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Abstract. This paper addresses two second-best toll pricing problems, one with fixed and the other with
elastic travel demands, as mathematical programs with equilibrium constraints. Several equivalent nonlinear
programming formulations for the two problems are discussed. One formulation leads to properties that are of
interest to transportation economists. Another produces an algorithm that is capable of solving large problems
and easy to implement with existing software for linear and nonlinear programming problems. Numerical
results using transportation networks from the literature are also presented.
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1. Introduction

Traffic congestion has become part of everyday life in heavily populated metropolitan
areas. When it is not feasible, economically or otherwise, to increase the capacity of the
transportation network, imposing appropriate tolls on roads can reduce traffic congestion
because tolls can encourage travellers (or network users) to seek less direct routes or to
travel during a less congested period.

In the literature, the problem of determining tolls to reduce congestion is often
referred to as a toll or congestion pricing problem and the formulation of such a problem
can be static or dynamic. This paper focuses on the former, for which the problem can be
further classified as first and second best. The first-best toll pricing problem assumes that
every road or arc in network can be tolled. In this case, transportation economists (see,
e.g., Arnott and Small [1]) often prefer tolls that are based on marginal social cost pric-
ing. However, other first-best tolls exist (see, Hearn and Ramana [20]) and several (e.g.,
Hearn and Ramana [20], Dial [7] and [8], and Hearn andYildirim [21] and [22]) propose
models and methodologies for calculating the first best tolls with various (secondary)
objective functions.

On the other hand, the second-best toll pricing problem assumes that, for political
and other reasons, some roads are not tollable. Because tolls with this and other types
of restrictions do not generally yield the maximum benefit possible, they are referred to
as ‘second-best’ (see, e.g., Johansson-Stenman and Sterner [23]). In the transportation
literature, many (see, e.g., Yang and Lam [41], Labbé et al. [24], Larsson and Patriksson
[25], Brotcorne et al. [6], Ferrari [10], Lim [27], Patriksson and Rockafellar [35], and
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Verhoef [38]) model the second-best toll pricing problem either as a bilevel optimization
problem (see, e.g., Shimizu et al. [37] and Bard [3]) or a mathematical program with
equilibrium constraints (see, e.g., Luo et al. [28] and Outrata et al. [34]). Several (e.g.,
Yang and Lam [41], Labbé et al. [24], Brotcorne et al. [6], Ferrari [10], Patriksson and
Rockafellar [35], and Verhoef [39]) have proposed algorithms to solve the second-best
problem and some provide numerical results on small to medium sized networks.

In this paper, our focus is on using results from the MPEC literature to develop
equivalent nonlinear programming formulations for the second-best problem with two
goals. One is to establish properties for the second-best tolls of interest to transportation
economists and the other is to consider an algorithm that is a natural consequence of one
nonlinear programming formulation. Some (e.g., Bazaraa et al. [4]) refer to the algorithm
as a cutting plane algorithm and others (e.g., Migdalas [33]) prefer to call it the Benders’
scheme. In the transportation literature, Marcotte [30] proposes it as an algorithm for
a network design problem. Although the example in the Appendix shows that its mas-
ter problem does not satisfy the Mangasarian-Fromovitz constraint qualification [29],
the algorithm is still appealing for several reasons. One is that it can be implemented
with existing software for linear and nonlinear programs. The other is the fact that the
algorithm with the modifications described herein converges to stationary points of the
real-world problems we tested.

For the remainder, Section 2 presents a general MPEC formulation that includes the
second-best problem as a special case. Section 3 discusses equivalent nonlinear pro-
gramming formulations for the MPEC. From these equivalent formulations, Section 4
establishes properties of second-best toll vectors and Section 5 describes and investigates
properties of the algorithm for solving the second-best problem. Section 6 presents com-
putation results for two transportation networks from the literature–Sioux Falls, North
Dakota, and Hull, Canada. Finally, Section 7 concludes the paper.

2. Formulation

Consider a mathematical program with equilibrium constraints of the form:

P-VI: min
(p,π)

f (p)

s.t. p ∈ P
π ∈ �
(g(p)+ π)T (q − p) ≥ 0, ∀q ∈ P (1)

where f (p) is a continuously differentiable function on a bounded polyhedron P ⊆ Rn,
g(p) is a continuous mapping from Rn to Rn, and � ⊆ Rn is a compact set. Equation
(1) requires p to be a solution of the variational inequality (VI) defined by the mapping
g(p)+ π and the set P , i.e., p solves VI[g(p)+ π, P ].

Below are two instances of P-VI that are of interest. One is the second-best toll
pricing (SBTP) problem with elastic travel demands and the other is the version with
fixed demands.
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2.1. Second-best toll pricing problem with elastic demands

To state the problem, let

a be an index for arcs or links in the network.
k be an index for OD pairs. It is also convenient to refer to an OD pair as (p, q),

where p and q denote the origin and destination nodes, respectively.
K be the set containing indices of all OD pairs.
xk be the vector of link flows for the kth OD pair.
t be the travel demand vector whose element, tk , is the demand for the kth OD pair.

Ek be a vector that defines the origin and destination nodes for the kth OD pair. In
particular, if p and q denote the origin and destination of the kth OD pair, then
Ek = ep − eq , where ep and eq are the pth and qth unit vectors, respectively.

v be the aggregate flow vector (or traffic volume), i.e., v = ∑
k∈K xk .

s(v) be the travel time or cost vector whose element, sa(v), denotes the travel time for
link a. To ensure the existence of a user equilibrium flow, assume that each sa(v)
is continuous. In addition, ∇s(v) represents the Jacobian of s(v).

w(t) be the inverse demand vector whose element, wk(tk), denotes the inverse travel
demand function for the kth OD pair. For the same reason as above, assume that
each wk(tk) is continuous.

A be the node-arc incidence matrix for the network. To ensure feasibility, assume
that the network contains at least one directed path from p to q for every OD pair
(p, q).

β be a toll vector.
Y be the set of arcs that cannot be tolled or the set of non-tollable arcs.

