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Abstract.

The paper considers a general approach for classifying objects using mathematical
programming algorithms. The approach is based on optimizing a utility function, which is
quadratic in indicator parameters and is linear in control parameters (which need to be identified).
Qualitative characteristics of the utility function, such as monotonicity in some variables, are
included using additional constraints. The methodology was tested with a "credit cards scoring"
problem. Credit scoring is a way of separating specific subgroups in a population of objects (such
as applications for credit), which have significantly different credit risk characteristics. A new
feature of our approach is incorporating expert judgments in the model. For instance, the
following preference was included with an additional constraint: “give more preference to
customers with higher incomes.” Numerical experiments showed that including constraints based
on expert judgments improves the performance of the algorithm.

Introduction.

In this paper, we consider a general approach for classifying objects and explain it with
credit cards scoring problem. Classification can be defined by a classification function assigning
to each object some categorical value called the class number. However, this classification
function has a very inconvenient property — it is discontinuous (impossible to use it for
classifying new objects). We reduce the classification problem to evaluating a continuous utility
function from some general class of functions. This function is used for separating objects
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belonging to different sets. Values of utility functions for objects from one class should be in the
same range. “The best” utility function in some class is found by minimizing the error of
misclassification. Depending upon the class of utility function, it may be a quite difficult problem
from optimization point of view. However, if one is looking for a utility function, which is a
linear combination of some other functions (possibly nonlinear in indicator variables), it can be
formulated as a linear programming problem. Mangasarian, et a. (1995) used this approach for
failure discriminant analysis with linear utility functions (applications to breast cancer diagnosis).
This function is linear in control parameters and indicator variables. Zopounidis, et al. (1997,
1998), Pardalos, et al. (1997) used a linear utility function for trichotomous classifications of
credit card applications. Konno, et al. (2000a, 2000b) considered utility functions which are
quadratic in indicator prameters and linear in control variables. The approach was tested with the
classification of enterprises and breast cancer diagnosis. Konno, et al. (2000a, 2000b) imposed
convexity constraints on utility functions in order to avoid disconnectness of the discriminant
regions. Similar to Konno, et al. (2000a, 2000b), we also use the quadratic function in indicator
parameters. But instead of convexity constraints, we consider monotonicity constraints reflecting
experts’ opinions. Extending some ideas by Zopounidis, et al. (1997, 1998) and Pardalos, et al.
(1997) we consider the multi-class classification with many levelsets of the utility function.
Although, with our approach we can classify objects to an arbitrary number of classes, in this
paper, we considered the trichotomous (i.e., three classes) classification.

This paper is focused on a numerical validation of the proposed algorithm. We classified
a dataset of credit card applications submitted to a bank in Greece. This dataset was earlier
considered in Damaskos (1997) and Zopounidis, et al. (1998). We investigated the impact of
model flexibility on classification characteristics of the algorithm. We compared the performance
of several classes of quadratic and linear utility functions with various constraints. Experiments
showed the importance of imposing constraints adjusting “flexibility” of the model to the size of
the dataset. We studied “in-sample’ and “out-of-sample’ characteristics of the suggested
algorithms. With our classification approach, we minimize the empirical risk, that is, the error of
misclassification on the training set (in-sample error). Nevertheless, the objective of the
procedure is to classify objects outside of the training set with minimal error (out-of-sample
error). The in-sample error is aways no greater than the out-of-sample error. Similar issues are
studied in the Statistical Learning Theory, see Vapnik (1998).

Broadly speaking, the classification problem can be referred to problems of Data Mining
or Knowledge Data Discovery. During the last 50 years, a wide set of different methodologies
was proposed for data discovery. Data mining techniques can be divided into five classes,
Bradley, et al. (1999): predictive modeling (predicting a specific attribute based on the other
attributes in the data), clustering (grouping similar data records into subsets), dependency
modeling (modeling a joint probability function of the process), data summarization (finding
summaries of parts of the data) and change/deviation detection (accounting for sequence
information in data records).

Considered in this paper the credit cards scoring problem is a particular case of a
consumer lending problem utilizing financial risk forecasting techniques, see, Thomas (2000).
Scoring models are divided into two types. 1) models (or techniques) helping creditors to decide
whether or not to grant credit to consumers who applied for credit; 2) behavior scoring models
helping to decide how to deal with existing customers. We focus on the first type of scoring
models.

In credit scoring, decision on issuing credit for a client is based on application for credit
and a report obtained from a credit report agency. Also, information on previous applications and
their performance is available; we call this information in-sample information. Creditor uses in-
sample information together with applicant information to make a decision.

Credit scoring is essentially a way of separating (recognizing) specific subgroups in a
population of objects (such as applications for credit), which have significantly different credit



risk characteristics. Starting with ideas on discriminating between groups, which were introduced
by Fisher (1936), many different approaches were developed using statistical and operational
research methods. The datistical tools include discriminant analysis (linear and logistic
regressions) and recursive partitioning algorithms (classification and decision trees). The
operation research techniques primarily include mathematical programming methods, such as
linear programming. Also, several new non-parametric and artificial intelligence approaches were
recently developed. They include ubiquitous neural networks, expert systems, genetic algorithms,
and the nearest neighborhood methods, see for instance, Thomas (2000).

