy the no-crossing property.
Note that the processes are generally not multiplicative. The
Constant Elasticity of Variance (CEV) (Cox and Ross 1976)
and the local volatility model (Dupire 1994, Derman and
Kani 1994), two of the most widespread models among
practioners, fall into this category.

Under Assumption 1, the monotonicity result states that
the exercise boundary is increasing (in the nonstrict sense)
as a function of the current asset price.

THEOREM 3. If Assumption 1 holds, F(-) is nonde-
creasing.
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Lastly, we are able to establish convexity of the exercise
boundary under a further restriction from Assumption 1,
satisfied by, for example, the geometric Brownian motion
model (2).

THEOREM 4. If the asset price model is multiplicative or
additive, then F}(-) is convex.

4. PERTURBATION ANALYSIS ESTIMATORS

4.1. Motivation

Armed with knowledge on the structure of the optimal
policy, we now try to price the American-Asian options by
parameterizing the early exercise boundary and then formu-
lating the optimal stopping problem as the following opti-
mization problem:

rgl:g(E[L/’(H, )], 4)

where 6 € ® C R? is the p-dimensional vector of interest,
e.g., the parameters of the early exercise boundary to be
estimated, £ (0, w) is the (sample) discounted payoff of an
American-Asian option, ® a compact set in R”, and w an
element in the probability space of interest, e.g., a sample
path in simulation. We will apply stochastic approximation
(e.g., Kushner and Yin 1997) to the above optimization
problem. Basically, we attempt to find the solution to (4) by
mimicking steepest-decent algorithms from the determin-
istic domain of nonlinear programming using the following
iterative search scheme:

0n+1 = H@(On + angn)’ (5)

where 0, = ((0,);, ..., (,),) represents the nth iterate, g,
represents an estimate of the gradient of E[<£] with respect
to the parameter vector 6 at 6,, {a,} is a positive sequence
of numbers converging to 0, and Il denotes a projection
on O. In order to implement the algorithm, the key fea-
ture is the availability of a gradient estimate, which could
either be a direct estimate or a finite difference estimate.
However, a direct estimate generally will provide a supe-
rior convergence rate. Next, we derive such a direct gra-
dient estimator via perturbation analysis (PA) (Ho and Cao
1991, Glasserman 1991, Fu and Hu 1997).

4.2. Derivation

In §3, we established that the optimal policy follows a
threshold policy, i.e., at any time ¢ € €, the option holder
exercises the option whenever S, > F¥(S,). We will let F,(-)
denote an approximate form of F;*(-). For ease of notation,
for the rest of the paper we write F,(-) £ F,(-) and n, = n,
for t; € ‘€. Therefore, the value of the American-Asian call
option can be written as (4), with the sample performance
< given by

n -1 _ _ )
<= Zl{ﬂ St/- < Fj(Sr_/)’ St[ 2 Fi(St,-)}(St, _K)eﬂti

i=1 =1

+1{rn]§,j < Fj(S,j)}(KT_KﬁerT, ©)

where 1{-} denotes the indicator function. Expression (6)
simply represents the discounted option payoff as a sum of
payoffs at each exercisable date, where exercise can occur
at most once over the life of the contract.

In order to derive the PA estimators, we assume that F,(+)
is convex for any t € €. As demonstrated in the previous
section, convexity holds for a large class of stock price
models, including geometric Brownian motion. In fact, we
can also use the ideas presented here to derive the PA esti-
mators for the case where F,(-) is concave. Note that

First, we need the following result in order to derive the
PA estimator.

LEMMA 2. If F;(-) is convex, assuming that Ei_m = 7 fixed
and

{ (i —=Dz+y
y: ——=
n.

1

> F,-(y>} 4o, ™)

then we can always find L,(-) and U,(-) such that

n,—1)z+
(n# > Fi(y) <= L.(z) <y < Ui(2),

where L; and U; may take on the values 0, and +oo,
respectively, with the subscript notation x_ and x_ denoting
the corresponding respective left-hand and right-hand
limits.

REMARK 2. In Lemma 2, we assume (7) holds. Actually,
if it is empty, we may choose L;(z) = U,(z) = constant. It
will not affect our derivation of the PA estimator, since the
integral on any set with measure zero is zero.

Now we will derive the PA estimator. Since {S,} is
Markovian, we assume the asset price dynamics follow the
form

S, =h(Z; Sy, t,r,0)

for some random variable Z independent of the parameters
and initial stock price S,. In particular,

Siin = h(ZH—At; S, At,r,0)

for any t € ¢, with independent Z,, ,, ~ f, the appro-
priate probability density function. We also assume that &
is monotone in the first variable. Note that our derivation
could admit different forms of 4 and f for different ¢; how-
ever, for ease of exposition, we assume the same form for
all ¢. Also, for notational convenience, we will henceforth
omit explicit dependence on r and o in the display of func-
tion A. For the geometric Brownian motion model (2), % is
given by

h(Z; S, l) — Se(rﬂrz/z)hto—\ﬁz, (8)

where Z is a standard N (0, 1) random variable with density
function f(x) = J;z?e—xl/z'