Using the above notation, the set of all feasible volume-demand vector, (v, t), can
be stated as follows:

V =
{

(v, t) : v =
∑

k∈K
xk,Axk = Ektk, x

k ≥ 0, tk ≥ 0, ∀k ∈ K
}

.

We assume that V is bounded. In practice, optimal solutions to the problems described
herein are always bounded. (See also Florian and Hearn [13].)

When the objective function of the optimization below approaches ∞ as ‖(v, t)‖ →
∞, V can be considered as a bounded polyhedron. Otherwise, we assume that V implic-
itly includes sufficiently large upper bounds for xka and tk for all k ∈ K and a.

Given the above definitions and assumptions, below is one formulation of SBTP
when the demand for each OD pair is elastic:

ED-VI: min
(v,t,β)

s(v)T v − ∑

k∈K

∫ tk
0 wk(z)dz

s.t. (v, t) ∈ V,
βa ≥ 0, ∀a /∈ Y
βa = 0, ∀a ∈ Y
(s(v)+ β)T (u− v)− w(t)T (d − t) ≥ 0, ∀(u, d) ∈ V

Consider the objective function of ED-VI. The expression s(v)T v in the first term is the
total travel time or cost associated with making

∑
k∈K tk trips. For the second term, some
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transportation economists (e.g., Verhoef [38]) view the expression
∑
k∈K

∫ tk
0 wk(z)dz

as the benefit gained from making the trips. Subtracting the cost from the benefit yields
an expression for a net user benefit, whose value should be maximized. Equivalently,
ED-VI minimizes the negative of the net user benefit instead.

For the constraints, the first ensures that the volume-demand vector is feasible. The
second set requires tolls on tollable arcs to be nonnegative. The third forces tolls on
non-tollable arcs to be zero. Finally, the last set guarantees that the volume-demand
vector solves a VI that represents a tolled user equilibrium condition (see, e.g., Hearn
and Yildirim [21]).

In the transportation science literature, it is common to assume that each demand
function has an inverse because it leads to a mathematical program whose solution sat-
isfies a traffic equilibrium condition (see, e.g., Florian and Hearn [13]). There are also
other interpretations for the objective function in ED-VI as well as other alternatives.
Gartner [18] and Zhang and Ge [43] offer different interpretations for the objective
function based on economic concepts such as user surplus, utility to consumers, private
costs, social cost, etc. Yang and Bell [40] propose two alternative objective functions.
One maximizes the total realized travel demand, i.e.,

∑
k∈K tk , and the other maximizes

the consumer surplus, i.e.,
∑
k∈K

∫ tk
0 wk(z)dz−

∑
k∈K cktk , where ck is the generalized

travel cost for OD pair k. With respect to ED-VI, ck represents the travel time plus the
tolls along a utilized path between OD pair k. (See also Zhang and Ge [43] for other
possibilities.)

Fisk and Boyce [15] offer an alternative variational inequality formulation for an
elastic demand traffic equilibrium without assuming that each demand function has an
inverse. However, it is not clear that this formulation leads to a mathematical program
whose objective function has an economic interpretation similar to above.

When every arc is tollable (Y = ∅), ED-VI reduces to the first-best toll pricing
problem, an easier problem to solve. In particular, consider the elastic demand traffic
assignment problem with the system objective (see, e.g., Florian and Hearn [13]) or the
system problem with elastic demands:

S-OPT: (vS, tS) = arg max
(v,t)

{
∑

k∈K

∫ tk

0
wk(z)dz− s(v)T v : (v, t) ∈ V

}

.

WhenβMSCP = ∇s(vS)T vS is nonnegative, it is easy to show that the triplet (vS, tS, βMSCP)

is an optimal solution to ED-VI. Arnott and Small [1] refers to βMSCP as the marginal
social cost pricing (MSCP) toll vector. For other possible first-best toll vectors, see Hearn
and Yildirim [21].

On the other hand, when no arc is tollable, i.e., βa = 0 for every a, every solution to
ED-VI, e.g., (vU , tU ), must satisfy the following VI which represents a user equilibrium
condition:

U-OPT: s(vU )T (u− vU )− w(tU )T (d − tU ) ≥ 0, ∀(u, d) ∈ V.
When s(v) is a gradient vector of a function, the above VI problem is equivalent to an
optimization problem known in the literature (see, e.g., Florian and Hearn [13]) as the
elastic demand traffic assignment problem with the user objective or, simply, the user
problem with elastic demands.
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To establish a relationship between the three problems (ED-VI, S-OPT, and U-OPT),
let (v∗, t∗, β∗) denote a global optimal solution to ED-VI and f (v, t) = s(v)tv −∑
k∈K

∫ tk
0 wk(z)dz. Then, the following holds:

f (vU , tU ) ≥ f (v∗, t∗) ≥ f (vS, tS).

2.2. Second-best Toll Pricing Problem with fixed demands

When the travel demands are fixed, the set of all feasible traffic volume or flow vectors
becomes

V =
{

v : v =
∑

k

xk, Axk = bk, x
k ≥ 0,∀k ∈ K

}

,

where bk is a vector compatible with A and has exactly two non-zero components, one
equals to the demand, dk , for OD pair k and the other equals −dk . Then, SBTP with
fixed demands can be written as follows:

FD-VI: min
(v,β)

s(v)T v

s.t. v ∈ V,
βa ≥ 0, ∀a /∈ Y
βa = 0, ∀a ∈ Y
(s(v)+ β)T (u− v) ≥ 0, ∀u ∈ V

As explained earlier, the objective function of FD-VI represents the total travel time and
the constraints have similar interpretation as those in ED-VI.

As in the elastic demand case, below are the system and user problems with fixed
demands (see, e.g., Florian and Hearn [13]):

S-OPT: vS = arg min
v

{s(v)T v : v ∈ V }

U-OPT: s(vU )T (u− vU ) ≥ 0,∀u ∈ V.
Similar to before, the following holds:

s(vU )T vU ≥ s(v∗)T v∗ ≥ s(vS)T vS

where (v∗, β∗) is a global optimal solution to FD-VI.

