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Optimization models with random data

min f(z,Y)
subject to g¢g(z,Y) <0,
zeD

f:R™x R°* — R objective function

D C R™ deterministic constraints (nonempty closed set)
Y - a random vector in R?

g . R™ x R® — R™ stochastic constraint function

Questions

e \What is a “better” value of the objective?

e What is a ‘feasible” solution?



Expected value model

min E[f(z,Y)] (optimization on average)
subject to E[g;(z,Y)] <0, +:=1,...,m (feasibility on average)
z €D

Probabilistic / chance constraints

P{g;(z,Y) <0} >p;, i=1,...,m (individual constraints)
P{g;(z,Y) <0 i=1,...,m}>p (joint constraints)

Penalty for violating the constraints

Penalty function @ : R™ — R4 non-decreasing and Q(t) =0 for ¢t <O

ngg ]E[f(za Y) + Q(gl(za Y)7 92(27 Y)7 R 79m(za Y))]

Example: Q(v) = X7 ¢j max(0,v;)



Risk Modeling

Random outcome (e.g., cost):
X (w) = f(z,w), f:Zx802—=R
(12, F, P) - probability space, Z - some vector space

Minimization of the expected value E[X;]
optimizes the outcome on average

Expected Utility Models (von Neumann and Morgenstern, 1944)

I;nelg E [u(Xz)] (= /u(f(z,w)> dP(w))
(2
uw:R — R is a (dis)utility function:
- non-decreasing for all rational decision makers
- convex for all risk-averse decision makers

Existence of utility functions derived from systems of axioms,
but they are very difficult to elicit in practice



Elementary Mean—Risk Models

Objective: Choose decision z to
- minimize the expected outcome, the mean E[X.],
- minimize a scalar measure of uncertainty of X,, the risk r[X.]

Examples of risk measures:

r1[X] = Var[X] (Markowitz’ model)
. 1

rolX] = (EI(X — Ex)%1)"* (semideviation)
. 1 —

r3(X] = min E[max (T(g —X), X — 5)] (deviation from quantile)

£

Optimization models
min E[X.] + xr[X:], 0 < k < Kmax
A=Y

Interesting application of parametric optimization

Note: Risk measures depend on the entire distribution,
r[X;] is nonlinear w.r.t. probability and possibly nonconvex in z.



Application to Portfolio Problems

Assets j =1,...,n with random returns R;.
Decision variables z;, 7 =1,...,n.
Portfolio return R(z) = ;?:1 ziR;.

Discrete distribution: returns r;; with probabilities p;.

Mean—Semideviation Model

max ER(z) — kE []ER(Z) — R(Z)L_

n
subject to ) z; =1, z>0.
J=1



Linear programming formulation

T

mzax n— K Z Pt U
t=1
subject to

mn
Z Z PtTjtzs — H
t= ]:
mn

Z — = up — vy

]:
mn
Y. zj=1, z>0.
=1
At the optimal solution wwwy =0, t=1,...

[
[

=

For k = O the solution is trivial:
invest all in the security with the highest expected return

Idea: Use a parametric simplex method to move from x =0 to x = 1 and
recover the entire efficient frontier.
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The efficient frontier for the mean-semideviation model (0 <k < 1)
in a portfolio problem with 719 securities and 3080 realizations.
Parametric optimization by Ruszczynski—Vanderbei (2003)



Consistency with Stochastic Ordering
(Ogryczak—Ruszczynski, 1997-)

(2, F, P) - probability space, X : 2 — R - random outcome
Stochastic order with generator % (set of real functions):

X1 g Xo iff E[U(Xl)] < E[U(XQ)] VueU

If 2 contains all nondecreasing functions - first order stochastic dominance
If 27 contains all convex nondecreasing functions - increasing convex order

Definition. A mean-risk model is consistent with stochastic order “<J"

if there exists kmax > 0 such that

X132 Xo = E[Xq] + kr[X1] < E[X2] + rr[X5]
for all 0 < k < Kmax
Popular risk measures consistent with the increasing convex order
(second order stochastic dominance):
- semideviation (kmax = 1)
- deviation from quantile (kmax = 1)

but not variance.

