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Utility Models

Expected Utility Models (von Neumann and Morgenstern, 1947)

r;”leazx E [u(G(z))]
Z - subset of an appropriate vector space Z
(2, F, P) - probability space

G:Z— L1002, F,P;R) - random outcome
uw(-) - utility function (non-decreasing)

Rank Dependent Utility (Quiggin 1982, Schmeidler 1986/89, Yaari 1987)
Inverse distribution function F_1y(X;p) =inf {n: F1(X;n) 2p} 0<p<1

Rank dependent utility w : [0,1] — R nondecreasing continuous function
such that X > Y if and only if

1 1
/F(—l)(X:p) dw(p) > /F(_l)(Y;p) dw(p)
0 0



Stochastic Dominance Constraints

max ]E[H(z)}
subject to G(z) ) Y
z € /4

Y - reference random outcome k£ >1
Z - convex subset of a separable locally convex Hausdorff vector space Z
G and H — continuous operators from Z to the space £1(f2,F, P;R)

The Dominance Constraint for £k = 2 reflects risk aversion:

G(z) is preferred over Y by all risk-averse decision makers



Stochastic Dominance

Distribution Functions

Fi(X,n) = /_noo Px(d§) =P{X <n} forneR

n
FxXom) = [ Fa(X.§de forneR k=23,...

kth degree Stochastic Dominance (kSD)

X .Y < F.(X,n)<FJ(Y,n) forallnelR

(k)



First Order Dominance

F1(X,n)
F1(Y,n)

Hy Hx 77
Relation to utility functions:

X=,Y & Eu(X)>Eu(Y) V nondecreasing u(-)

(1)
Quirk and Saposnik (1962)

First order dominance = Continuum of probabilistic constraints

X t(l) Y = F(_l)(X;p) > F(_l)(Y;p) forall 0O<p<1.



Second-Order Dominance

R = [ F(X0d=E@n-X)y forneR

— o0

F>(Y,n) IFo(X,n)

Risk-Averse Consistency:

X>nY & Eu(X)>Eu(Y) V nondecreasing concave u(-)

(2)

Hadar and Russell (1969)



Inverse Dominance

Absolute Lorenz function F_5y(X;-) : R — R:
p
F(_Q)(X;p):/() F(_l)(X;t)dt for O<p<l1,

F(_Q)(X; 0)=0 and F(_Q)(X;p) = +oo for p &€ [0, 1]

X E(Q) Y = F(_Q)(X;p) > F(_Q)(Y;p) forall O0<p<1.

The set Wy contains all continuous nondecreasing functions w : [0, 1] — R
and W; C Vg contains all concave subdifferentiable at O functions.

T heorem 1

(i) For any two random variables X,Y € £1(£2, F, P) the relation X (1) Y
holds true if and only if for all w € g

1 1
[ Feny(Xip) dw) > [ F1y (Vi) dw(p) (1)
0 0

(ii) X ~(2) Y holds true if and only if (1) is satisfied for all w € W1.



Sets defined by dominance constraints

For all k> 1

Y - benchmark outcome in L (2, F, P)
[a,0] CR

we define the set

Ap(Yi[a,b]) = {X € L, 1(2,F,P) : X =y Y in [a,b]}

Proposition 1 The set A.(Y; [a,b]) is convex and closed for all [a, b], all Y,
and k > 2 . Its recession cone has the form

A(Y; [a,b]) ={H € L_1(£2,F,P) :H>0 a.s. on [a,b]}
The set A1(Y; [a,b]) is closed and
Ap(Y; [a,b]) € Apy1(Y; [a,b])  for all k> 1.
ArL(Y; [a,b]) is @ cone pointed at Y if and only if Y is a constant in [a,b].



Inverse dominance constrained set

B(Y;[a, B) = {X € LNR2,F,P) : F_5(X;p) > F_2)(Yip) V p€ [, 8]}

Proposition 2 If [a,b] contains all p-quantiles of Y for p € [«, 8], then

A(Y [a,b]) C B(Y; [, B]).

Proposition 3 For every p € (0,1) the function F(_Q)(-;p) is concave and

positive homogeneous on £1(2, F, P), and the set B(Y; [«, A]) is convex and
closed.



Dominance Constrained Problems
Given Y, - benchmark random outcomes : = 1..m

Primal Stochastic Dominance Constraints

max E[H(z)}

subject to F(Q)(Gz-(z); n) > F(Q)(YZ-; n), 1=1..

vV nela,b],
z e/

Inverse Stochastic Dominance Constraints
max E[H(z)}
subject to I(_)(Gi(2);p) = F_oy(Yiip), i

Vo€ la,pBl,
z € /4

[, 3] C (0,1) and J[a,b] CR

..m



Portfolio Example

Assets j =1,...,n with random returns R;

Decision variables z;, j =1,...,n, Z -simplex

Portfolio return H(z) = G(z) = }?:1 ziR;

Reference return Y (e.g. index, existing portfolio, etc.)

n
max E[ 2 szj}

j
mn
subject to > z;R; -
j=1
z € 4

(2) Y, 1=1.m



All statements are equivalent:
n
> ZjRj =y Y
j=1

n
F(_Q)( Zl szj;p) > F(_py(Y;p) forall pel0,1]
J:
continuum of CVaR (integrated chance) constraints for risk levels p € [0, 1]

mn
Eu( ) ziR;) > Eu(Y)
j=1
for all concave nondecreasing functions u (Von Neuman-Morgenstern utility)

1 . 1
[ (Y #iRyip) dup) > [ ECy(Yip) dup)
0 J=1 0

for all concave nondecreasing functions w (rank dependent utility)



Abstract Problem Formulation

max f(X)
subject to X =,y Y in [a, b] (Py)
XeCCLy 1(£2,F,P)

Main Results

e Concave nondecreasing functions «(-) play the role of
LLagrange multipliers associated with the dominance constraint

e [ he function

L(X,u) = f(X) +E[u(X)] - E[u(Y)]
plays the role of the Lagrangian

The set U contains all functions v : R — R, for which there exists a non-
negative, nonincreasing, left-continuous and bounded function
¢ : [a,b] — R such that

wWFD () = (—=1)*p(t),  for a.a. t € [a,b]
wWFD () = (=1)*p(a), fort<a

u(t) =0, fort>b

WP =0, i=1,... . k—2ifk>?2.



The Uniform k-Dominance Condition: there exists X € C such that

inf {Fw; n) — Fko'z;n)} >0
nela,b]

Theorem 2

Assume that the Uniform k-Dominance Condition is satisfied. If X is an
optimal solution of problem (Py) then there exists a function u € U;,_; such
that

L(X,0)= max L(X,a) (2)
E[@(X)}: E[@(Y)] (3)

Conversely, if for some function a4 € U;_1 an optimal solution X of (2)
satisfies the dominance constraint in (Py) and (3), then X is an optimal
solution of problem (Py).



Duality

The Lagrangian

L(X,u) = f(X) + E[u(X)] — E[u(Y)]
The dual functional
D(u) = sup L(X,u)
XeC
T he dual problem

min D
uEZ/lk (u>

Theorem 3

Assume that the uniform dominance condition is satisfied and problem (Py)
has an optimal solution. Then the dual problem has an optimal solution
and the optimal values of both problems coincide. Furthermore, the set
of optimal solutions of the dual problem is the set of functions u € U,
satisfying (2)—(3) for an optimal solution X of problem (Py).



Problem with Inverse Stochastic Dominance Constraint

max f(X)
subject to F(_o)(X;p) = F(_)(Yip) V pE€Ela,p] PID
XeCCLi(N2,F P)
[, 8] € (0, 1)
Main Results

e Concave nondecreasing functions w : [0,1] — R play the role of
Lagrange multipliers associated with the inverse dominance constraint

e The function ® : C x W1([o, 8]) — R

1 1
P(X,w) = F(X) + [ FC1y(Xip) dw) = [ F1)(Yip) dup)
0 0

plays the role of the Lagrangian
The set W1 (e, B]) contains functions w : [0,1] — R such that:
w(-) is concave and nondecreasing;

w(p) = 0 for all p € [B,1];
w(p) = w(a) + c(p — ), with some ¢ > 0, for all p € [0, a].



Problem (PID) satisfies the uniform inverse dominance condition if there
exists a point X € C such that

inf {F X;p) — F_n(Y; }>O
Lanrs (—)(X;p) — F_2)(Yip)

Theorem 4 Assume the uniform inverse dominance condition.
If X is an optimal solution of problem (PID), then there exists a function
w € W1 ([a, B]) such that

P (X, D) = max > (X, 0) (4)
and
1 1
[ Feny(Kip o) = [ F_1y(Yip) da(p) (5)
0] 0]

If for some function w € Wi1([a, 8]) an optimal solution X of (4) satisfies
the inverse dominance constraints and (5), then X is an optimal solution
of problem (PID).



Duality theory

For every function w € Wi([«a, 3]) the problem

1 1
max { /() + O/ Fr_1)(X; p) dw(p) — ! Fep(ip)dw@)|  (6)

is a Lagrangian relaxation of problem (PID).

The dual functional W(w) = sup ®(X,w)
Xel

The dual problem min W (w)
weW1 ([a,8])

W1 ([, B]) is a closed convex cone and W(-) is a convex functional

Theorem 5 Under the uniform inverse dominance condition if problem
(PID) has an optimal solution, the dual problem has an optimal solution
and the optimal values of both problems coincide. Furthermore, the set of
optimal solutions of the dual problem is the set of functions w € W1 ([«, 3])
satisfying (4)—(5) for an optimal solution X of the problem.



Nonlinear Second Order Dominance Constraints

Problem (SSD)

max  E[H(z)]
subject to GZ(Z) E(Q) Y, in [ai, bz] r=1,...,m
€ 4

Z - convex subset of a separable locally convex Hausdorff vector space Z
G; and H — continuous operators from Z to the space £1(2,F, P;R)

G; and H are concave in the following sense: for P-almost all w € {2 the
functions [G;(-)](w), i=1,...,m, and [H(-)](w) are concave and continuous



Lagrangian

We define the set U ([a,b]) of functions u(-) such that:

u(-) is concave and nondecreasing;
u(t) = 0 for all t > b;
uw(t) = u(a) + c(t —a), with some ¢ > 0, for all t < a.

We denote the convex cone

Uy =Usz(lag,b1]) x -+ X Ua([am, bm])

The Lagrangian, L: Z x U5 — R,
associated with problem (SSD) takes on the form:

DG ) = E[HE) + 3 (G — w0 )|

=1



Optimality Conditions

Definition 1 Problem (SSD) satisfies the Uniform Dominance Condition if
there exists a point z € Z such that

inf {Fzm;n) - F2<Gz-<z>;n>} >0, i=1,...,m
nela;,b;]

Theorem 6
Assume that the uniform dominance condition is satisfied. If z is an optimal
solution of problem (SSD) then there exist u € U5 such that

L(z,1)= max L(z, 1) (7)
E[az-(c;i(g)}z E[ai(yi)} o i=1,....m (8)

Conversely, if for some function u € U5* an optimal solution z of (7) is
feasible for (SSD) and satisfies (8), then z is an optimal solution of (SSD).



Duality

The dual functional D : U5* — R

D(u) :=sup L(z,u)
2/

_ iEEE[H(Z) 4 Zé (ui(GZ—(z)) — uz'(Yz'))]
The dual problem

min {D(u) : v € U5"}

Theorem 7 Assume that the uniform dominance condition is satisfied. If
problem (SSD) has an optimal solution, then the dual problem has an
optimal solution and the optimal values of both problems coincide. Fur-
thermore, for every solution u of the dual problem, any maximizer z of the
Lagrangian, which is feasible for (SSD) and satisfies the complementarity
conditions, is an optimal solution of the primal problem (SSD).



Discrete Distributions

(2 ={w1,...,wn} With probabilities p; = P({w;}), j =1,...,n
J={1,...,n}, I ={1,...,m}

hj(z) = H(z)(wj), gii(2) = Gi(2)(w;), yij = Yi(w;), z;; = X;(w;)

Problem Formulation

n
MaxXx Z pjh](z)
—1

J
mn n
subject to > pi(vir —xij)+ < D> pjWik —vij)+, €1, kelJ

i < gik(2), 1€l, kelJ
2 €/



Optimality for Discrete Distributions

Slater Condition: there exist zZ € relint Z and X, < € I, such that

Tip < gi(2), 1€l, kelJ

and the dominance constraints are satisfied.

The Lagrangian

L(z, X,u,0) = ) _ pj [hj(Z) + Z Qijgij(z)]

]:1 =1
m n

+ > > pj [Ui(wz‘j) — ui(yij) — 97;3'557;3']
i=1 =1

Optimality and duality conditions remain valid under the Slater Condition.

The utility functions corresponding to the ith group of dominance con-
straints are concave nondecreasing functions u;(-) which are piecewise—linear
with break points at y;i., k € J.

Remark 1 The inverse dominance constraint does not reduce to finitely
many constraints except in the case of equal probabilities.



Application to Portfolio Optimization

Assets j =1,..., N with random returns R;

Decision variables Zj, J = 1,...,N, Z -simplex
Portfolio return G(z) = Zé\le 2R,

Reference return Y (e.g. index, existing portfolio, etc)

n
max ]E[ szj}
1=1

n
subject to ) ziR; Y, i=1l.m
J=1
z €/

)

719 real-world assets, 616 possible realizations of their joint returns.

Benchmarck Portfolios:

equally weighted indexes composed of N of our assets
Portfolio 1 corresponds to N = 26,

Portfolio 2 corresponds to N = 54,

Portfolio 3 corresponds to N = 82,

and Portfolio 4 corresponds to N = 200.



Return Rate

-0.03 -0.025 -0.02 -0.015 -0.01 -0.005 0 0.005

| —— Utility Function for Benchmark 1
A —O— Utility Function for Benchmark 2

A‘_ —— Utility Function for Benchmark 3

r —eo— Utility Function for Benchmark 4

0.01

-0.005

-0.01

Utility



Conclusion

Von Neuman-Morgenstern Utility Optimization and Rand Dependent
Utility Optimization are dual problems to the Problem with Stochastic
Dominance Constraints.

When the stochastic dominance is expressed in primal form via inte-
grated distribution functions, the Lagrange multiplies to the dominance
constraints are von Neuman-Morgenstern utility functions.

When the dominance constrains is expressed via the Lorenz curve then
the Lagrange multiplies to the dominance constraints are rank depen-
dent utility functions.

In finite probability space the stochastic dominance constraints in primal
form reduces to finitely many constraints.