A common weakness of many credit-scoring approaches is that they do not provide clear
explanations of “reasons’ for preferring some objects versus others. Capon (1982) considered this
as the main drawback of many credit-scoring algorithms. Also, there are many implementation
issues, which need to be addressed before using any credit-scoring model, such as: 1) How to
select a sample of previous applicants; 2) How long should be the period of time for the sample
set? 3) What proportion of “goods’ and “bads’ should be had in the sample. Henley (1995)
discussed some of these issuesin histhesis.

A credit scoring classification problem can be defined as a decision process, which has
the input: answers to the application form questions and various information obtained from the
credit reference bureau, and the output: separation of applications into “goods’ and “bads,”
Thomas, (2000). The objective of credit scoring is to find a rule that separates “goods’ and
“bads’ with the smallest percentage of misclassifications. Note that perfect classification is
impossible due to several reasons. For instance, there could be errors in the sample data
Moreover, it is possible that some “good” applications and “bad” applications have the exactly
the same information in all data fields (i.e., not enough information is available to make a correct
decision). The statistical learning theory, see, Vapnik (1998), states that for a model the optimal
prediction (i.e., out-of-sample classification with minimal misclassification) is achieved when the
in-sample error is close to the out-of-sample error.

Relatively smple statistical approaches using linear scoring functions (Bayesian decision
rule, discriminant analysis, and linear regression) became the most popular for classification
problems. The Bayesian decision rule works especially well in the case when the distribution of
“goods’ and “bads’ can be described by multi-variate normal distributions with a common
covariance matrix; it reduces the problem to the linear decision rule. If covariances of these
populations are different, then, it leads to a quadratic decision rule. However, the paper by
Titterington (1992) pointed out that in many cases the quadratic scoring function appears to be
less robust than the linear one. Fisher (1936) used discriminant analysis to find a linear
combination of variables that separates the groups in the best way. His approach does not require
an assumption of normality. The other way leading to linear discriminating functions is linear
regression. Myers and Forgy (1963) compared regression and discriminant analysis in credit
scoring applications. Although, there were many critics of the discriminant and regression
analysis (see, Eisenbeis (1978), Hand, et al. (1996), Capon (1982)), empirical experience shows
that these linear scoring techniques are very competitive with other more sophisticated
approaches.

The other important method of linear discrimination is logistic regression. Earlier, this
approach was associated with computational difficulties of maximum likelihood estimation, but
nowadays this is not a problem due to readily available high computing power. Wiginton (1980)
was one of the first who applied logistic regression to credit scoring; currently this approach is
widely accepted.

Classification trees and expert systems represent another class of approaches.
Classification trees typically are used in statistical, artificial intelligence, and machine learning
applications. Makowski (1985) was one of the first who suggested using classification trees in
credit scoring. Coffman (1986) showed that classification trees perform better than the
discriminant analysis when there are interactions between variables.



The paper is organized as follows. Section 1 provides the background for the considered
methodology. Section 2 formally describes our classification approach. In this section we show
how it can be implemented using linear programming. Section 3 applies the developed
methodology to credit cards scoring problems. It describes a dataset of credit card applications
and demonstrates computational results. Section 4 analyses the results of computational
experiments. We finalize the paper with the concluding remarks in Section 5.

1 BACKGROUND
This section describes several results that stimulated development of the considered approach.

1.1 Separation by linear surfaces: two classes
Mangasarian, et a. (1995) considered the failure discriminant approach with the linear utility

function (applications to breast cancer diagnosis). Let objects A,i =1,..,m, belong to the first

class, and objects B, | =1,..,h, belong to the second class. Also, let & OR", b OR" be

vectors of indicators (characteristics) corresponding to A, B. If there exists a vector

(c,c,) OR™, such that

., m, (1.1
n (1.2)

then, we call H (c,c,) :{XD R"

A discriminant hyperplane may not exist (see, Fig. 1-b).

c'x= CO} adiscriminant hyperplane (see, Fig. 1-a).
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Figure 1l-az A discriminant hyperplane Figure 1-b: A discriminant

perfectly separates objects belonging to two  hyperplane may not exist.

different classes.

If we introduce a boundary with thickness d between classes, conditions (1.1)-(1.2) can be

equivalently rewritten as
c'a 2¢,+9,

i=1,..,m, (1.3
c'h<c, -9, I=1.,n

(1.4)



Let us define subspaces
H, (c.6) ={xOR’
H_(c,co):{xDR”

ch>co} , (1.5)
c'x< co} . (1.6)
Anobject A, suchthat a OH_(c,c,), isamisclassified object of thefirst type. Also, an object
B, suchthat b OH, (c,c,), isamisclassified object of the second type.

Let Y. be the distance of 8 OH_(c,c,) from hyperplaneH (c,c, +9J), and z be the

distances of b OH, (c,c,~9J) (see Fig. 2). Classification is performed by minimizing a

weighted sum of misclassification distances y, and Z . Thisisalinear programming problem,

min aY.y.+8>z
v,z i=1 =1

st. cla+y=c+0, i=1.,m,
Ta1 Y 2G ) 17

ch-z<c,-9d, 1=1.,n,

y. 20, i=1..,m,

z 20, l=1..,n,

where @ >0 and >0 are weights associated with the misclassification of the first and the
second types of objects.

3 group 1
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Figure 2: The objects z and Y, are misclassified.