3. Equivalent formulations

To establish the results and motivate the algorithm in latter sections, this section presents
three nonlinear programs equivalent to P-VI. Two of these follow from the development
in Luo et al. [28] and the other relies on the extreme point representation of a bounded
convex polyhedron. To state these nonlinear programs, assume that P is a bounded set
of the form {p : Ap = b, p ≥ 0} and g(p) is a strictly monotone mapping. These two
assumptions imply that the VI in (1) has a solution for all π (see, e.g., Facchinei and
Pang [9]).
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To motivate the first equivalent nonlinear program, observe that any p feasible to
P-VI must solve the VI in (1). This implies that there exist multipliers λ ≥ 0 and ξ
satisfying the following KKT conditions (see, e.g., Proposition 1.2.1 in Facchinei and
Pang [9]):

(g(p)+ π)− AT ξ − λ = 0
pT λ = 0.

Using the fact that both λ and p are nonnegative and AT p = b, λ can be eliminated
and the KKT conditions can be written more compactly as (see, e.g., Hearn and Ramana
[20])

AT ξ ≤ g(p)+ π

bT ξ = (g(p)+ π)T p.

Thus, using these two conditions to describep that is feasible to (1), P-VI can be stated as

P-KKT: min
(p,π,ξ)

f (p)

s.t. p ∈ P
π ∈ �
AT ξ ≤ g(p)+ π

bT ξ = (g(p)+ π)T p.

Theoretically, the equivalence between P-KKT and P-VI follows from Theorem 1.3.5
in Luo et al. [28] and the fact that P-VI satisfies the sequentially bounded constraint quali-
fication or SBCQ. To establish SBCQ for P-VI under the above assumptions, letM(p, π)
represents the set of all multiplier vectors ξ that satisfy the above KKT conditions at the
point (p, π), i.e.,

M(p, π) =
{
ξ : AT ξ ≤ g(p)+ π, bT ξ = (g(p)+ π)T p

}
.

Then, the desired result follows from the following two theorems.

Theorem 1. Let F denote the feasible region of P-VI. Then, the set M(p, π) �= ∅ for
all (p, π) ∈ F .

Proof. The result follows immediately from the strong duality theorem and the fact that
p solves VI[g(p)+π, P ] if and only if it solves the linear program min{(g(p)+π)T q :
Aq = b, q ≥ 0}. (See, e.g., Facchinei and Pang [9].) 
�
Theorem 2. For any sequence {pn, πn} ⊂ F , there exists a ξn ∈ M(pn, πn) such that
ξn is bounded for all n.

Proof. To simplify our notation, we eliminate the superscript n from ξn, pn, and πn.
By adding a slack vector, α, and replacing ξ with (ξ+ − ξ−), the conditions defining
M(p, π) can be represented more compactly as follows:

Qr = q

r ≥ 0,
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where r = (ξ+, ξ−, α), Q is a matrix representing the coefficients of (ξ+, ξ−, α) on
the left hand side of the system defining M(p, π), and q is a vector whose components
are (g(p)+ π) and (g(p)+ π)T p.

Assume without loss of generality thatQ has full row rank. Then, Theorem 1 ensures
that the set M(p, π) = {q : Qr = q, r ≥ 0} is nonempty. Moreover, M(p, π) has at
least one extreme point solution of the form rB = Q−1

B q and rN = 0, where Q and
r have been decomposed into [QB : QN ] and [rB : rN ] with QB being a nonsingular
submatrix. (See, e.g., Theorem 2.6.5 in Bazaraa et al. [4].) Because g(p) and π are
bounded for all (p, π) ∈ F , the vectors q and, consequently, r are bounded. 
�

Theorems 1 and 2 establish that SBCQ holds for P-VI. Consequently (see Theorem
1.3.5 in Luo et al. [28]), P-VI and P-KKT are equivalent in that a global optimal solution
to one problem yields a global optimal solution to the other. In addition, Theorem 1.3.4
in Luo et al. [28] implies that the feasible region of P-VI is closed and global minimizers
to both P-VI and P-KKT exist.

To obtain the second equivalent nonlinear program, recall that P is a bounded poly-
hedron. Thus, it is natural to consider representing P as a convex combination of its
extreme points, of which there are finitely many. In other words, let qi denote the ith

extreme point of P . Then, for any p ∈ P , there exists λi ∈ [0, 1] such that
∑n
i=1 λi = 1

and p = ∑n
i=1 λiq

i , where n is the number of extreme points for P . Consequently, (1)
is equivalent to the following:

(g(p)+ π)T (qi − p) ≥ 0, ∀ i = 1, · · · , n. (2)

If (2) holds, then (1) also holds because every inequality in (1) can be represented as
a convex combination of inequalities in (2). Conversely, if (1) holds for all q ∈ P , then
it must hold for every extreme point of P , i.e., (2) also holds. Thus, using this extreme
point representation, P-VI becomes

P-EX: min
(p,π)

f (p)

s.t. p ∈ P
π ∈ �
(g(p)+ π)T (qi − p) ≥ 0, ∀ i = 1, · · · , n

The last equivalent formulation uses the regularized gap function in the same manner
as described in Marcotte and Zhu [31]. Consider the following regularized gap function
(see, e.g., Auchmuty [2] and Fukushima [16]):

G(p, π) = max
q

{
(g(p)+ π)T (p − q)− α

2
‖p − q‖2 : q ∈ P

}

where α > 0 is a fixed scalar. As defined,G(p, π) ≥ 0, ∀p ∈ P, π ∈ � andG(p, π) is
continuously differentiable. In addition,G(p, π) = 0 if and only if p solves VI[g(p)+
π, P ]. Thus, P-VI can be equivalently written as

P-Gap: min
(p,π)

f (p)

s.t. p ∈ P
π ∈ �
G(p, π) ≤ 0.
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1 2

Arc 1 

Arc 2 

Fig. 1. A two-arc problem

Observe that the feasible region of P-Gap is compact becauseG(p, π) is bounded from
below. Thus, the continuity of f (p) ensures that a global minimizer of P-Gap exists.
In addition, other gap or merit functions in the literature (see, e.g., Fukushima [17] and
Facchinei and Pang [9]) can also be used in place of the above regularized gap function.