Our goal is to find an estimate for %, where 6 can
be any parameter of the model, although our interest in the
next section focuses on parameters of the early exercise
boundary. The detailed derivation of the PA estimator for
n =2 is given in the Appendix. The extension of the PA

estimator to the general 1) case is given by the following:

il{ﬁi, < F.f(Sz,.)}

i=1 j=1

> ah_l(l‘i(ft[fm); St,-—At? At)
a0

X f(hil (Li(gt,-—m); S/,-—At’ At))
X I:EI:SP

CE((S, — K)e S,y 8, = L,-(E,.A,»]

i—1
m Stj < Fj(Stj)v StifAt’ Sr, = Li(St,»At)i|

Jj=1

_ ah_l(Ui(E[—m); St[—At’ At)
d0
X f(h_l(Ui(gt,-—At); St[—At’ At))

| ]

CE((S, — K)e (S, 8, = Ui@_m))] }

i—1
ﬂ Stj < Fj(Stj)’ Sti—AI’ St, = Ui(St,.—Ar)+:|

j=1

n i*l_ _
+X1{N3, < 76,5, 2 76}

i=1 j=1

P
x 8_0[(S'i _K)eirti]
+1{ﬁ§, <Fj(Srj)}%[(§T_K)+€_rT]. )

Although expression (9) for the estimator appears quite
complicated, the implementation is fairly straightforward
once the L,;(-) and U;(-) functions defined in Lemma 2 are
known, as we see in the next section. The terms involving
d/06 and f(-) are all readily available on the original sim-
ulated sample path, whereas the conditional expectation
quantities require evaluating the expected payoff on paths
generated by special starting conditions.

5. PARAMETERIZATION OF EARLY
EXERCISE BOUNDARY

In order to develop a numerical pricing algorithm, we con-
sider the PA estimator specifically applied to parameters
of the early exercise boundary. There are many ways to
parameterize the exercise boundary. Here we consider a
linear approximation of the exercise boundary, as in Grant
et al. (1997). For other forms of the exercise boundary, sim-
ilar ideas could be followed to simplify the PA estimators

Wu aNnp Fu / 57

Figure 2. Early exercise boundary for the Asian option.
St
exercise
Si
/
/
/

Uy /
0 i Sy

derived in §4. For the call option considered, the exercise
region is taken as follows (see Figure 2):

{(S,>s;and S, > S, + v}, (10)

i.e., we approximate the exercise boundary at #; by a piece-
wise linear function:

s; if y<s, —v,,
Fi(y)= { (11)

y+v, ify>s—uv,

where s;, v; are parameters to be estimated such that they

maximize the expected payoff of the option. Now we will
proceed to find L,(-) and U,(-) from the exercise condition

S, = Fi(S,). First, we rewrite the exercise condition that
compares S, with F (S, ) defined by (11) as follows:

(i) If S, <s;—v, then S, > n;s;, — (n,—1)S, . ie.,
n;s; — (n; — 1)§,i,A, S, Ss;—v
(i) If S, >s; —v;, then §, <

n;v,
Sr[ < SrifAt o

n—1"°

Therefore, the option is exercised at time ¢, if and only if

-
= nv; -
S —ar— w16 8= <

ns;—(n;—1)S, _n < S, < s;—v; or
r n;v;
s —v; < S,i < S,‘_,A, — .
n,—1

Note that:
() I S,_5 > s, + 7=, then we have n;s; — (n, — 1)

ni—17°
n;v;

So the above exercise con-

Sti—A[ <§5—U < ST,-—A[ T on-1

dition can be simplified as n;s; — (n; — I)Ez,—m <S§, <

n;v;

S;—ar— 5= In this case, L; and U; can be taken as

Li(gti—At) =n;s;—(n; — I)Ei—m and
n;v;
-1

Ui(St,»fAt) = St,-fAt -
i
(ii) Conversely, if E/_,A, < s+ 5, then ngs; — (n; — 1)
Ei,m =5 —v > E,j,m - ’Z’f"]. In this case, the option can
be exercised if and only if 5, =s; —v;. This is a trivial case,
where L; and U, can be simply chosen as L,(-) = U,(:) =
§; — ;.
Note that in the second case, those terms in the PA
estimator (9) that are directly related to L;(-) and U,(-)
cancel each other. Furthermore, as indicated in the proof
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of Lemma 2, it is necessary that L;(-) > 0, . Therefore, the
PA estimator (9) with respect to the threshold parameter
(6 can be s; or v;) can be simplified to

n i-1 _ v,
Zl{mstj < Fj(S/,v)’Sz,-—At > Si+—}

=1 L=l n—1

5 O (Ly(S, _a)s S, _ass At
X {1{Li(5f,-m) > 0} (Li(S, aAé) ,—Ar A)

X f(h_l(Li(E[—At); Sr[—At’ At))

[i-1_ — —_
X [E[g ﬂ Sf/ < Fj(Stj)’ S[’.—At’ Sti = Li(Sti—AT)—]

j=1

8h71 (U,«(E’__A[); St,-—At’ At)
a0

—(s; _K)ern} —

X FO U, 03,00 D))
i—1
m S, < F'(Sx )’ Si_ar Sy, = Ut(St *Af)Jr
b J J i i i

[elin

_ v, it
— (S;,At I K>e r[’j| }’
where Li(ii,m) = n;s; —

(n; — I)Sri—Ar and Ui(St,-fAt) =
S —ar— )zi"f"l. The last two terms in (9) are zero, because
the underlying asset price process is independent of the
threshold parameters.
In particular, for the geometric Brownian Motion model
(8), the inverse of & is given by

h='(y; S, 1) = (In(y/S) = (r—a?/2)1) /(o V1),
so we have

ahil(Li(Er,‘—At); Sti—Ara At) _ n
as

i

3h71 (l]i(fri—At); Sti—At’ At) _ O

s

ds;
ah_l(Li(fti—Ar); St,-—At’ At) -0
A, o
ah_l(Ui(E[*At); St,—At’ Ar) _ n;
dv; o At(nv; — (n; — I)E,—At) .