Optimal solutions of mean—risk optimization models cannot be dominated



General Theory of Risk Functionals

(£2, F) - measurable space
X - linear space of F-measurable functions X : 2 — R
Risk functional is a p : X — R satisfying the conditions:

(A1) Convexity:

p(aX14+(1—a)X5) < ap(X1)+(1—a)p(X>) for all X1,X> € X and « € [0, 1]

(A2) Monotonicity: If X1, Xo € X and X1(-) < X5(+), then p(Xq1) < p(X>5)

(A3) Translation Equivariance: If a € R and X € X, then p(X + a) =
p(X) +a

(A4) Positive homogeneity: If t > 0 and X € X, then p(tX) = tp(X)

Kijima-Ohnishi (1993), Artzner-Delbaen-Eber-Heath (1999),
Follmer-Schied (2002), Rockafellar-Uryasev-Zabarankin (2005)



Conjugate Duality of Risk Functionals

Pairing of a linear topological space X with a linear topological space Y
of regular (signed) measures on {2 :

(1, X) = [ X(w)du(w)

2

Theorem: If p: X — R is proper, lower semicontinuous®
and convex, then

p(X) = Zgﬁ{m,m M}, VX € X

with A := dom(p*) C V. Moreover:

(i) Monotonicity (A2) holds iff every measure u € A is nonnegative;
(ii) Translation equivariance (A3) holds iff u(£2) = 1 for every u € A;
(iii) Homogeneity (A4) holds iff p*(u) =0 for all u € A

Delbaen, Follmer—Schied (2002), Rockafellar—Uryasev—Zabarankin (2005),
Cheridito—Delbaen—Kupper (2005), Ruszczynski—Shapiro (2003)

*Lower semicontinuity follows from monotonicity if p is finite and X is a Banach lattice



Law-Invariant Risk Functionals

Definition: p: X — R is law invariant with respect to P, if

P[Xi <t]=P[Xo<t]forallte R = p(X1)=p(X>)
9
(X1~ X>2)

Definition: A law invariant risk functional p is consistent with stochastic
order “<", if X1 =XsXo = p(X1)<p(X2) VX1,Xo€edX.

Theorem: Suppose that the space 2 allows a continuous random variable.
If p is law invariant and convex, then it is consistent with the increasing
convex order iff it is monotone (in the sense of (A2)).

Idea of the proof: If X1 <,cx X2 then by Dentcheva—Ruszczynski (2004 )
X1 <Y € COI’]V{XQ : XQ % XQ}

As p is monotone, convex and law invariant, p(X1) < p(Y) < p(X5).



Optimization of Risk Functionals
Consider X, (w) = f(z,w), w € £2.

The composite optimization problem:

min p(Xz) (P)

Theorem: Let f(-,w) be convex for all w € 2 and let p : X — R satisfy
conditions (A1)—(A3). Suppose that a point zZ € Z is an optimal solution
of problem (P) and that p(-) is subdifferentiable at X;. Then there exists
a measure g € dp(Xz) such that z is an optimal solution of the problem

min {Ez[X:] - p*(3) } = min mayx {EulX:] = p* (1) ]

If X Banach, Y = &A™, X, |l.s.c, then duality:

min p(X.) = max inf {E,[X.] — po*
zelZ p(X2) ,uegézl'EZ{ plXz] —p (M)}



Risk Value of Perfect Information

Define the operation “inf” on the family {X; : z € Z} of elements of X as
the pointwise infimum:

UQEXZ}(“’) = i”f{f(Z»W) S Z}, w € .

Suppose that inf,.; X, € X.
We define the risk value of perfect information as

RVPL = Inf p(%:) = 1nf X:)

The expected value of perfect information with respect to measure u:

EVPI, ;.= inf E, (X.| — E,| inf X,].
o ez plXe] “Lez Z]

Theorem: Suppose that p(-) is lower semicontinuous and assumptions
(A1)—(A4) are satisfied. Let A C P be the convex set for which the dual
representation of p holds true. Then

inf EVPI, < RVPI, < sup EVPI
HEA g ’ = e g



Conditional Risk Mappings

Let 71 C F> be sigma algebras of subsets of a set (2, and A7 C X5 be linear
spaces of real valued functions on {2 measurable with respect to F7 and F».

Definition: A mapping p: A> — &7 is a conditional risk mapping
if the following properties hold:

(Al) Convexity: If a € [0,1] and X,Y € X5, then

p(aX + (1 - a)Y) < ap(X) + (1~ a)p(Y)
(A2) Monotonicity: If X <Y, then p(X) < p(Y)

(A3) Predictable Translation Equivariance: If X1 € X7 and X» € X5, then

p(X1 + X2) = X1 + p(X2)

Riedel (2003), Ruszczynski—Shapiro (2004)



Conjugate Duality of Conditional Risk Mappings

For each w € (2 we define a set of probability measures @yﬂﬂ(w) C 3”3;2
defined as the set of all v € 933;2 such that for every B € Fq

(B) 1, ifwée B,
v e
0, ifwé&B.

Note that w is fixed here and B varies in Fj.

Theorem: Let p = Py be a lower semicontinuous

conditional risk mapping satisfying assumptions (A1)—(A3). Then

po(X)=_ sup  {(uX)—pL()], weER XeX,
iS 93;2\?1(@)
and pX(w) is the convex conjugate of p,(X). Conversely, suppose that
a mapping p . A — X7 can be represented in the above form for some
(proper) function p* : Yo x 2 — R. Then p is lower semicontinuous and
satisfies conditions (A1)—(A3).

For separable X5, all weakly* measurable selections of @y2|f1 )= 333;2
are conditional probabilities



Recursive Risk Models

Consider a sequence of sigma algebras 71 C F» C --- C Fp, with 71 = {0, 2}
and Fpr = F, and let X1 C --- C A7 be a corresponding sequence of linear
spaces of Fi-measurable functions, t =1,...,T.

Let Px;| X1 - Xy — Xy_1 be conditional risk mappings. Denote

X =X XA X - xXp and X (= (X1,Xo,...,X7), Where X} € X, t =
1,...,T.

Define a risk function p: X — R:

p(X) 1= X1+ pxy|x; [XQ T P s (X3 + ...

T Pap A [XT—l + pxp|xp (XT)D]
Since F1 = {0, 2}, the space X7 can be identified with R, and hence p(X)
is real valued. By assumption (A3) we have

Xro1+ pxpxp (XT) = pxp)x,_(XT—1 + X7).
Applying this formula fort=1T,T —1,...,2 we obtain the equation:
p(X) = pr(X1+ ...+ X7),
where

Pt = Py O O Payx, 0 t=2,...,7.



Since each conditional risk mapping py,x, , satisfies (A1)—(A3), it follows
that the function pp satisfies (A1)—(A3) as well. Moreover, if conditional
risk mappings Px;|x,_, are positively homogeneous, then p is positively ho-
mogeneous. Assuming further that the spaces A; are separable and py, y,
are lower semicontinuous, we obtain

p(X) = sup Bu[X1 + ... + X7],
peA
where the set A ;= Ay o0..0 Ap_q1 is given by the composition of the
multifunctions A, : 2 = @yT+1, r=1,...,7 - 1.

The composition A1 0 A5 is the set A(w) formed by all measures u € V3
representable in the form

w($) = [ [1o(@]($) dua (@), S € F,
0
where us(-) € A>(-) is a weakly* Fo-measurable selection and p1 € A1 (w).



Dynamic Risk Optimization

Suppose random outcomes X; € A} result from decisions z; in some stochas-
tic system. We introduce linear spaces Z; of Fi-measurable functions
Z . £2 — R™ and consider functions f; :R" x 2 — R, t=1,...,T.

With functions f; we associate mappings F; . Z; — X defined as follows

[Ft(Zt)} (w) = filZt(w),w), Zi€ 24, we

We assume that the functions f:(z:,w) are random lower semicontinuous
and that the mappings F; are well defined: for every Z; € Z; the function
fi(Z¢(+),-) belongs to the space X}, t=1,...,T.

We say that the mapping F}; is convex if [Ft(-)](w) is convex for all w € (2.
Then for every conditional risk mapping py, x, ,. satisfying (A1)—(A3), the
function pthXt_l(Ft(')) is convex.



Let Z =2y X--- X Zp, and let F': Z — X be defined as

F(Z) = (F1(Z1), ..., Fr(Zr)).

With the risk function p and the mapping F' we can associate the (convex)
function

NZ) == p(F'(2)) = F1(Z1) + pa,|x, [Fz(Zz) + Pz, (F3(Z3) + -

e PXp_1|Xr_» [FT_l(ZT—l) T PXp|Xr_4 (FT(ZT)>]>]

Suppose that we are given F;-measurable, closed-valued multifunctions

G R"-1x 2=R™", t=2,...,T,
with G; C R" being a fixed (deterministic) set. We define the set

S = {Z € Z: 721 (w) €Gi(Z 1(w),w), we R, t=1,... ,T},
and consider the problem

min 9(2).
ALG) ( )
We refer to it as the nested formulation

of a multistage risk optimization problem.



Interchangeability

We assume that the spaces Z; are solid in the sense that for every two
elements X, X € X; and every F;-measurable function X;

X()<Xi()<X() = XpeXx

Furthermore, we assume that there exist elements X; € &} such that
for all Z € & we have Fy(Z;) > X4, t=1,...,T.

The spaces Z; are assumed to be decomposable: for every Z; € Z; and
B € F;, and every bounded and Fi-measurable function W : 2 — R", the
space Z; also contains the function Y;(.) := ILQ\B(-)Zt(-) + 15(-))W().

Now let p: X — R be a risk function on a decomposable X.
By using monotonicity of p, we obtain
the interchangeability formula for risk functions:
inf h ,-)z inf p(Hy»),
p(inf h(z)) = Inf p(Hz)
where Hy(w) := h(Z(w),w).



Dynamic Programming Equations
Under all previous assumptions we obtain the following relations.

Define the value function

Vi(zi—1) = ZtianT

cee - PXp_1|Xp_5 [FT—l(ZT—l) + PXxp|Xp_q (FT(ZT))D]

The optimal policy and the value function satisfy the Bellman equations
Vi(zs— w) = inf { zt,w) + V; z W }
ViG] @) = inf{fGw) + o (Vie (o) @)

Suppose now that the conditional risk mappings Px;|x,_, are lower semicon-

tinuous and positively homogeneous. Then there exist convex closed sets

Ai(w) C szﬂft_l(w) such that

Fe(Ze) + px )1, (Ft—l—l(Zt—l—l) + -

[pXt‘Xt—l(Xt)}(w) = Mtesg\;o(@ By, [Xt] = Vseugt E, [Xt‘ft—ﬂ (w) (separability)

Under convexity and mild regularity assumptions the 'inf’ and 'sup’ opera-
tors can be interchanged (duality).

(Ruszczynski—Shapiro, 2004)



Risk Aversion by Stochastic Dominance Constraints
(Dentcheva—Ruszczynski, 2003-)

X (w) = f(z,w) - random outcome
Y - benchmark random outcome, e.g. Y(w) = f(z,w) for some z € Z

New Model:
max E[X;] (or some other objective)
subject to X, =5 Y (stochastic ordering constraint)
ze€ /4

X, is preferred over Y by all decision makers
having utility functions in the generator % :

Elu(X:)] > E[u(Y)] Vue#

o if % is the set of all nondecreasing functions

— first order dominance “?(1)”

o if % is the set of all concave nondecreasing functions

— second order dominance “5(2)”