4. Properties of second-best tolls

This section establishes two properties of interest in transportation economics using
P-KKT. Both properties assume that each travel demand is elastic. The first relates the
second-best tolls to the marginal social cost prices. The second property demonstrates
that the total toll revenue must be constant. This is an extension of the result in Hearn
and Yildirim [21] to the second-best problem.

When each travel demand is elastic, many transportation economists (see, e.g.,
McDonald [32] and Verhoef [38]) have observed in small examples that some of the
marginal social costs from non-tollable arcs must be shifted to those that are tollable in
order to maximize the net user benefit. For example, consider the two-arc problem in
Figure 1, where Arc 1 is tollable and Arc 2 is not.

In addition, there is only one OD pair and its inverse demand function is w(t). The
travel cost functions are s1(v1) and s2(v2) where v1 and v2 represent the amount of flow
on the two arcs.

Although an optimal solution for this problem can be expressed in a simpler form
(see,Yildirim [42]), several authors (see, e.g., Verhoef [38]) prefer to express the optimal
toll for Arc 1 as

β1 = s′1(v1)v1 + w′(t)
s′2(v2)− w′(t)

s′2(v2)v2. (3)

This expression shows that part of the marginal social cost, s′2(v2)v2, on the non-tollable
Arc 2 must be shifted to Arc 1 in order to maximize the net user benefit. This notion
of shifting marginal social costs from non-tollable arcs to the tollable ones is appealing
to transportation economists who have long argued for the use of marginal social cost
prices as congestion tolls (see, e.g., Arnott and Small [1]). Therefore, it is of interest
to generalize (3) to larger networks. However, it would be unreasonable to expect that
the second-best tolls can expressed in a closed-form fashion and the shift as evident as
in (3). Instead, the two results below provide a mechanism that illustrates these shifts
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indirectly using the KKT multipliers. One result assumes that an equivalent formula-
tion of the second-best problem satisfies the strong stationarity conditions in Scheel and
Scholtes [36] and the other relies on the ‘tightened’ nonlinear programming formulation
described in the same paper.

When applied to the second-best toll pricing problem with elastic demands, P-KKT
with the complementarity constraints written explicitly can be stated as follows:

ED-KKT: min
(v,t,β,ρ)

s(v)tv − ∑
k∈K

∫ tk
0 wk(z)dz

s.t. (v, t) ∈ V
βa ≥ 0, ∀a /∈ Y
βa = 0, ∀a ∈ Y
(s(v)+ β)− AT ρk = αk, ∀k ∈ K
−wk(tk)+ ETk ρ

k = πk, ∀k ∈ K
(αk)T xk = 0, ∀k ∈ K
πT t = 0
αk ≥ 0, πk ≥ 0, ∀k ∈ K.

Scheel and Scholtes [36] show that the Mangasarian-Fromovitz constraint qualifica-
tion [29] or MFCQ, does not hold for ED-KKT. On the other hand, it is well known that the
complementarity constraints in ED-KKT can be equivalently replaced by (αk)T xk ≤ 0
and πT t ≤ 0.When these are combined with other constraints, ED-KKT can be written
more compactly as

ED-KKT1: min
(v,t,β,ρ)

s(v)tv − ∑
k∈K

∫ tk
0 wk(z)dz

s.t. (v, t) ∈ V
βa ≥ 0, ∀a /∈ Y
βa = 0, ∀a ∈ Y
(s(v)+ β) ≥ AT ρk, ∀k ∈ K
wk(tk) ≤ ETk ρ

k, ∀k ∈ K
(s(v)+ β)T v ≤ w(t)T t.

Below, Theorem 3 establishes a relationship between the second-best tolls and mar-
ginal social cost prices assuming that the strong stationarity conditions in Scheel and
Scholtes [36] hold for ED-KKT. As shown in Fletcher et al. [12], this in turn implies
that there exists a set of KKT multipliers for ED-KKT1.

Theorem 3. Let (v̄, t̄ , β̄, ρ̄) be a global optimal solution to the ED-KKT that is strongly
stationary. If the multiplier associated with the last constraint is positive, then β̄ is well
defined and, for any k, can be expressed as follows:

β̄ = 1

θ

[

δk − (1 + θ)[s(v̄)+ ∇s(v̄)T v̄] − AT λk + ∇s(v̄)T
∑

k∈K
ψk

]

.

Proof. As shown in Fletcher et al. [12], the strong stationarity of (v̄, t̄ , β̄, ρ̄) implies
that there exist nonnegative ψk, ξk, δk, σk , τ , θ and unrestricted λk that satisfy the KKT
conditions associated with ED-KKT1, i.e.,
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(1 + θ)[s(v̄)+ ∇s(v̄)T v̄] + AT λk − ∇s(v̄)T ∑

k∈K
ψk + θβ̄ − δk = 0, ∀k ∈ K

−wk(t̄k)− ETk λ
k + w′

k(t̄k)ξk − θ [wk(t̄k)+ w′
k(t̄k)t̄k] − σk = 0, ∀k ∈ K

θv̄ − ∑

k∈K
ψk − τ = 0, ∀k ∈ K

Aψk − Ekξk = 0, ∀k ∈ K
[s(v̄)+ β̄ − AT ρ̄k]T ψk = 0, ∀k ∈ K

[wk(t̄k)− ETk ρ̄
k]ξk = 0, ∀k ∈ K

([s(v)+ β]T v − w(t)T t)θ = 0
(xk)T δk = 0, ∀k ∈ K
t̄kσk = 0, ∀k ∈ K
β̄T τ = 0.

The first condition yields that, for any k,

β̄ = 1

θ

[

δk − (1 + θ)[s(v̄)+ ∇s(v̄)T v̄] − AT λk + ∇s(v̄)T
∑

k∈K
ψk

]

.

By the hypothesis, θ > 0. So, the above expression for β̄ is well defined and involves
MSCP toll vectors. 
�

To illustrate Theorem 3, consider the two-arc problem in Figure 1 and let s1(v1) = v1,
s2(v2) = v2 + 2, and w(t) = 9 − t/2. The set of all feasible volume-demand vectors
reduces to V = {(v1, v2, t) : v1 + v2 = t; v1, v2, t ≥ 0} and the ED-KKT1 formulation
for the problem is:

max 9t − t2

4 − v2
1 − v2

2 − 2v2 Multipliers
s.t. v1 + v2 − t = 0 λ

ρ − v1 − β1 ≤ 0 ψ1
ρ − v2 − 2 ≤ 0 ψ2
−ρ + (9 − t

2 ) ≤ 0 ξ

(v1 + β1)v1 + (v2 + 2)v2 − (9 − t
2 )t ≤ 0 θ

v1, v2, t, β1 ≥ 0

Using a nonlinear programming software, an optimal solution to this problem is(
v̄1, v̄2, t̄

)
= (3.3636, 3.5455, 6.9091), β̄1 = 2.1818, ρ̄ = 5.5455 and the net user

benefit = 19.2727.
At

(
v̄1, v̄2, t̄

)
, the multipliers for the KKT conditions in Theorem 3 are not unique.

In fact, the set of multipliers is unbounded because ED-KKT1 violates MFCQ. (See,
e.g., Gauvin [19].) However, solving a linear program that maximizes θ over the set
of feasible multipliers with appropriate bounds yields the following: λ = −12.2727,
ψ1 = 3.3636, ψ2 = 5.9091, ξ = 9.2727, θ = 1.0, and the remaining multipliers asso-
ciated with nonnegativity constraints (i.e., δ1, δ2, σ, and τ ) are all zero. Below is the
expression for β1 using these multipliers:

[
β̄1

β̄2

]

= 1

θ

{[
δ1
δ2

]

− (1 + θ)

[
s1(v̄1)+ s′1(v̄1)

T v̄1

s2(v̄2)+ s′2(v̄2)
T v̄2

]

− λ

[
1
1

]

+
[
s′1(v̄1)ψ1
s′2(v̄2)ψ2

]}

=
[

0
0

]

− 2

[
6.7272
9.0909

]

+ 12.2727

[
1
1

]

+
[

3.3636
5.9091

]

=
[

2.1819
0

]

. (4)
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Using (3),

β̄1 = s′1(v̄1)v̄1 + w′(t̄)
s′2(v̄2)− w′(t̄)

s′2(v̄2)v̄2

= 3.3636 − 0.5

(1 + 0.5)
3.5455 = 2.1818. (5)

Subject to slight round-off errors, the tolls in (4) and (5) are the same. As explained
earlier, the shift in marginal social costs, s′i (v̄i )v̄i , in (4) is not as evident as the one
shown in (5). Instead, the shift in (4) occurs via the KKT multipliers.

As an alternative to the strong stationarity assumption, it is also possible to use the
‘tightened’ nonlinear programming (TNLP) in Scheel and Scholtes [36] to derive a sim-
ilar expression for β. At a global optimal solution,(v̄, t̄ , β̄, ρ̄), define the following sets
of indices:

a) �(v̄, t̄ , β̄, ρ̄) = {
a : sa(v̄)+ β̄a − [AT ρ̄k]a > 0,∀k} and

b) �(v̄, t̄ , β̄, ρ̄) = {
k : wk(t̄k)− ETk ρ̄

k < 0
}
.

In addition, let�c(v̄, t̄ , β̄, ρ̄) and�c(v̄, t̄ , β̄, ρ̄)denote the complements of�(v̄, t̄ , β̄,
ρ̄) and �(v̄, t̄ , β̄, ρ̄) with respect to the sets of arcs and commodities, respectively. The
theorem below follows from the Slater’s CQ for problems with equality and inequality
constraints (see, e.g., Chapter 5 in Bazaraa et al. [4]) and a result in Scheel and Scholtes
[36].

Theorem 4. Let (v̄, t̄ , β̄, ρ̄) be a global optimal solution to the ED-KKT. If sa(v) is
concave for each a ∈ �(v̄, t̄ , β̄, ρ̄) and linear for each a ∈ �c(v̄, t̄ , β̄, ρ̄) and wk(tk)
is convex for each k ∈ �(v̄, t̄ , β̄, ρ̄) and linear for k ∈ �c(v̄, t̄ , β̄, ρ̄), then β̄ is well
defined and, for any k, can be written as follows:

β̄a =
[
∇s(v̄)T v̄ + AT (λk + ρ̄k)+ ∇s(v̄)T τ + δk

]

a
+�ka,

where �ka = sa(v̄)+ β̄a − [AT ρ̄k]a.

Proof. After eliminating the variables αk and πk , ED-KKT can be written as follows:

ED-KKT2: min
(v,t,β,ρ)

s(v)tv − ∑
k∈K

∫ tk
0 wk(z)dz

s.t. (v, t) ∈ V
βa ≥ 0, ∀a /∈ Y
βa = 0, ∀a ∈ Y
s(v)+ β − AT ρk ≥ 0, ∀k ∈ K
wk(tk)− ETk ρ

k ≤ 0, ∀k ∈ K
(s(v)+ β − AT ρk)T xk = 0, ∀k ∈ K(
wk(tk)− ETk ρ

k
)
tk = 0. ∀k ∈ K

At (v̄, t̄ , β̄, ρ̄), define the following sets of (active) indices:

I 1(v̄, t̄ , β̄, ρ̄) = {
(a, k) : sa(v̄)+ β̄a = [AT ρ̄k]a

}
, I 2(v̄, t̄ , β̄, ρ̄) = {

(a, k) : x̄ka = 0
}

I 3(v̄, t̄ , β̄, ρ̄) = {
k : wk(t̄k) = ETk ρ̄

k
}
, I 4(v̄, t̄ , β̄, ρ̄) = {

k : t̄k = 0
}
.
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Then, Scheel and Scholtes [36] define the TNLP formulation associated with ED-KKT2
as follows:

TNLP: min
(v,t,β,ρ)

s(v)tv − ∑

k∈K

∫ tk
0 wk(z)dz Multipliers

s.t. Axk − Ektk = 0, ∀k ∈ K λk

βa ≥ 0, ∀a /∈ Y τa ≤ 0
βa = 0, ∀a ∈ Y τa
sa(v)+ βa − [AT ρk]a = 0, ∀(a, k) ∈ I 1(v̄, t̄ , β̄, ρ̄) ψka
sa(v)+ βa − [AT ρk]a ≥ 0, ∀(a, k) /∈ I 1(v̄, t̄ , β̄, ρ̄) ψka ≤ 0
xka = 0, ∀(a, k) ∈ I 2(v̄, t̄ , β̄, ρ̄) δka
xka ≥ 0, ∀(a, k) /∈ I 2(v̄, t̄ , β̄, ρ̄) δka ≤ 0
wk(tk)− ETk ρ

k = 0, ∀k ∈ I 3(v̄, t̄ , β̄, ρ̄) ξk
wk(tk)− ETk ρ

k ≤ 0, ∀k /∈ I 3(v̄, t̄ , β̄, ρ̄) ξk ≥ 0
tk = 0, ∀k ∈ I 4(v̄, t̄ , β̄, ρ̄) σk
tk ≥ 0, ∀k /∈ I 4(v̄, t̄ , β̄, ρ̄) σk ≤ 0
v = ∑

k∈K
xk. η

In addition, they show that (v̄, t̄ , β̄, ρ̄) solves TNLP at least locally. Under the hypoth-
esis, TNLP satifies Slater’s CQ. So, the multipliers exist and the KKT conditions for
TNLP at (v̄, t̄ , β̄, ρ̄) yield the following expression for any k:

β̄a = [∇s(v̄)T v̄ + AT (λk + ρ̄k)+ ∇s(v̄)T τ + δk]a +�ka,

where �ka = sa(v̄)+ β̄a − [AT ρ̄k]a. Note that �ka = 0 ∀ (a, k) ∈ I 1(v̄, t̄ , β̄, ρ̄). 
�

The second property addresses the toll revenue collected from the transportation sys-
tem. Below, Theorem 5 is an extension a result in Hearn andYildirim [21] and shows that
this revenue must be constant. When (v̄, t̄ , β̄, ρ̄) solves ED-KKT, (β̄, ρ̄) must satisfy
the following linear system:

s(v̄)+ β ≥ AT ρ, ∀k
wk(t̄k) ≤ ETk ρ, ∀k

(s(v̄)+ β)T v̄ = w(t̄)T t̄

βa = 0, ∀a ∈ Y.

Let W(v̄, t̄) denote the set of all possible solutions to this system, i.e., W(v̄, t̄) is the
toll set associated with (v̄, t̄). Generally, W(v̄, t̄) is not a singleton set and the theorem
below demonstrates that every toll vector in W(v̄, t̄) generates the same revenue.

Theorem 5. βT v̄ = w(t̄)T t̄ − s(v̄)T v̄, ∀(β, ρ) ∈ W(v̄, t̄).

Proof. As in Hearn and Yildirim [21], the expression follows from the third equation of
the above system and is constant with respect to (v̄, t̄). 
�
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5. Cutting constraint algorithm for P-EX

Consider problem P-EX. Although finite, the number of extreme points for the feasi-
ble region of the second-best problem with fixed or elastic demands is extremely large.
Therefore, it is natural to generate these extreme points one at a time, each of which pro-
duces a constraint that cuts away part of the region not feasible to the original problem.
Some (see, e.g., Bazaraa et al. [4]) refer to this type of algorithms as the cutting plane
algorithm when the constraints are linear and others (see, e.g., Migdalas [33]) refer to it
as the Benders’ scheme when the constraints are nonlinear. Marcotte [30] also proposed
an algorithm using this scheme for solving a network design problem formulated as an
MPEC. When applied to P-EX, this extreme point generation idea leads to the following
algorithm:

Cutting constraint algorithm for P-EX

Step 0: Let q1 = arg min{g(0)T q : q ∈ P }. Set n =1 and go to Step 1
Step 1: Solve the following (master) problem:

(pn, πn) = arg min
(p,π)

f (p)

s.t. p ∈ P
π ∈ �
(g(p)+ π)T (qi − p) ≥ 0, ∀ i = 1, · · · , n

Step 2: Solve the (sub)problem: qn+1 = arg min{(g(pn)+πn)T q : q ∈ P }. If (g(pn)+
πn)T (qn+1 − pn) ≥ 0, stop and (pn, πn) is a solution to P–EX. Otherwise, set n =
n + 1 and go to Step 1.

Observe that the problems in Steps 0 and 2 are linear because P is a bounded poly-
hedron. In Step 1, (pn, πn) is not feasible to the constraint subsequently generated in
Step 2, i.e.,

(g(p)+ π)T (qn+1 − p) ≥ 0.

In other words, the above constraint cuts away (pn, πn) and it is easy to see from this
observation that Step 2 generates distinct extreme points. Therefore, the algorithm must
stop after a finite number of iterations.

Unfortunately, the master problem in Step 1 at some iterations and, more specifi-
cally, P-EX do not satisfy MFCQ. (See a counterexample in the Appendix.) To make
it more amenable to standard nonlinear programming software in the next section, we
heuristically replace the problem in Step 1 with the following perturbed master problem:

(pn, πn) = arg min
(p,π)

f (p)

s.t. p ∈ P
π ∈ �
(g(p)+ π)T (qi − p) ≥ −ε, ∀ i = 1, · · · , n

The motivation for this heuristic follows from the following observation. For any
π ∈ �, let pπ solves VI[g(p)+ π , V ]. Then, pπ ∈ P and (g(pπ)+ π)T (qi − pπ) ≥
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0 > −ε for all i = 1, . . . , n, i.e., none of the cutting constraints are binding at (pπ , π).
When they are binding, these constraints cause MFCQ to fail. (See the Appendix.)

Moreover, the perturbation need not be done explicitly because all nonlinear pro-
gramming software allow for some feasibility tolerance. However, the default feasibility
tolerance may not be appropriate. Based on our preliminary experiments with practical
problems (see the next section), the default feasibility tolerance of, e.g., 10E-6 in MINOS
is too small. In many cases, MINOS would terminate because it cannot find a feasible
solution to the master problem. By relaxing the feasibility tolerance to 10E-4, MINOS
was able to solve the perturbed master problem in all cases.

6. Numerical results

To investigate its effectiveness, we implemented the cutting constraint algorithm (CCA)
using the algebraic modelling system GAMS [5] on a 300 MHz IBM SP2 computer
with 512 MB of RAM. We used MINOS Version 5.51 (as explained above, with 10E-4
instead of 10E-6 as the feasibility tolerance) and CPLEX Version 8.1 to solve the master
and subproblems, respectively.

Consider first the second-best problem with fixed demands. In this case, the master
and subproblems in Steps 1 and 2 of CCA become:

Master: min
(v,β)

s(v)tv

s.t. v ∈ V =
{

v : v = ∑

k

xk, Axk = bk, x
k ≥ 0,∀k ∈ K

}

βa ≥ 0, ∀a /∈ Y
βa = 0, ∀a ∈ Y
(s(v)+ β)T (ui − v) ≥ 0, ∀i = 1, · · · , n.

Subproblem : un+1 = arg min
(u,x)

(s(vn)+ βn)T u

s.t. u = ∑

k∈K
xk

Axk = bk, ∀k ∈ K
xk ≥ 0, ∀k ∈ K.

Observe that the subproblem decomposes into K problems and each one is solvable as
a shortest path problem because there is no arc capacity.

In Step 0 of CCA, our experience indicates that it is more efficient to choose q1 (or,
in the present context, u1) to be an optimal solution S-OPT, i.e., we set u1 = vS . Doing
so yields in the first iteration the following master problem:

Master1: min
(v,β)

s(v)tv

s.t. v ∈ V
βa ≥ 0, ∀a /∈ Y
βa = 0, ∀a ∈ Y
(s(v)+ β)T (vS − v) ≥ 0.
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Fig. 2. Nine-Node Network

Note that the S-OPT solution vS is feasible to Master1. Furthermore, it also yields the
smallest objective value (travel delay) because it is a solution to S-OPT. When v = vS ,
the left hand side of the last constraint in Master1 is zero for any β. Thus, (vS, β), for
any β ∈ {β : βa = 0,∀ a ∈ Y, βa ≥ 0,∀ a /∈ Y }, is an optimal solution to Master1.
One obvious choice is to set β to zero. Instead, we solve a capacitated user problem,
i.e., we solve U-OPT with vSa as a capacity for arc a if it is tollable, and use the optimal
dual variables associated with the capacity constraints to form an optimal solution to
Master1.

For subsequent iterations, it is often difficult for general nonlinear programming
software such as MINOS to find a feasible solution to the master problem, especially for
large networks. In our implementation, the pair (v̂, βn), where v̂ solves VI[s(v) + βn,
V ] and βn is the current toll vector, works well as an initial feasible solution. In addition,
the solution to the following ‘line search’problem is often optimal to the master problem
during the early iterations:

Line search: min
(v,β,λ)

s(v)tv

s.t. v = λv(n−1) + (1 − λ)v̂

βa ≥ 0, ∀a /∈ Y
βa = 0, ∀a ∈ Y
(s(v)+ β)T (ui − v) ≥ 0, ∀i = 1, · · · , n,
0 ≤ λ ≤ 1.

In our GAMS implementation, it is convenient to use MINOS to solve the above line
search problem.

To illustrate a typical behavior of CCA, consider the nine-node network (shown in
Figure 2) from Hearn and Ramana [20]. As the name suggested, this network has 9
nodes, 18 arcs, and 4 OD pairs.

Recall from Section 2.2 that vS and vU denote optimal solutions to the system
and user problems, respectively. In addition, the objective function f (v) denotes the
total travel time or travel delay. For the nine-node problem, f (vS) = 2253.9179 and
f (vU ) = 2455.8699.

Table 1 displays iterates from CCA in which the only tollable arcs are (7, 3) and (7,
4). CCA requires nine iterations to solve the second-best problem. The column labeled
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Table 1. Iterates from the Cutting Constraint Algorithm for the nine-node network with (7, 3) and (7, 4) as the
only tollable arcs

Iter. Master Objective Relative Tolled User Equilibrium
Gap (%) Travel Delay

1 2253.9179 25.34 2477.1075
2 2281.1793 17.43 2455.8699
3 2306.1945 16.21 2641.3556
4 2341.8896 12.54 2721.1162
5 2362.3970 3.80 2455.9379
6 2379.5725 7.20 2464.3484
7 2412.7163 1.76 2459.5505
8 2420.5433 3.13 2455.5761
9 2451.0617 0.00 2451.0617

‘Relative Gap (%)’ reports the following value at the end of each iteration:

Relative Gap = 100 × | (s(vn)+ βn)T (un+1 − vn) |
| f (vn) | .

In the above ratio, the numerator represents the value of the gap function (see, e.g.,
Facchinei and Pang [9]) associated with VI[s(v)+ β, V ] evaluated at the point (vn, βn)
and measures how well the current solution satisfies the tolled user equilibrium con-
dition in (1). Observe that the master objective values increase as we add more cuts
to the problem. For the nine-node problem, the increase is coincidentally monotonic.
In general, the master problem is a non-convex problem. Unless the solutions to the
master problems are globally optimal, the master objective values may not increase in a
monotonic fashion.

Because the master problem is a relaxation of the second-best problem, the objective
value of the master problem underestimates the travel delay associated with the current
toll vector during each iteration. To provide more accurate travel delays, Table 1 also
reports in the last column the travel delay associated with the tolled user equilibrium
solution using the current toll vector, βn. In other words, the last column reports the
‘tolled user equilibrium travel delay.’

As discussed previously, the pair (vS, β), where vS is a solution to S-OPT and
β ∈ {β : βa = 0,∀ a ∈ Y, βa ≥ 0,∀ a /∈ Y }, is an optimal solution to the master
problem in the first iteration. Thus, the master objective value in the first iteration must
be the same as f (vS) and Table 1 reflects this fact in the first row. If β is chosen to be
zero, then the tolled user equilibrium travel delay in the first iteration would be equal
to f (vU ) = 2455.8699, the travel delay at the user solution. In our implementation, we
solve the capacitated user problem and let β to be the optimal dual variable associated
with the capacity constraints on arcs (7, 3) and (7, 4) instead. In the first iteration, the
dual variables for arcs (7, 3) and (7, 4) are 6.1208 and 2.1208. These tolls yield a tolled
user equilibrium travel delay of 2477.1075, a slightly higher delay than f (vU ). When
the algorithm terminates in iteration 9, the master objective value agrees with the tolled
user equilibrium travel delay.

To evaluate the benefit of tolling, we compare the travel delay with and without the
tolls. For the nine-node problem, the delay without toll is f (vU ) or 2455.8699 and the
one with tolls on arcs (7, 3) and (7, 4) is 2451.0617, a 0.20% reduction in travel delay. For
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Table 2. Network Attributes

Network # of Links # of Nodes # of OD Pairs

Sioux Falls 76 24 528
Hull 798 501 158

comparison, the maximum possible reduction in travel delay for the nine-node problem
is 8.22%, the percent difference between the travel delays associated with the system
and user solutions. In Hearn and Ramana [20], solutions to two tolling pricing problems,
one minimizes the number of required toll booths and the other minimizes the toll reve-
nue collected, require tolling 5 and 14 arcs, respectively, to achieve the minimum travel
delay of 2253.9179.

To demonstrate CCA’s potential for solving realistic problems, we also solved the
second-best problem using the two street networks from the transportation science lit-
erature, one network is from Sioux Falls, North Dakota (see, LeBlanc et al. [26]) and
the other is Hull, Canada (see, e.g., Florian et al. [14]). Table 2 provides the attributes
of these two networks.

For Sioux Falls, the travel cost (or delay) function for every arc is of the form:
sa(va) = Ta[1 + qa(

va
ca
)4]. Our initial analysis indicates that the Hull network is not

congested and tolling does not lead to any significant improvement in the travel delay.
To make the network more meaningful for our study, we modified the travel cost func-
tions for Hull slightly. For example, the travel cost functions for some arcs in the Hull
network have the same form as those in Sioux Falls network while others may have
linear or constant travel time. For our experiments, we made the travel cost function for
every arc to have the same form as those for Sioux Falls. When necessary, the values
for Ta , qa , and ca were randomly chosen from the intervals, [0.15, 2.0], [0.5, 1.0], and
[100, 1000], respectively. The remaining data for Hull are the same as the original.

To select arcs for tolling, we first solve the system and user problems to obtain the
system, vS , and user, vU , optimal flows, respectively. We then designate arc a as tollable
if vUa exceeds vSa by a given percentage. A different ‘excess’ percentage usually yields a
different number of tollable arcs. We also terminate CCA when the relative gap is less
than or equal to one percent.

Tables 3 and 4 summarize the results for Sioux Falls and Hull. For each excess per-
centage used, these two tables report the resulting number of tollable arcs, the objective
value of the master problem at termination, the relative gap achieved, the number of
iterations and the amount of CPU time required, and the final tolled user equilibrium
travel delay. For Sioux Falls, the travel delays associated with the system and user solu-
tions are 71.9426 and 74.8023, respectively. From Section 2.2, these two delays form
the lower and upper bounds for the second-best problem. Observe in Table 3 that both
the master objectives and the tolled user equilibrium travel delays are within these two
bounds. Because smaller numbers of tollable arcs generally mean less control, the delays
in Table 3 increase as the number of tollable arcs decreases. For Hull, the travel delays
associated with the system and user solutions are 179.0629 and 186.7203, respectively.
In Table 4, the master objectives and the tolled user equilibrium travel delays for Hull
exhibit properties similar to those associated with Sioux Falls.

The results for Sioux Falls suggest that problems with a smaller number of tollable
arcs are easier to solve. However, the results from Hull indicate otherwise. The CPU
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Table 3. Results for Sioux Falls

Excess # of Master Relative Iter. CPU Tolled User
% Tollable Objective Gap Req. Time Equilibrium Travel

Arcs (%) (sec) Delay

5 % 18 72.1036 0.9354 49 1743.38 72.6238
10 % 12 72.1861 0.9024 36 887.56 72.6293
15 % 4 73.0681 0.7764 14 184.78 73.8787
25 % 2 73.4916 0.4992 10 109.63 74.3196

Table 4. Results for Hull

Excess # of Master Relative Iter. CPU Tolled User
% Tollable Objective Gap Req. Time Equilibrium Travel

Arcs (%) (sec) Delay

5 % 179 179117.0 ≤ 0.0001 16 6384.32 179117.0
10 % 135 179420.4 ≤ 0.0001 8 1141.64 179420.4
15 % 93 179987.5 ≤ 0.0001 7 1726.50 179987.5
25 % 58 180628.6 ≤ 0.0001 7 2060.59 180628.6
50 % 21 181092.0 ≤ 0.0001 10 4014.25 181092.0
75 % 12 181315.2 ≤ 0.0001 8 3340.12 181315.2

100 % 10 181326.0 ≤ 0.0001 11 5333.84 181326.0
200 % 8 181329.3 ≤ 0.0001 11 5682.20 181329.3

time for solving the Hull network with only eight tollable arcs is similar to the one with
179 tollable arcs. For every excess percentage, observe also that CCA is able to achieve
a nearly zero percent relative gap for Hull. We surmise that this phenomenon may be
due in part to the fact that the traffic is still relatively uncongested in the Hull network
with our randomly generated data. (Our attempt to double the travel demands for Hull
gave similar results.)

We also solved the second-best problem with elastic demands for Sioux Falls and
Hull. In the literature, the travel demands for both networks are fixed. For our testing,
we assume that each inverse demand function is linear, i.e., w(t) = a + bt, where a and
b are randomly generated. To determine these two numbers, let t1 denote the free-flow
travel time between an OD pair and t2 denote the travel time between the same OD pair
when the traffic reaches its (fixed demand) user equilibrium. