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ABSTRACT

In this paper we consider the convex cost
multicommodity network flow problem often used in
traffic assignment models and the packet switching
problem, but with the additional restriction that
there be bounds on the individual arcs of the net-
work., The addition of such bounds raises both
conceptual and computational questions which have
been addressed by Hearn [5], Payne and Thompson
(11], Daganzo [1] and Hearn and Ribera (6). We
briefly review the results of these papers and
then introduce a new penalty Lagrangian method
patterned after the techniques of Pierre and Lowe
{12} and Rockafellar {13]. This penalty approach
is chosen because it is applicable to the very
large scale networks employed in practical models.
The results of some computational tests are also
presented.

1. INTRODUCTION

The problem we consider is

(P} min L fa(xa)
X a
k
s.t. Bx" = bk kebD
xk >0
2, L Xy LYy for all a
where
kK _ th . . .
Xy = flow to the k— destination on link a
xk = yector of flows on all links to
destination k
x, =L xk = total flow on link a
a
B = arc-node incidence matrix for

the network

b, = demand vector for destination k.
Entries are positive for origins,
negative for destination k, and
zero for intermediate nodes.

0 = set of destination nodes
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v, u_ = lower and upper bounds on total 1ink
flows (0 < 2, < ua)

f(x)=Jxa t, (z) dz
0

t_{x.)} = per unit cost (time)} of link a as a
function of total flow

a = subscript of a typical link joining
node i to node j.

We assume throughout that all ta(-) are non-

negative, convex, nondecreasing functions. Note
that if v = 0Oand u, == for all a, then (P) is a

well-known {2, 3, 9, 10] nonlinear programming
problem, the optimal solution of which is a set of
flows satisfying Wardrop's "user-equilibrium prin-
ciple." According to this principle, the cost of
every utilized path between an origin and destina-
tion is a constant no greater than the cost of any
nonutilized path. Of course the cost of a path is
the sum of link costs for links in the path. This
principle has appeal to transportation planners and
to the designers of packet switching networks, so
(P) is a much studied model for which many solution
methods have been proposed (2 - 4, 8 - 10]. An
alternative to Wardrop's principle is the so-called
"system-optimization principle” for which the ob-
jective is minimization of total cost to all users.
To find a set of flows obeying this principle, one
would alter (P) to have g ta(xa)xa as an objective

and, again la = 0 and u, = = The computational

results of this paper are applicable in a straight-
forward manner to the system-optimization model,
so, for brevity, we consider just (P) as stated.
Also, it should be noted that adding bounds

(0 < L, <y, < =) presents no conceptual problem

for the system-optimization model - that is, the
optimal solution would simply minimize total cost
subject to the bounds.

The theorem of the next section-interprets the
solution of (P} when the bounds are present. Then
in the following sections we address computational
questions.

2. CONSTRAINED EQUILIBRIA

The foliowing theorem and corollary are prov-
en by Hearn [5]. They qeneralize and extend an
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earlier result due to Payne and Thompson [11].

Theorem (Constrained User Equilibrium Principle)

Let o and 8, be the (nonnegative) Karush-

Kuhn-Tucker multipliers for problem (P) associated
with optimal flows x;. Then on any utilized path

joining an origin to destination k the total path
cost = I ta?xg) -a, t B, is constant and ;ess
path

than the same total cost on any nonutilized path.
The cost on arcs for which ¢, < x; < u, is simply

* 3 - =
ta(xa), e, o, =8, 0.

Corollary

Consider an equilibrium problem (E) which is
the same as (P) except that (i} the constraints
2, & X, 2 U, are deleted, and (ii) the link cost

fSnctigns are altered to be ta(xa) o, tB,.

Then the flows x; are optimal for (P) only if they
are optimal for (E). If the x; uniquely solve (P),
then a solution of (E) also solves (P).

As a simple example, consider the trivial
network of Figure 1,

Destinaton

Origin

FIG. {

Let the link costs be ta(xa) = (xa)z, a=1,2, 3.
Then (P) is

g g
(P1) mm-—3—+—§—+—3—~

0<x 22 Xy 2.6 X3 2 0

which has as a solution x; =2, x; = 6, x; =4,

If the bounding constraints were not present, the
solution would be x; = x; = xg = 4 and the cost on

each utilized path(=link) would be 16, i.e., in
equilibrium. C(learly this property does not hold
for the optimal solution to (P1).

The nonzero multipliers for (P1) are By = 12
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and ay = 20. From the theorem, the total path

cost, including these terms, is 16 on each path.
EmpToying the corollary, we have problem (E1),
below, which is a normal equilibrium model - the

link costs have been altered to tl(xl) = (xl)2 +12,
2 .

tz(xz) = (xz) - 20, and t3(x3) is unchangeq. The

bounds do not appear, but the solution is the same.

3 3 3

. 1 *2 *3

(El) min KB + 12Xl + 3 ZOXZ + I
s.t. x1 + Xy + X3 = 12
X1 Xys X3 2 0

For transportation planners, one practical
use of the above results is correction of the user-
equilibrium model data. It often happens that a
given network model, with thousands of links, will
produce link flows which do not obey bounds known
to the experienced planner. He is then forced to
correct the data, especially the link cost formulas,
until the user-equilibrium solution is "within
bounds". From the above results we see that the
multipliers of (P) can guide this correction pro-
cess. For further discussion and other applica-

tions, see [5].

3. COMPUTATIONAL CONSIDERATIONS

Almost any nonlinear programming algorithm
will solve (P) in theory. However, in many prac-
tical applications, the network is so large that
storage and handling of the data required by the
algorithm becomes the limiting factor. It is not
unusual for an urban street network model to con-
sist of 10,000 links or more. For this reason, the
Frank-Wolfe [ 9] algorithm has become the primary
solution method used in practice, despite the fact
that there are many algorithms with better conver-
gence properties. This algorithm is a feasible
direction method with the unique feature that the
direction finding step, when applied to (P), decom-
poses into a set (one for each origin) of minimum
spanning tree problems if the bounding constraints
are not present. Further, storage of just the

total flows (the Xy, but not the x:) as well as the
ta(xa) is all that is required.

When the bounding constraints are present, the
Frank-Wolfe method subproblems are no longer mini-—
mum spanning tree problems (See Klessig [8)) and
the resulting computational complexities make the
Frank-Wolfe ?or any other) method prohibitive.

For these reasons we have sought to solve (P)
by penalty methods. In [6] Hearn; has introduced
the penalized problem

. _ ol 2
(Q) min g fa(xa) r Pa(xa) +r Pa(xa)
k
s.t. Bx" = b
K k
x" 2



11 - i}
where Pa = a;-td {max (0, X, - ua))
m
2 _ 1 + i 2
Pa - ta (max (0O, oo xa))
2
ta = constant
L m2 = integer constants
r = positive parameter

Note that if x_ » uy or e, > X3 then either

1 2 a

Pa > 0 or Pa > 0, but for 2, S X, S UL both pen-

a = a
alty terms are zero. Problem (Q) can be solved by
the standard Frank-Wolfe algorithm and it can be
proven that as r +~ =, the sequence of solutions,
xa(r) of (Q) tend to some x; which solves (P).

Some computational results on this are in [ 5],
along with convergence proofs. A drawback to the
approach arises in obtaining numerical values for

1
dpP
- - _ a .
the o  and g,. Defining g (r) = r 3;; (x,(r)), it

can be proven that éa(r) + B, a5 T ¥ = Thus 8,

is the Timit of two quantities, one tending to
infinity and the other to zero. (0f course, ay

exists as a simiiar 1limit.) This numerical insta-
bility teads to rather poor estimates of aaandua,

hence we have attempted the penalty Lagrangian
approach of the next section. For this approach,
the numerical stability problems do not exist (in
theory).

It is worth mentioning a very special case of
(P) for which a variation of the Frank-Wolfe method
does work, which has been introduced by Daganzo {1].
Specifically, he assumes 24 =0 for all a and fur-

ther that lim f(x_)} = = for all a. Under these
xa-ru a
assumptions it is clear that x; < u, for all a,

i.e., the bounds are redundant to the problem. In

this case Daganzo points out that truncation of

the line searches in the Frank-Wolfe method (so

that no bound is violated) will yield a convergent

method. Actually, the assumption thatxljpb féxa)=m
: a “a

is overly restrictive, and we have shown in (6]
that Daganzo’s modified method will work on a much
broader class of problems for which x; < u,.

4. COMPUTATIONAL RESULTS

Two augmented penalty Lagrangean functions
patterned after the original ideas of Powell [14)
and Hestenes 7], but modified to deal with in-
equality constraints have been tested on sample
problems. Namely, the penalty Lagrangean func-
tions of Rockafellar [13],

Lw(x‘ 8) = § fa(xa) ¢ Pa(xa‘ea)
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2 .
w(xa-u ) *Ba(xa—ua) if X~y > =B, /2
-8 /4w otherwise
and that of Pierre and Lowe [12]
L (x.8) = L Folx,) + P(x,.8,)

where

2 .
w(xa-ua) +sa(xa-ua) if 8, > 0

- 2 . -
Pa(xa,sa)- w(xa—ua) if 8, = 0
and xa > ua
0 otherwise

have been applied to two sample networks. Problem
1 corresponds to Figure 1 above with data summa-
rized in Table 1. Results corresponding to pro-
blem 1 under a variety of penalty factors are dis-
played in Table 3 for the Rockafellar function and
in Table 4 for the Pierre and Lowe function. (The
multiplier update formulas are given in [13] and
[12].) As a performance measure used to evaluate
the convergence of the computed values to the opti-
mal values, d has been defined as the maximum
relative error in x and B8 at the end of an itera-
tion (multiplier update).

The final rows in Tables 3 and 4 represent a
heuristic mixed penalty strategy (wo, Wi aw) con-

sisting of a large penalty s updated (i.e., re-

duced by a factor Aw) together with the multipliers
until the lower bound Wy is reached.

Problem 2 is an 18 link network (see Figure 2
and Table 2} from [5] which had previously been
solved using (Q). Results with the Pierre and
Lowe function are summarized in Table 5. Here 10
Frank-Wolfe iterations were allowed and the mixed
strategy (5, 1, 1.1) was employed. As with pro-
blem 1, this strategy gives more satisfactory con-
vergence results, especially when compared to
those obtained using (Q).
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Table 1. Data for Problem 1
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18 4
afl caxa(l +.03 (xa/ba) ) 0 < X s,
Link <, b, = ua_

1-5 5 12

1-6 6 18

2-5 3 35

2-6 9 35

5-6 9 20

5.7 2 11 Trip Table
5-9 8 26 3 4
6-5 4 11 11101 20
6-8 6 3 2|30 a0
6-9 7 32 —
7-3 3 25

7-4 6 24

7-8 2 19

8-3 8’ 39

8-4 6 43

8-7 4 36

9-7 4 26

3-8 8 30

Table 2. Data for Problem 2



d First iterate
Penalty W It. 5 ] It. 10 It. 25 1t.200 where d < 0.01
100 20.20 31.90 21.340 Unstable e
25 42.97 11.53 0.120 Unstable —_—
10 92.46 | 51.32 8.840 0.003 81
5 123.80 E 90.79 36.660 0.001 158
400, 10, 1.2 43.29 E 3.78 0.075 0.004 38
d = max ([l x - x*{[/7{x*|l . 8 -e*li/lis*{l]
Table 3. Computational Results fcr Problem 1 Using Rockafellar Function
d First iterate
Penalty W It.5 1t.10 It.25 [t.200 where d £ 0.01
100 2.89 0.05 0.012 0.008 15
25 42.77 11.05 0.187 0.003 36
10 92.44 51.30 8.830 0.003 81
5 123.80 90.79 36.660 0.001 158
400, 10, 1.2 2.44 0.43 0.004 0.001 22
Table 4. Computational Results for Problem 1 Using Pierre-Lowe Function
[t.s 1t.10 1t.25 Prior Solution
Link Capacity (5]
X B8 X 8 X X 8
1-5 12 12.13 0.00 | 11.87 1.59 | 12.00 0.03 | 11.81 0.00
1-6 18 17.86 8.04 | 18.12 6.44 | 18.00 7.95 | 18.19 7.82
2-5 35 35.12 1.05 | 34.94 2.01 | 34.98 0.78 | 34.87 0.00
2-6 35 34.87 2.76 | 35.05 1.78 | 35.01 2.94 | 35.13 2.5
5-6 20 10.79 0.00 9.57 0.00 9.97 0.00 9.17 0.00
5-7 11 10.66 | 32.18 | 11.05 { 28.90 | 11.01 | 32.52 | 11.34 6.73
5-9 26 25.78 7.65 | 26.18 4.59 | 26.00 7.69 | 26.18 8.40
6-5 11 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
6-8 33 33.17 | 15.74 | 32.93 | 17.50 | 33.00 | 14.86 | 33.20 9.60
6-9 32 30.36 0.00 | 29.81 0.00 | 30.00 0.00 | 29.29 0.00
7-3 25 25.08 3.09 | 24.90 3.87 | 24.93 0.56 | 25.17 2.51
7-4 24 17.43 0.00 | 17.31 0.00 | 16.98 0.00 | 19.86 0.00
7-8 19 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
8-3 39 14.90 0.00 | 15.09 0.00 | 15.06 0.00 | 14.83 0.00
8-4 43 42.56 0.00 | 42.67 0.00 | 43.02 3.28 | 40.14 0.00
8-7 36 5.82 0.00 5.16 0.00 4.91 0.00 7.49 0.00
9-7 26 26.03 | 11.82 | 26.00 | 12.46 | 25.99 | 13.33 | 26.19 6.53
9-8 30 30.12 5.88 | 30.00 6.73 | 30.00 4.76 | 29.27 0700
Table 4. Computational Results for Problem 2
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