The PA estimator with respect to s; is given by

i—1
_ B .
1{ﬂ S, <Fy(S,). 8, a > s+ n_}

j=1 i

X {l{nisi > (n;— 1)Szﬁm}
n_ef((ln((n,-s,‘7(n,»71)E’,A,)/S,’.,A,)7(r70'2/2)At)/(0'\/E))2/2
1

oN2mwAt(n;s; — (n; — l)gti—At)
i-1

m §t, < Fj(S/J)’ Ei—At’

j=l1

X

| [

i ov Ar(n;s; — (n; — 1)§rfm) ’

Sr,- = (n;5; — (n; — I)En—m)—:| — (5= K)erti:| },
and that with respect to v; becomes

-1 _ v,
I{D Slj < F/-(S,/), Sl;—Al > Si+ ﬁ}

{ o WO =S =) /(i =)y, A )= (r=0 /A0 (/B0 /2
i
X

oV 2w At (nv; — (n; — l)ii_M)

-1 _ . nv,
X |:E|:§£|ﬂ5,j < Fj(Srj)’ Sri—Aw Sr; = <Sti—At - > :|
Jj=1 +

ra V; —rt;
=\ Si-a— —K e |t
n,—1

Thus, the PA estimators for the derivative w.r.t. parame-
ters at the ith early exercise date have three types of terms:
An indicator function which is based on whether or not the
average stock price exceeds a certain level at every exercise
date up to the ith, a density “rate” quantity which involves
the stock price and the average stock price one averaging
date (At) prior to the ith early exercise date and a number
of model parameters, and the difference of two discounted
expected payoffs at the ith early exercise date—one with
the average stock price just below a certain level (e.g., s;
in the estimator w.r.t. s;) and the other with the stock price
just above the same level. The latter payoff is simply the
(discounted) immediate exercise value, and is thus available
on the simulated sample path, but the former payoff is a
continuation value and requires some additional simulation
to estimate.

6. NUMERICAL RESULTS

We now report numerical results on pricing American-
Asian options by incorporating the perturbation anal-
ysis estimators into a stochastic approximation algorithm
according to (5). We consider examples from Grant et al.
(1997), using the following settings: initial stock price
S, = 100, strike price K =90, 95, 100, 105, 110, expiration
date T = 120 days, interest rate r = 0.09, and volatility
o = 0.20,0.30. Averaging starts at day ¢, = 91, and the
averaging interval is one day, i.e., At = % The earliest
time ¢, for exercise is the end of day 105. In other words,
the average includes at least 15 observations of the asset
price. We consider three values for the number of early
exercise opportunities: 7 = 1,3, and 5. For the step-size
sequence, we choose the harmonic series, i.e., a, = a/n
with a = 50, and decrease the step size only if the gra-
dient direction has changed from the previous iteration,
i.e., the inner product of the current and previous gradient
directions is negative. The starting values are s; = K and
v,=0,fori=1,2,...,n, with constraint condition s; > K
(v; unconstrained) and the projection operator defined by
simply taking s, = K for any violated constraints. We take
observation lengths of 50 for n =3 and 5 and 40 for n =1,
where the observation length is the number of paths of the
asset price generated for the gradient estimation in each
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Table 1. o=0.2,r=0.09, S, = 100. CPU seconds are for computing the threshold parameters only.
t; =105, 120 t; =105, 110, 115, 120 t;=105,108,...,120
Price Std. Error CpPU Price Std. Error CPU Price Std. Error CPU
K =90
PASA 13.091 0.007 0.12 13.179 0.007 0.17 13.197 0.007 0.18
DP 13.078 0.007 0.15 13.169 0.007 0.22 13.189 0.007 0.32
DIFF 0.013 0.010 0.008
K =095
PASA 9.019 0.006 0.11 9.108 0.006 0.17 9.123 0.006 0.18
DP 9.021 0.006 0.15 9.101 0.006 0.21 9.122 0.006 0.33
DIFF —0.002 0.007 0.001
K =100
PASA 5.707 0.005 0.10 5.772 0.005 0.13 5.788 0.005 0.15
DP 5.702 0.005 0.15 5.768 0.005 0.22 5.786 0.005 0.32
DIFF 0.005 0.004 0.002
K =105
PASA 3.287 0.004 0.07 3.329 0.004 0.10 3.338 0.004 0.12
DP 3.280 0.004 0.15 3.329 0.004 0.22 3.337 0.004 0.33
DIFF 0.007 0.000 0.001
K=110
PASA 1.720 0.003 0.06 1.748 0.003 0.08 1.747 0.003 0.10
DP 1.716 0.003 0.15 1.745 0.003 0.22 1.751 0.003 0.32
DIFF 0.004 0.003 —0.004

iteration. For each price path, we use 10 replications to esti-
mate the conditional expectation portions in the PA estimators.