Problem (1.7) has an optimal solution (CD, Cor Voo Yor 2, an) and the hyperplane H (CD, cg)
is the discriminant hyperplane with minimal error (for the pair of weights (a, 3 )). An out-of-
sample object g is classified by verifying if it belongs to the setH, (c,c,) or to the set
H_(c,c).1f gOH, (c,c,), wesay that g belongs to the first classand if gOH_(c,¢,) , it

belongs to the second class. In the case when g is on the separating hyperplane, g H (CD, CE) :

it not clear to which class the object belongs. We can assume, for simplicity, that object g, in this
case, belongs to the first class. Equivalently, we can say that the object g belongs to the first

class, if the utility function U (c,c,,X)=c'x~¢, is nonnegative on the object g, i.e.
U(c,c,,9)=0.1f U(c,G,g) <0, theobject g belongsto the second class.

1.2 Separation by quadratic surfaces. two classes

To improve the precision of discrimination, Konno, et a. (2000a, 2000b) proposed using
quadratic surfaces instead of hyperplanes. Quadratic separation surfaces are more flexible than
linear surfaces, see, Fig. 3.
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&
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Figure 3: Quadratic separation surfaces are more flexible compared to linear ones.

Let Q(D,c,c,) beaquadratic surface,
Q(D.c.q) ={xOR’

whereD isa nX N matrix.

xTDx+ch:co}, D:(dij), (1.8)




The following linear programming problem minimizes the classification error

min aY+B 2z
st. a'Da+c'g+y 26+, i=l.m 19
bh'Dh+c'h-z<c,-4, 1=1.,n, -
Yy, 20, i=1.,m,
z =0, I=1..,n,

where DOR™, cOR", ¢, OR', yOR', i=1.,m; zOR', |=1.,n arevariablesto be
determined. Variablesy, and z represent distances of the misclassified objects from the

quadratic surface Q(D, C, CO) . The quadratic utility function has a significantly larger number of
variables than linear utility function. Also, in the case of quadratic utility, the separating surface
Q(D,C,CO) may be nonconvex (hyperbolic surface), which leads to disconnected discriminant

regions. This may poorly represent the actual structure of the financial data, since there usually
are monotonic tendencies/preferences with respect to (w.r.t.) variables. To circumvent this
difficulty, Konno, et al. (2000a, 2000b) imposed a positive semi-definiteness constraint on matrix
D . Thisresults in the following semi-definite programming problem:

rrJiZn aZl}yﬁﬁ%a
st. a'Da+c'a+y =c+0, i=1.,m,
h'Dh+c'h -z <c, -4, |=1.,n, (110)
y, 20, i=1..,m,
z =0, I=1..,n,
Or: r'Dr=0

The last problem is solved by a cutting plane algorithm, Konno, et al. (2000b). Similar to the
linear case, the utility function U (c,C,,X) = X" DX+c'X—¢, is used to classify out-of-sample

objects. We say that an object g belongs to the first dlass, if U (c,c,,g)=0; otherwise, g
bel ongs to the second class.

1.3 Separation by linear surfaces: three classes

Zopounidis, et a. (1997, 1998) and Pardalos, et a. (1997) used linear utility functions in the
credit cards scoring problem (classification of credit card applications). Compared to approaches
described in 1.1 and 1.2, objects are classified into three rather than two classes. With the utility
function, credit card applications are assigned to three classes (trichotomous model): the class of
acceptable applications; the class of uncertain applications, for which more investigations are
required; and the class of reected applications, (Fig. 4). Zopounidis, et a. (1997, 1998)
considered three models: UTADIS |, UTADIS Il and UTADIS I1l. These models differ only in
the form of their penalty function. Coefficients of the separating hyperplanes are calculated with a
linear optimization problem, similar to (1.7).
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Figure 4: Points are separated by two linear surfaces in three classes.

2 DESCRIPTION OF METHODOLOGY

2.1 Approach
Let us consider a classification problem with J-classes. Suppose that there is a set  of
objects | ={l.., m} with known classifications. Each object is represented by a point in an n-

dimensional Euclidian space R". This set of points, X :{xi‘i DI}, is called a training set.

J
Suppose that decomposition {Ij}jzl, (I, nl, =0, [ #,; I:Ulj) defines the

j=1
classification of mobjects. A point X belongsto theclassk if iUl .

Let us consider a utility function U (X) defined on the set X ={xi‘i 0 I} and a set of
—00

thresholds  Uq, ={Ug, Uy, ., Uy, Uy} such that u,, <u,

and U,=-o, U, =+co. If the
following statement is valid
L ={i] un<U(X) =y, P01}, 2.1)

J

then, the function U(x) and set U, define the decomposition {I i}j=1’ and, consequently,

classify the training set. Let us consider the following problem: for a given classification {I j}jzl’

find a utility function and a set of thresholds that define this classification. If there are no identical
pointsin the set X, we can easily construct a classification utility function for any decomposition.

For example, let us consider the discrete-valued function U (Xi) =j: i0l, andthethresholds



u, = j+0.5, j=0,..,J.Although this function perfectly classifies the training dataset, it does

not estimate the class number of objects outside of the training set.
A search of a classification utility function in a predefined class, such as the earlier
introduced linear or quadratic, is a more complicated problem (compared to the discrete utility

function considered above). Let a class of utility functions U” (X) be parameterized by a vector
parameter ) [1= . Suppose that the training set X :{xi ‘i 0 I} issplitinto classes{lj}jzl. Let us
denote by F (0’+,0'_) the total penalty for all misclassified data points. For the training set X ,
the following optimization problem finds “the best” utility function U” (X) in the prespecified
class of functions,

MIN F(o.0")

yuo ,o*

u_, -0, +5sz(x‘)suj +o", 101, j=1.,3;

u-u,<s, j=2.,3-1 (2.2)

020, g 20 i=1.,lI;
yuz=.

This function is nondecreasing w.r.t. classification errors o, , Jﬁ , 101 . Large deviations from

a pefect classification imply large penalties. Various penalty functions are considered in
literature. Here, we consider the linear penalty function

F (0'_,0+) :zl:(ai‘ai‘ +ai+ai+), a’,a’ =20, i=1.,1, (2.3)
i=1
where @, , afi+ are penalty coefficients for datapoint i. In this paper we assume a; =afi+ =1
fori=1..,1.

Let an object X' belong to the class | ; - The mathematical programming problem (2.2)
implies that 0" =max{0,U" (x)-u;} and o7 =max{O,u,+5-U" (X )} . If the utility
function U”(x) on X' from class |, exceeds the upper threshold u;, then the error 0;" equals
the difference between U” (xi) and the upper threshold u; ; otherwise, o equals zero. Similar,
if the value of the utility U” (x) on X' isbelow u,_, +3J, then 0; equals the difference between

u_,+d and U” (xi) . With a small parameter &, we introduced a separation area between class

layersin order to uniquely identify the class of an object.
In problem (2.2), we optimize the penalty function w.r.t. the parameter ) 1=, which

parameterizes the class of utility functions. Further, we consider two types of utility functions:



a) Linear function w.r.t. indicator vector parameter x and linear w.r.t. control vector
variablec

U°(x):ch:zn:ckxk, cOR". (2.4)
k=1

b) Quadratic function w.r.t. indicator vector parameter x and linear w.r.t. control
variablesD,c

UP°(x)=Dx+c'x= ZZdMXkXIJ’ZCka (2.5)

k=1 I=1
where D isamatrix nxn and cOR".

2.2 Classfication with a linear utility function

With linear penalty (2.3) and linear utility function (2.4), problem (2.2) can be rewritten in the
following form
|

MIN Z(aiilo’f_l +a'oy)

cu,0- 0' i=

S ek U026, 101, =L
k=1

n

Y ex-u-o"<0, i0l,j=1.,J; (2.6)
k=1
U, —U,; <5, 1=2,..,3-1
o’ =0, i=1..,1;
o =0, i=0,.,1 -1
cOC.

where Cis afeasible set of coefficients of linear utility function U°(x) =Y c.X, . When Cisa

polyhedron (a set specified by a finite number of linear inequalities), (2.6) is a linear
programming problem (LP).

2.3 Classification with quadratic utility function
Let us consider a quadratic utiIity function

U°<(x)=D'x+c'x= ZZd >q+zn:ckxk.
k=1

k=1 1=1
This function has n* + n parameters (the matrix D' has n* coefficients and the vector ¢ has n
coefficients). However, the quadratic function can be equivalently redefined by only (n2 + n)/2
terms. Indeed,

U®*(x)= Zd e+ ST S (d) ) % +chxk

k=11=k+1

10



With the introduction of the new notations

d =d,;

dy =dg +d,, k<I,
the quadratic utility function can be rewritten as follows

> (x) = Zd><k+2idk.xk>q+zckxk (2.7)

k=1 I=k+1
Further, we will use this representation of a quadratic function.
With linear penalty (2.3) and quadratic utility function (2.7), problem (2.2) can be
rewritten in the following form

MIN F= Z@a+aa)

D,c,u,0” U
dexk+22dklxkx,+20kxk u,+o 29 i0l, j=1.,J;
k=1 k=11=k+1
n n-1 n
DdXE+D D dyxX +chxk u -0’ <0 i0l,j=1.,3; 2.9)
k=1 k=11=k+1
U, —u_<s, j=2,.,J-1
o' =20, i=1..,1;
o, =20, i=1..,1;
(d,c)OcC.

If C is a polyhedron, then all constraints in problem (2.8) are linear w.r.t. variables D, c, u, 0~
and o . (2.8) isalinear programming problem which can be solved using standard techniques.

2.4 DataFormat

With our approach, objects are points in the space of indicator (characteristic) variables.
For example, in the credit scoring problem considered in this paper, a credit card application isan
object and “marital status’ filed in the application is an indicator variable. For example, we can
code this field as follows. 0 = divorced, 1 = single, and 2 = married/widowed (we make no
distinction between married and widowed persons).