First, we compare our results with the simulation algo-
rithm of Grant et al. (1997), taking their recommended
parameter settings in implementing their algorithm. In both
our and their procedures, option valuation is formulated
as a maximization problem with respect to the associ-
ated threshold parameters. Therefore, comparison of the

algorithms is carried out by estimating the expected dis-
counted payoff at the parameter settings obtained by the
corresponding algorithm, where a higher estimate of the
option price implies superior performance. To make the
comparisons more precise, we run 2,000,000 simulations
after the parameter settings are obtained for each algo-
rithm, in order to accurately estimate the expected option
payoff. The results are provided in Tables 1 and 2, where all

Table 2. 0 =0.3,r=0.09, S, = 100. CPU seconds are for computing the threshold parameters only.
t; =105, 120 t; =105,110, 115, 120 t; =105,108,...,120
Price Std. Error CPU Price Std. Error CPU Price Std. Error CPU
K =90
PASA 14.376 0.010 0.11 14.502 0.010 0.13 14.534 0.010 0.15
Dp 14.368 0.010 0.15 14.490 0.010 0.21 14.526 0.010 0.33
DIFF 0.008 0.012 0.008
K =095
PASA 10.815 0.009 0.09 10.913 0.009 0.14 10.944 0.009 0.16
Dp 10.797 0.009 0.14 10.911 0.009 0.20 10.942 0.009 0.33
DIFF 0.018 0.002 0.002
K =100
PASA 7.820 0.008 0.08 7.920 0.008 0.11 7.933 0.008 0.12
DP 7.814 0.008 0.15 7.916 0.008 0.21 7.935 0.008 0.32
DIFF 0.006 0.004 —0.002
K =105
PASA 5.450 0.007 0.07 5.526 0.007 0.09 5.544 0.007 0.10
Dp 5.447 0.007 0.15 5.526 0.007 0.21 5.538 0.007 0.32
DIFF 0.003 0.000 0.006
K =110
PASA 3.665 0.006 0.06 3.723 0.006 0.07 3.730 0.006 0.09
DP 3.661 0.006 0.15 3.725 0.006 0.20 3.738 0.006 0.31
DIFF 0.004 —0.002 —0.008
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standard errors—indicated in the table column “StdErr”—
are no more than one cent. The results for the stochastic
approximation method based on the perturbation analysis
estimators are indicated by “PASA” and those based on the
(simulation-based) dynamic programming of Grant et al.
(1997) by “DP,” with “DIFF” the difference in the option
prices. CPU times indicated are for approximating the
threshold parameters only, since the final price estima-
tion requires the same computational burden for both algo-
rithms. All cases are run on the same platform: a Sun Ultra
60 Unix workstation.

We find that the stochastic approximation algorithm
based on the perturbation analysis estimators converges
very quickly. With just ten iterations for each case to com-
pute the associated parameters, we obtain rapid conver-
gence. In most cases, the data in the row of DIFF are
positive, which means that the option values based on our
method are higher than those based on Grant et al. (1997),
i.e., our approach outperforms theirs. Furthermore, we use
less CPU time to compute the associated threshold levels.
In the five early exercise opportunity case, PASA typically
needs about 0.15 seconds, while DP needs about 0.32 sec-
onds. Figures 3 and 4 provide a typical graphical com-
parison of the two approaches for the case o0 =0.2, K =
100. In these examples, PASA finds better early exercise
boundaries with less computational cost, indicating that our
simulation-based approach is very promising.

We also compare our approach with the least squares
(LS) simulation algorithm of Longstaff and Schwartz
(2001) (cf., Tsitsiklis and Van Roy 2001) using the same
testbed. We do 20,000 simulations for each approach. For
the LS algorithm, all polynomial terms on the current
asset price and the running average, up to third order,
are used as basis functions. Thus, we use a total of ten
basis functions in the regressions. The results are reported
in Tables 3 and 4, where “LS” indicates the LS algo-
rithm. Again, both approaches provide lower bounds for
the option value (subject to statistical error). Most of the
option values obtained from LS are smaller than those from

Figure 3. Comparison of option value for two methods.

5.85

5.8 - : T - - =

Option price
o
Y]
o
T

L L ' 1
1 2 3 L 5
Number of exercise opportunities

5.65 L
0

@

Figure 4. Comparison of CPU time for two methods.
0.4
0.35 - b
8
% o3| -
g
% 0.25- e
_:é_:’ 0.2 _
£
5015 4
g o1l 1
>
&
0.05[- - : : - - B
o ‘ ; ; . ‘
[ 1 3 4 5 6

Number of exercise opportunities

PASA, although the differences are mostly within one stan-
dard error. Since CPU times for PASA are smaller than
those for LS, our approach is at least competitive with,
if not superior to, the approximate dynamic programming
approach for this small testbed.

7. CONCLUSION

Our work has illustrated the practical benefits of interplay
between theoretical analysis and computational implemen-
tation. First, we rigorously established various structural
properties of optimal exercise policies for American-Asian
options. These properties provide a basis for characterizing
the form of the exercise boundary at each potential exer-
cise point, so that by parameterizing the exercise boundary,
the option valuation can be cast as a parameterized opti-
mization problem. By deriving stochastic gradient estima-
tors, we provide an efficient simulation-based algorithm
for pricing these types of options. This algorithm can be
used in settings for which Monte Carlo simulation becomes
the preferred numerical technique, e.g., problems involving
multiple stochastic processes such as interest rates and
volatilities. Furthermore, the results hold for a broad class
of underlying Markovian asset price models, that of Lévy
processes (generated by independent increments) and gen-
eral one-dimensional diffusion processes. Future directions
include more general optimal stopping problems that fre-
quently occur in financial engineering.

APPENDIX

ProOF OF LEMMA 1. For any stopping time 7 > ¢, we have

Stzy]

E[e (S, ~K)"[S,=x.5,=y]

=E|:e—r(7—t) (H,X+S,+A,+- - +S: —K)+
n

T
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Table 3. o=0.2,r=0.09, S, = 100. CPU seconds include time for computing the option value.

t; =105, 120 t; =105,110, 115, 120 t; =105,108,...,120
Price Std. Error CPU Price Std. Error CPU Price Std. Error CPU
K =90
PASA 13.085 0.068 0.89 13.188 0.069 0.93 13.200 0.069 0.94
LS 13.057 0.069 1.21 13.147 0.069 1.50 13.167 0.069 1.81
DIFF 0.028 0.041 0.033
K =95
PASA 8.989 0.062 0.93 9.092 0.063 0.95 9.113 0.062 0.98
LS 9.001 0.062 1.15 9.076 0.062 1.40 9.094 0.062 1.63
DIFF —0.002 0.016 0.019
K =100
PASA 5.744 0.053 0.94 5.740 0.052 0.97 5.792 0.053 0.99
LS 5.685 0.052 1.11 5.744 0.053 1.31 5.756 0.053 1.49
DIFF 0.059 —0.004 0.036
K =105
PASA 3.248 0.041 0.97 3.315 0.041 0.97 3.378 0.041 1.00
LS 3.272 0.041 1.09 3.312 0.041 1.23 3.322 0.041 1.35
DIFF —0.024 0.003 0.056
K=110
PASA 1.728 0.030 0.98 1.742 0.030 0.98 1.750 0.030 1.01
LS 1.712 0.030 1.06 1.736 0.030 1.15 1.743 0.030 1.24
DIFF 0.016 0.006 0.007

N

E|:e_’(7_’) <n,(x+e)+S,+A,+~~~+ST _K>+
n

s _yi| Conversely, for any stopping time 7 > ¢, we also have
=

T

E[e" ™S, ~K)'[S, = x+e.5, =]

_ E[e,<T,><nt(x+e)+S,+At+~-+ST _K>+

n

=E[e”""(S,—K)*|S,=x+€, S, =y]<c(x+e,y,1),

where we have used the fact that {S,} is a Markov process.

Taking the supremum over all stopping times 7 > t yields !

c(xy.1) < elxteny. 1), §=x+e&=y]

Table 4. o =0.3,r=0.09, S, = 100. CPU seconds include time for computing the option value.

t; =105, 120 t; =105,110, 115, 120 t; =105,108,...,120
Price Std. Error CPU Price Std. Error CPU Price Std. Error CPU
K =90
PASA 14.347 0.098 0.91 14.464 0.097 0.91 14.522 0.098 0.94
LS 14.341 0.097 1.18 14.462 0.097 1.45 14.489 0.097 1.71
DIFF 0.006 0.002 0.033
K =95
PASA 10.789 0.087 0.92 10.919 0.089 0.94 10.964 0.089 0.97
LS 10.769 0.088 1.13 10.873 0.089 1.36 10.897 0.089 1.58
DIFF 0.020 0.046 0.067
K =100
PASA 7.818 0.079 0.94 7.925 0.078 0.94 7.959 0.078 0.98
LS 7.794 0.078 1.11 7.876 0.079 1.31 7.896 0.079 1.50
DIFF 0.024 0.049 0.063
K =105
PASA 5.436 0.067 0.96 5.443 0.066 0.97 5.507 0.067 0.98
LS 5.434 0.067 1.09 5.500 0.067 1.24 5.516 0.067 1.39
DIFF 0.002 —0.057 —0.009
K=110
PASA 3.621 0.055 0.98 3.733 0.056 0.97 3.726 0.056 1.00
LS 3.654 0.056 1.08 3.702 0.056 1.19 3.714 0.056 1.28

DIFF —0.033 0.031 0.012
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+
_ EI:e"(T_[) <(§, —K)+ E)
n’T
< E|:e—r(7—t) ((S K)+ )
n’T

SE[e(S, —K)*|S, =x,5, =y]+e,

§t=xvst=yi|

S—xS—}

where the first inequality follows from (a+b)* <at+b
for any b > 0, and the second inequality results from
the fact that £ < 1 and so e™""")%% < e. Again, taking
the supremum “over all stopping t1mes T >t yields c(x +
€y, t)<clx,y,t)+e. O

ProOF OoF THEOREM 1. At expiration date 7', the option
will be exercised as long as S; > K, so the threshold policy
follows for the terminal case. Now we consider the case
t < T. For any fixed S, =y at time 7 € €(r # T), we can
always find a value x such that

c(x,y,1) S P(x).

To see this, first we note that for any time ¢ € € with ¢’ > ¢,
we have
E e—r(t/—t) St+At + St+2At +--+S S =y
nt/ !
1 —rAt —2rAt
< n,+ 1 E[e Sl+A[ te Sr+2Az
+...4e =]
1
= m(nﬂ —n,)y
< N — , 12
Ul (12)
where the first inequality follows from n, > n,+ 1 and

second inequality follows from the martingale property of
e™"'S,. Suppose t; is the next exercisable date after time 7.
For any stopping time T > ¢, we have

El:er(‘rt) SirartSipoat-+S; S, :yi|
n

T

— [ie—r(z’—t) Sz+At+St+2Ar+"'+Sr’I{th/} St:yi|
b n,
< XT: EI:E—T(t/—t) SipartSioat--+Sy Stzyi|
V=t ny
n—i+2
< (N—n,)y, (13)

n,+1

where the last inequality results from (12). We denote the
bound as C, £ H2(N — n,)y, which is independent of

stopping times 7 > t. Taking x > max(“2 K, (n,+1)C,),
for any stopping time 7 > ¢, we have

E[e (S, ~K)*[5,=x.5, =]

—E e—r(T—t) M_K +SI+AI+”'+ST "
n, n,

S,:yi|

coleren( () By
+

(n +1

+
n.x X
< . —-K =x—K= s
<m+1 ) NI ¥(x)

where the first inequality follows from (a+b)t <at+b
for any b > 0, the second inequality follows from (13)
and n, > n,+ 1, and the last line follows from the choice
of x. Taking the supremum over all stopping times leads
to c(x,y,1) < ¢(x), so that the set over which F;(y) is
defined is nonempty:

P(x)) # 2.

By definition of F;*(y), there exists a decreasing sequence
X, that approaches F}(S,) such that x, , > F(y) and
c(x, 1y, 1) < ¢P(x,,) for every k. By the continuity of
c(-,y,t) for the first variable (from Lemma 1) and ¢(-),
we know that

~k) ¢,

{x:c(x,y, 1)<

c(FF (), y, 1) <Y (F(¥)), (14)

i.e., the infimum is attainable and well defined. Therefore,
it suffices to show that

c(F()+ey.)—¢(F(y)+€) <0 (15)

for any € > 0, which means that it is optimal to exercise
the option at time ¢ if the asset price is S, =y and average
asset price is S, = F;"(y) + €. Using (14), we can write

c(Fr(y)+ey. 1) —¢(F (y)+e)
S(e(FF(y) +ey. 1) = (F(y)+e)
—(c(FF (), y. ) = (F ()
=(c(FF () +ey, 1) —c(F(y), . 1)
—(W(F; (y) +€) —¥(F ()
<e—(W(F (y)+€) = ¢¥(F (1)),

where the last line follows from Lemma 1. Since F;(y) > K,
(F(»)+e—K)"—(F/(y)—K)" =e€,
establishing (15) and concluding the proof. [

REMARK ON THEOREM 1. If we define 7 = inf{z : 2
F'(S)}AT (A denotes the minimum operator), then from
Theorem 1 we know that 7 is an optimal stopping time.
So the results from Theorem 1 imply the existence of an
optimal stopping time.

PRrOOF OF THEOREM 2. Suppose, on the contrary that F/*(-)
is bounded, i.e., there exists a constant J,, such that

F(y) <M



for all y. Then by (14),

c(FF (), 1) SY(F () = (F () —K)*

should also be bounded, so it suffices to show the contra-
diction that c¢(F/(y),y,t) — oo as y — oo. Suppose ¢; is
the next exercisable date after time ¢ and consider 7 =1, a
fixed stopping time. Then we have

c(F7(y).y.1)
> E[e—r(ti—t)(gti _K)+|§t =F,*(y), S, =y]

n;

i

267’”(11*[) (E[ntFt*(y)+St+Ar+"-+Sri
n

—K)+

o)
s,=y]_1<)+

* +
=i <w+i(e’m+. . .—i—e'(’f’))y—K) )
n, n,
(16)

where the second inequality follows from Jensen’s
inequality and the last equation results from the mar-
tingale property of e~ "'S,. It is easy to see that as
y — oo, the right-hand side of (16) goes to infinity, so
c(F(y),y,t) > o0. O

PrOOF OF THEOREM 3. Suppose on the contrary that the
opposite is true. Then there would exist a pair of prices y,
and y, with y, < y,, such that

Ft*(yl) > Fz*(yZ)

It follows from Theorem 1 that the option will not be exer-
cised at time 7 if the asset price is S, =y, and the average
asset price is S, = F/*(y,), i.e.,

t

c(FF (), v 1) > Y(F (%)) (17)
On the other hand, by the definition of F/*(-), we know that
Y(F](y,) Z c(F(¥2), y2: 1) (18)
Since y, > y,, by Assumption 1, we have

c(FF(v2) y2. 1) 2 ¢(F () 01 1). (19)

Combining (18) and (19) leads to a contradition
of (17). O

PrROOF OF THEOREM 4. We provide the detailed proof only
for the multiplicative case. The proof for the additive case
is essentially identical, with the additive relationship sub-
stituted in the appropriate places. For y, < y,, we will show
that

Fi(ay, +(1—a)y,) <af(y)+ (1 —a)F () (20)

for any « € (0,1). Write y = ay, + (1 — a)y,. By
Theorem 1 it suffices to show that

c(aFy(y)+ (1 =a)F (), y,1)
SY(aF () + (1 —a)F (1)), 20
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because (21) is the exercise condition for an option at time
¢ with asset price S, =y and average asset price S, =
aF}(y,)+ (1 —a)F/(y,), which by Theorem 1 is equiva-
lent to the condition S, = aF*(y,) + (1 —a)F*(y,) = F*(y).

Now let 7*(> t) be the optimal stopping time for the
state with average asset price S, = aF*(y,) + (1 —a)F*(y,)
and asset price S, =y at time ¢. Then we have

c(@F (y)+(1=a)F (), ,1)

=E[e ™0 (((n,(aF; (1) +(1 =) F{ (1)

+S,+A,+---+S,*)/n7*)—K)+|St=y]

= E[ e (((n,(@F; () +(1 - ) F} (3,))

"
+Y(Xt,t+m+' X 'Xr*—Ar,T*))/nT*) _K) ]

=E e_r(T*_r)[a(((nth*(yl)+yl (Xt,t+At+Xt,t+AtXt+At,t+2At
+oo X par s Xpe_ar ) /17) _K)
+(1 _a)(((ntFt*(yZ)+y2(Xt,t+At+Xt,t+AtXt+At,t+2At

et X, Xy ) /) —K)]']

+
<aE[e—r(r*—t)(”er*(yl)"'SHAr""“"'Sf* —K) ist:yl}
n_x«

pe

. F; Sivart+S, I
—I—(l—a)E|:e’(T ;)(”z F )+ St S, —K) i

n_«
Stzyz]

<asupE[e" " (S, —K)'[S,=F/(y),S,=y]

T>1

+(1—a)supE[e" (S, —K)*[S, = F (3). S, =]

T>1

— ac(F (3)). 3. )+ (1= a)e(F7 (1), 2. 1)
< (7 (3)+(1—a)p(F} (7)) (by definition of F;())
= a(F? (y)—K) "+ (1=a) (F7 ()~ K)*

—aF} (y)+(1-@)F}(y;)~K (since F/()>K)
— Y (aF; () + (- @)F (1),

where the first inequality follows from (a+ b)* < a™ +
bt. O

ProOF OoF LEMMA 2. Note that F;(-) is nondecreasing, and

n,—1
v="

n; n;

is a straight line as a function of y with slope ni > 0. We
consider four possible cases:

(i) If the entire straight line is above the curve v = F(y),
we can have

Li(z)=0, and U(z)=+oe.
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Figure 5.  Determining L, and U;: Case (ii).

v(y)

(ii) If the straight line intersects with v = F;(y) at only
one point y,, but it is not tangent to the curve, then either

Li(z)=0, and U(z)=y
or

Li(z) =y
(see Figure 5). If the line is tangent to the curve, we have
Li(2) = Ui(z) = ».

(iii) If the equation

and U(z) =+

n,—1
ezt = F() (22)
n. n.

1 1

has two solutions y, and y, with y, < y,, by the convexity
of F;(-) (see Figure 6), we have
Li(z)=y and Uf(z)=y,.

(iv) If Equation (22) has more than two solutions, let
¥, and y, denote the smallest and largest solutions, respec-
tively, where y, could be 4-oco. Then, by the convexity of
F;, it is easy to show that (22) is satisfied Yy € (y,, ¥,)-

Thus, we may choose
Li(z) =y,

Derivation of PA Estimator for the m =2 Case. The
sample performance for the n =2 case is given by

and  Ui(z) = y,.

Z=1S, > F(S)}(S, —K)e™"
+1{S, < F(S,). S, > Fy(S,)}(S,, —K)e™™
+1{S, < F(S,), S, < Fy(S,)}(Sr—K)Te™™. (23)

Figure 6.  Determining L, and U;: Case (iii).

Recall that F,,i = 1,2, are used to characterize the
threshold levels and depend on some parameters of interest.
Furthermore, they are nondecreasing functions. Taking the
expectation of the first term of & given by (23), we have

E[1{S, > Fi(S,))(S, —K)Te™™]
hiI(Ul(E]—Az);le—Az’At)
_ E[ [
h*'(LI(S,],A,);S,I,A,,At)
<(I/l1 - I)E]—At + /’l(Z; Stl—An At) —K)

ny

X e”‘f(z)dz]. (24)

Note that here L,(-) and U,(-), which are defined in
Lemma 2, are dependent on the parameters of interest and

E, 2 F(S,) Ll(i,fm) <5, < Ul(gz,fm)-

Intuitively, this implies that the option will be exercised
at time ¢, if and only if the asset price at time #, does
not pull downward or upward the average asset price too
much. Specific derivation of L,(-) and U,(-) can be seen
more clearly from the example given in §5. Differentiating
(24) and assuming an interchange of differentiation and
expectation, we have

J < T —rty
EIL(S, > (5,6, —K)e "]

— EI:EI:ah_l(UI (E,;oj)’ Stl—An At)

x f(h™"(U, (Elfmﬁ S —ars At))(f,l —K)e ™

EI—AN Szl =U (EIAI)iH

_ E[E[ahl(Ll(FtlaAé)’ S[],A[, A[)

X f (™ Ly (S, 803 Sty —ars AD)(S, = K)e™™

E,—At? Stl =1L, (E,—At):|:|

_ 9 _ .
+E[105, 2 Ri(5,)) 35 (5, - K1)
For the second term of & given by (23), we have
E[1{S, < F\(S,). S, > Fy(S,)}(S,, —K)e™""]

00 BN (L1 (St —a0)3 Sty —ar A1)
“E (Ls +
(U (SII—AI);STI—AI’AZ) -

hil(UZ(glzfA[);slz—Al’At) —
XE(/,; ((((nl _1)Sr,—Ar

(L, (Ez—m);slz—m JAr)

+h(zl; Szl—An At) +e h(Zz; Stz—At’ At))

Jm) = K)e " (z)dz,

Stz—At ’ SQ—A[)

Xf(zl)dzli|’
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where L,(-) and U,(-) are defined as in Lemma 2. There- — Oh"(Uy(S, )i S, _a,» AL)
fore’ we have _E|:1{S[I < Fl(Stl)} 5] 89t 5] t
i _ _ . o
29 EUS, < Fi(S,). S, 2 Fa(S,)}(5,, = K)e™™] X f (™ (Us(S,, )3 Siyar AD))
= E[ahl (E1(S-a)i S 20 X E[(S;—K) e T[S, s S, = Uz(iz—m)]}
a0
(T - IR~ (Ly(S,,_a0)s Siy-ar Al
X f(h Ly (S, _a); Siy—ars AL)) +E[1{S,1<F1(S,l)} (Ly( ,2—;(;) —ars A)

X E[I{St2 = FZ(STZ)}(S[Z - K)e*V : Xf(h_l(Lz(EZ,A;); SzzfAz’ Al‘))E[(gT—K)+e_rT

S —an S, =Li(S, - -
1 —Ar> Pty 1( 1 At)]} |S[2A[9S[2:L2(SIZAI)]]

_E ‘?hil(Ul (El—At); Srl—Ar’ At) o o 9  _
o6 FE|US, <F(5,).5, <F(5,)) 35 (5, ~K)e )],
hYUS, )i S, _a,» At
xS _( i ['7&) t_' At ) Combining all these results, we obtain the PA estimator for
x E[1{S,, > F,(S,)}(S,, —K)e ™ n =2 case:
< —U(S O (L(S, _A): S, _a At _
Stl—AﬂSt] - UI(STI—AI)]1| ( l( ! At) 1 —Ar )f(h—l(Ll(Stl_At); SII_AI,At))

a0
O (Ly(S,,-a1): S1yar AD) X AE[ZIS, -5 Sy, = Ly (S, -a)-]
a0 — = _
. _ _E[(Stl _K)e tllstl—AnStl :Ll(Stl—At)]}
X f(h (LZ(SIZ—AI); Stz—At’ At)) ah,I(Ul (E R ) S R At)
_ ty—At)s Py —Ars

EzfAt? Stz = Lz(ftzm)i| i@
X f(hil(Ul(Stl—At); Srl—Ar’ At))
X {E[§€|§[l_m, S, =U (E,—AI)+]

- E[(El - K)eirtl |§t|—At’ Sll =U, (Et]fAt)]}
5h_1(L2(§tz—Af); Stz—Ar’ At)

—E[l{il <F(5,)

x (Ez —K)e™™

8h_l (Uz(frrm); Stz—At’ At)
a0

X f(hil (UZ(EZ—AI); Stz—At’ At))

+E[1{§,1 <F(5,)

+1{S,, < F(S,)}

X (Ez —K)e ™" gfrm’ S, = UZ(EZM)] a0
_ _ 9 _ X f(hil(Lz(Erm); S, —ars Al))
HE[1, < R85> RO G R s, <., 08, = 6,00
Similarly, for the third term of & given by (23), we have - E[(ft2 —K)e ™ |§trm7 S, = Lz(ftrm)]]

0h_1(U2(§,2_A,); SIZ—AI’ At)
. _ a0
dh="(L,(S 3 S, A AL _ =
=E[ Sl X (N (U5, -5,): S, AD)
X [E[%l?tl < Fl(St,)’ §12—At’ Stz = Uz(irmﬁ]

Xf(hil(Ll(Etl—At);Stl—At’At)) E[(§ K) _rt |§ S U (§ )]]
— p— - - e 2 —At> = —
X E[1(S, < Fy(S,)}(S;—K) e AT e

%E[l{il <F1(Sf|)’§tg <F2(St2)}(§T_K)+3_rT] +1{§n <F, (Stl)}

— J _
< - F1(5, > F(S, )15, —K)e ]
|St1—At’St1 =L1(St]—At)]i| n gt

_ _ 0
_ S v _ —rt
_E[ahl(Ul(Stl—At); S, —ar> A) FUS, <F(S,). S, > FZ(S”)}GH[(S’Z K)e ]

20
x f(h~'(U, (Elfmﬁ Si—ars Ar))
x E[1{S, <Fy(S,)}(S;—K)"e™"™ ENDNOTE

|§11—At’ Szl =U, (Erl—m)]}

— — 0 —
+1{St1 < Fl (Srl)’ Stz < FZ(SIZ)}%[(ST _K)+eirr]'

1. Here, as in much of the related literature we cite, we
take American-Asian options to mean Asian options with
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early exercise opportunities at discrete points in time (as
opposed to continuously exercisable).
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