Suppose we have a set of m objects, and each object is described by a vector

= (xl xn)of indicator variables (or indicators by short). The set of objects is a set of points
={>g| id I} in n-dimension space, where I={1,...m}. Let Q, be a set of al possible values

of i"™ indicator. Each indicator can take integer or continuous values. Supposing that the marital
status is the third indicator, the set of possible values of this indicator is Q, ={0,1,2} and for

widowed person X, =2. In the case of discrete indicators, we suppose that the codification

begins with 0 and takes successive integers. In some cases, a continuous variable may be replaced
by a set of discrete indicators. In particular, if the utility function “is not sufficiently flexible” in
some variable, a continuous indicator corresponding to this variable may be replaced by a set of
discrete indicators. Suppose that we want to discretize the i™ indicator variable of an object

= (xlxn) Let us suppose that after rescaling the i™ indicator takes values in the interval

11



(0,k), where k is a positive integer variable. We can replace the i component of the vector X by
asubvector X = ()g’l, X 2301 xi’k_l) , such that

1if x=j,
= 2.9
X {O if x<j. (29)

In other words, we split the continuous indicator into a set of discrete indicators. There are many
alternative ways to discretize a continuous indicator. For example, for a continuous indicator,
such as age, we can introduce the following approximation:

Age <18 18-20 | 21-24 | 25-29 | 3055 |56-59 |60-75 |76-84 |>84

Code |O 1 2 3 4 5 6 7 8

Further, using formula (2.9), we can convert the discrete representation presented in the table to
eight discrete indicators.

2.5 Monotonicity constraints

The considered utility functions, especially the quadratic utility function, may be too flexible
(have too many degrees of freedom) for datasets with a small number of datapoints. Imposing
additional constraints may reduce excessive model flexibility. Konno, et al. (2000a, 2000b)
imposed convexity constraints on the quadratic function to make it convex. Here, we consider a
different type of constraints, which is driven by expert judgments. We consider the utility
function, which is monotonic w.rt. some indicator variables. In finance applications,
monotonicity w.r.t. some indicators follows from “engineering” considerations. For instance, in
the credit scoring problem, we expect that the utility function is monotonic w.r.t. income level of
an applicant. Our numerical experiments showed that constraints, such as monotonicity
constraints, may significantly improve the out-of-sampl e performance of the algorithm

For alinear utility function, the condition on monotonicity w.r.t. an indicator variable is

n
quite simple. The linear function U°(x) =c'x=)_cx increasesw.rt. X if andonlyif ¢, >0.
i=1
For example, for a credit cards scoring problem, we can impose a monotonicity constraint
on the variable corresponding to the marital status indicator. In order to incorporate our
preference
divorced < single<married / widowed ,
we can impose a monotonicity constraint on the linear utility function. Suppose that the marital
status is the third indicator. The utility function should be increasing w.r.t. X;, i.e., ¢; >0. This
monotonicity condition can be easily incorporated into problem (2.6) by adding the nonnegativity
linear constraint, c; = 0.
Compared to a linear function, it is more difficult to impose monotonicity constraints on
guadratic functions (w.r.t. indicator variables). We consider a subclass of monotonic quadratic
functions with non-negative elements of matrix D and vector C. This function is monotonic w.r.t.

each variable on R* :{x| x =0 [i D{l,..,n}} . These functions are called rough monotonic

functions. We should remember that in order to use such a class of functions, indicator variables
must be nonnegative and of increasing preference. Although this subclass represents only small

part of variety of monotonic functions on R", it posses good predictive capabilities for
considered applications.

12




Another approach is to impose monotonicity constraints for the points from a given
dataset X. Suppose that we want to incorporate information that the utility function is increasing

w.r.t. variable X, . The monotonicity condition for a continuous function is

W) 50, (2.10)
0%
For quadratic utility function (2.7), this constraint can be written as follows
i—1 n
G +2dx + ) dox + Y di% 20. (2.11)
k=1 k=i+1

If we implement (2.11) for all points from dataset X :{Xj‘ j D{l..,m}} , we get the set of
linear constraints
) i-1 _ n )
c+2dx +> dx + > d,x =0, j=1.,m (2.12)
k=1 k=i+1
that makes the utility function to be close to monotonic.
Using a similar approach, we can impose a more general type of monotonicity. Suppose

that we know that some set of points Y = { y ‘ io{1.., r}} is ordered according to our
preference, and we want to find a utility function that is monotonic w.r.t. this preference on a set
Y. We can impose the following constraints on the utility function:

U(xl)sU(xz)s...sU(xr). (2.13)
For quadratic utility function (2.7), these constraints are presented as

n o n-1 n o n _
Y+ Y dok + Y e <
=1 =1

k=11=k+1
n X . n-1 n i i n X
< dex;:lx::l + Z Z dk| XL+1)<+1 + chx;:l
k=1 k=1 I=k+1 k=1
Although these constraints are quadratic w.r.t. indicator variables, they are linear w.r.t.
parameters we want to find.

, 1=1..,m (2.14)

2.6 Nonmonotonicity

While, for some indicators, we can incorporate monotonicity constraints, for othersit may be
beneficial to use other properties, such as convexity and concavity. Let us consider the continuous

indicator “age’, a,, mentioned earlier. Suppose that middle age is preferable to young and old
age, and the preferencesis specified as,

{0-18} <{18-20} <{21-24} <{25-29} <{30-55},

{85- o} <{76-84} <{60-75} <{56-59} <{30-55}.

The preference for age is expressed by the nonmonotone criterion over the whole age range. We
can incorporate thisinto the credit-scoring modd in two ways.

1) We can assume that the utility function is concave w.r.t. variable X . This can be assured by

calculating the second derivative of the utility function w.r.t. X, and including the following
constraint in LP (2.8),
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a_xfu (x)<0. (2.15)

If the utility function is quadratic in X, the resulting optimization problem is linear in control
variables.

2) We can change coding of the age datafield as follows,

Age <18 1820 | 21-24 | 2529 | 3055 |56-59 |60-75 |76-84 |>84

Code 0 1 2 3 4 3 2 1 0

With this coding, the utility function is monotonic w.r.t. the age field.

3 CREDIT CARDSSCORING

We explain our approach with the credit cards scoring problem, which earlier was considered in
[4,11].

3.1 Dataset and Problem Statement

The dataset consists of 150 credit card applications submitted to the National Bank of
Greece during the period 1995-1996. Each credit card application includes 25 fields. However,
only seven fields selected by a credit manager were included in the analysis® (see, Table 1):
1). Family status (three-point scale): divorced (least preferred), single, married/widowed (most
preferred).
2). Profession (ten-point scale): from 0 — unemployed (least preferred) to 9 - lawyers, doctors,
teachers or professors (most preferred).
3). Business telephone number (three-point scale): not available (least preferred), not required,
available (most preferred). For some professions, it is difficult or impossible to declare a business
phone number (e.g., retired applicant, shipment, etc.). These professions were included in the “not
required” field.
4). Residence (three-point scale): rental (least preferred), house-guest/homestead, privately owned
(most preferred).
5). Bank account for credit card payments (binary): bank account for credit card paymentsis not
available (least preferred), available (most preferred).
6). Age (multiple-values scale): preference is expressed by a nonmonotone criterion. The least
preferred are young and old customers, and the most preferred are middle-aged customers.
Applications are split into the following groups,

{0-18 <{18-20} <{21-24} <{25-29} <{30-55},
{85— o0} <{76-84} <{60-75} <{56-59} <{30-55}.

7). Years in business (continuous scale): from O (least preferred) to 35 (most preferred). Unlike
the “age-field”, preferenceis expressed by a monotonic criterion.

4 Compared to Damaskos (1997) and Zopounidis, et a. (1998), we made two minor modifications
in the codification of the data. This does not affect the results, but simplifies the approach. First,
we have measured the profession field on the ten-point scale (fractional values are considered in
Damaskos (1997) and Zopounidis, et al. (1998)). Second, the minimal value for al fieldsis equal
to 0 (minimal value equals 1 in Damaskos (1997) and Zopounidis, et a. (1998)).
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Although the annual income of the applicants could be considered as an important
criterion in the credit card evaluation, it was not considered in this case study because of the two
following reasons.

a) Credit cards are commonly used to cover daily expenses, which do not require a
significant amount of credit. In such cases, an income of a credit card applicant does not have a
significant effect on the acceptance or rejection of a credit card application. However, it could be
a significant factor for high credit limits.

b). The annual income of an applicant in Greece may not provide a reliable measure

representing the true financial status of credit card applicants.

The following Table 1 summarizes the fields and their values.

Table 1. Codification of datain the credit cards scoring case study.

Field # 1 2 3 4 5 6 7
Field/ Family Profession Business Residence Bank Age Yearsin
Value Status Phone Account Business
0 (Less . Not Not <18, Continuous
Preferred) | D1Vorced | Unemployed available | RE@ avalable | >84 criterion
. Handicraftsmen, Not Guests, . {18-20},
L Single Businessmen required Homestead Available {76-84}
Married | Restaurateurs, } Privately {21-24},
2 Divorced | Butchers, Bakers Available owned {60-57}
{25-29},
3 Merchants {56-59}
Insurers,
4 Cosmeticians, {30-55}
Wine makers
Farmers,
5 Technicians,
Shipmen,
Constructors
Employeesin
6 .
private sector
Engineers,
7 Employeesin the
public sector,
Military officers
8 Retired
Lawyers,
9 (Most Pharmacists,
Preferred) Doctors, Teachers,
Professors

We know the class of each credit card application. The 150 applications are split into three
classes:

1. Accepted applications (Class I,): 74 applications.

2. Uncertain applications (Class |,): 52 applications that were considered difficult to
evaluate by alocal loan officer of the bank.

3. Rejected applications (Class I3): 24 applications.
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This trichotomous (i.e. three group) classification is more flexible than the two-group
classification. It allows a credit analyst to define an uncertain area, indicating that some credit
card applications need to be reconsidered in the second stage of the analysisin order to determine
their characteristics.

Table 1 maps applications to the set of points X :{xl,..,xlso} in R space. This set is
decomposed into three subsets |, U1, U1, 1, N1, =0 . With our approach, we want to find
thresholds U, u, and autility function U (x) that classifiestheset X ={x',.., x*} ,i.e,

{ Application i is accepted} - idl, = u<U (xi ) :
{ Decesion on application i is postponed} = i0l, = ulsU(xi)<u2 ,
{Application i is rejected} - idl, = U x‘)<ul

We consider utility functions, which are linear in decision variables and linear or quadratic in
indicator variables (fields in Table 1). To find a utility function classifying the dataset with
minimal error, we solve (2.6) or (2.8) linear programming problems.

3.2 Numerical Experiments

To compare classifications capabilities of different models, we considered several classes
of utility functions in combination with different codification schemes, see Table 2. Discretized
data is obtained by converting the original “continuous’ variable into set of “discrete” variables
according to the rule discussed in the section 2-4. For the models with linear utility function we
consider monotonic constraints, for the models with quadratic utility function we consider
“rough” monotonicity constraints discussed in the section 2-5.

Table 2. List of considered models, classes of utility functions, and data codifications.

Model Type of datain Type of Type of
identificator fields1- 4 utility function monotonicity

CLN Non-discretized Linear No

CLM Non-discretized Linear Monotonic

CON Non-discretized Quadratic No

CQM Non-discretized Quadratic Rough

DLN Discretized Linear No

DLM Discretized Linear Monotonic

DON Discretized Quadratic No

DQM Discretized Quadratic Rough

To estimate the performance of the considered models, we have used the “leave-one-out” cross
validation scheme. For discussion of this scheme and other cross validation approaches, see, for
instance Efron and Tibshirani (1994). Let us denote by m=150 the number of applications in the
dataset. For each model (defined by the class of the utility function and codification according to

Table 2), we conducted m experiments. By excluding applications, X , one-by-one from the set X,
we constructed m training sets,

Y, =X\{x}, i=1.,m.
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For each set Y, we solved (2.6) or (2.8) optimization problems and found optimal parameters of

the utility function U (X) and thresholds U, . Also, we computed the number of misclassified
applications M; from the set Y; . Let usintroduce the variable

0, U(x) correctly classified x ,
P= . (3.1
1 otherwise.
Denote by Ein.sampie @0 estimate of in-sample error, which is cal culated as follows,
1& M, 1 i
Ein—sample = _Z = Z Mi : (3.2

m+Z (m-1) B m(m-1) 5

In the last formula, the ratio M, estimates the probability of in-sample misclassification in the

set Y; . We averaged these probabilities to estimate the in-sample error.

Denote by Egorsame an estimate of the error. It is calculated as the ratio of the total
number of misclassified out-of-sample objects in m experiments to the number of experiments

1
Eout—of -sanple = EZ R : (33)
i=1

For the experiment we have chosen 0 =1, s=0.00001. The experiments were
conducted with a Pentium 111 , 700MHz in C/C++ environment. Linear programming problems
were solved by the CPLEX 7.0 package. Calculation results are provided in the following Table
3. Table 4 represents distribution of prediction results.

Table 3. Calculation results for the considered models (AV R= average value of misclassification
percentage, STDV =standard deviation of misclassification percentage).

In-Sample Out-of-Sample
AVR STDV AVR STDV
CLN 4.04% 0.19% 10.00% 30.10%
CLM 5.29% 0.33% 10.00% 30.10%
CQON 0% 0% 11.33% 11.33%
CQM 2.65% 0.22% 10.00% 30.10%
DLN 1.98% 0.36% 8.67% 28.23%
DLM 3.33% 0.26% 10.00% 30.10%
DQN 0.01% 0.11% 18.00% 38.55%
DQM 4.06% 0.57% 7.33% 26.16%

Figure 4 represents in-sample and out-of-sample errors for different models. Models with
guadratic utility functions (no constraints), CON and DQN, have zero in-sample error. Among
considered models, these models are the most “flexible’. The smallest out-of-sample error is
obtained by DQM-algorithm with a rough monotonic quadratic utility function. Also, DLN has
relatively small out-of-sample error. Figure 4 shows that the best forecasting results (out-of-
sample characteristics) achieved by models that fit into data with the large values of
misclassification error (in-sample characteristics). Moreover only DOM model does not make 2-
class mistake, when the application from the third class is predicted to be in the first class.
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Table 4. Distribution of mispredicted applications.

Class

Actual 1 1 1 2 2 2 3 3 3
Predicted 1 2 3 1 2 3 1 2 3

Model Number of Application
CLN 21 3 0 3 46 3 1 5 68
CLM 21 3 0 3 46 3 1 5 68
CQON 21 3 0 5 43 4 1 4 69
COM 22 2 0 3 45 4 1 5 68
DLN 20 4 0 1 48 3 1 4 69
DLM 20 4 0| 4 45 3 1 3 70
DQN 17 7 0 9 38 5 1 5 68
DQM 23 1 0 2 47 3 0 5 69

20.00%

18.00%

16.00%

14.00%

12.00% - .

10.00% — — — — O Out-of-Sample
8.00% ] | In-Sample
6.00% |
4.00%

il N1 B 1
0.00% : : ‘ ‘ : : ;
DQM DLN CLM CLN CQM DLM CQN DOQN

Figure 4: In-sample and out-of-sample errors for different models (C/D = continuous/discrete
data, Q/L = quadratic/linear utility function, M/N = with/without monotonicity constraints)

It is worth mentioning that discretizing continuous fields dramatically increases the number

of variables in optimization problem (2.2) and the computing time. Imposing constraints on
utility functions also increases the computing time. However, for all considered optimization
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problems, the computing time is less than 1 second. The CPLEX LP solver, which was used in
this study, can solve large-scal e problems with thousands of datapoints.

4  Analyss

The considered models are defined by the class of the utility functions and the codification of the
training data. We considered linear and quadratic utility functions with and without monotonicity
constraints on coefficients. The main characteristics of the classification model are in-sample and
out-of-sample errors. Detail discussion of the theoretical background of the classification
algorithms (in-sample vs. out-of sample) is beyond the scope of this paper. Readers interested in
these issues can find relevant information, for instance, in the book by Vapnik (1998).
Theoretically, classification models demonstrate the following characteristics, see Figure 5. For
small training sets, the mode fits the data with 0 in-sample error, whereas the expected out-of
sample error islarge. With an increase of the size of the training set, the expected in-sample error
diverges from zero (the model cannot exactly fit the training data). Increasing the size of the
training set leads to a larger expected in-sample error and a smaller expected out-of-sample error.
For sufficiently large datasets, the in-sample and out-of-sampl e errors are quite close. In this case,
we say that the model is saturated with data.

Error

Out-of-Sample Error

Asympotic Error

In-Sample Error

Data Saturation m

Figure 5. In-sample and out-of-sample performance vs. the size of training dataset.
Increasing of the size of the training set leads to a larger in-sample error and a smaller out-of-
sample error. For sufficiently large datasets, the in-sample and out-of-sample errors are quite
close (the model is saturated with data).

19



We say that the class of models A is more flexible than class of models B if class A
includes class B. For instance, models with quadratic utility functions are more flexible than
models with linear utility functions. Including constraints on the utility function reduces the
flexibility of the class. Figure 6 illustrates theoretical in/out-of-sample characteristics for two
classes of models with different flexibilities. For small training sets, the less flexible model gives
asmaller expected out-of-sample error (compared to the more flexible model) and, consequently,
predicts better than the more flexible model. However, the more flexible models outperform the
less flexible models for large training sets (more flexible models have a smaller expected out-of
sample error compared to less flexible models). This is because the less flexible model requires
less data for saturation than the more flexible model.

Error

/ Out-of-Sample, More Flexihle ‘ | Asymptotic, Less Flexible |

Out-of-Sample, Less Flexible ‘

| Asymptotic, More Flexihle |

‘ In-Sample, Less Flexible ‘

‘ In-Sample, More Flexihle ‘

hreak-even point ‘

A

Figure 6: In-sample and out-of-sample performance for different models. for small
training sets, the less flexible model gives a smaller out-of-sample error (compared to the more
flexible model) and, consequently, predicts better than the more flexible model. The more flexible
model outperforms less flexible models for large training sets.

Let us discuss the calculation results obtained with the models considered in this case study.
Table 3 shows that for models with quadratic utility function, the in-sample error is smaller than
that for models with linear function (with similar constraints and codification): CQN vs. CLN,
CQM vs. CLM, DON vs. DLN, DQM vs. DLM. Moreover, in-sample error equals zero for
models DQN and COQN. However, out-of-sample error is greater for models DQN and CQN than
for the models DLN and CLN, respectively. The model with the quadratic utility function is
“more flexible’ than the modd with the linear utility function. The former fits the data better
(smaller in-sample error). However, a small in-sample error does not guarantee a good out-of-
sample classification, as it is in the case of models DQN and CON. This reflects saturation
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characteristics of a model: a more flexible model may need a quite large training dataset to
provide a good prediction, while a less flexible model is saturated with data more quickly than
more flexible model. Therefore, for small datasets, the less flexible models tend to outperform
(out-of sample) more flexible models. However, for large datasets, more flexible models
outperform (out-of-sample) less flexible models.

In addition to the type of the utility function, the constraints and the data format
contribute to the flexibility of a model. A model becomes less flexible if we impose additional
constraints on the utility function. The experiments confirm this statement: the models without
constraints have better in-sample characteristics (smaller in-sample error) than the same models
with constraints. The other component of flexibility of a modd is data format: models with
discrete data are more flexible than ones with continuous data, because many discrete fields
represent one continuous field.

Finalizing the discussion, we want to emphasize that choice of class of the utility functions
plays a critical role for good out-of-sample performance of the algorithm. An excessive flexibility
of the model may lead to “overfitting” and poor prediction characteristics of the mode.

5 Concluding Remarks

We have studied a general methodology for classifying objects. It is based on finding an
“optimal” classification utility function belonging to a prespecified class of functions. We have
considered linear and quadratic utility functions (in indicator parameters) with monotonicity
constraints. The constraints on utility functions were motivated by expert judgments. Selecting a
proper class of the utility functions and imposing constraints plays a critical role in the success of
the suggested methodology. For small training sets, flexible models perform quite poorly and
reducing flexibility (imposing constraints) may improve forecasting capabilities of the model.
With constraints, we can adjust the flexibility of the model to the size of the training dataset. For
considered classes of utility functions, the optimal utility function can be found using linear
programming techniques. Linear programming leads to fast algorithms, which can be used for
large datasets.

We have applied the devel oped methodology to a credit cards scoring problem. The case
study was performed with a dataset of credit card applications submitted to the National Bank of
Greece. We found that for the considered dataset, the best out-of-sample characteristics (smallest
out-of sample error) are delivered by quadratic utility functions with positivity constraints on the
control variables (coefficients of the utility function). These constraints make the utility function
monotone w.r.t. indicator variables. The results of numerical experiments are in line with the
general considerations about the comparative performance of models having different
flexibilities.

This study was focused on the evaluation of computational characteristics of the
suggested approach. Although the obtained results are data specific, we can conclude that the
approach leads to quite robust classification techniques. By changing the flexibility of the model
we can handle a wide range of datasets, from very small to extremely large. In the future, we plan
to conduct a theoretical study, investigating the performance characteristics of the suggested
models.
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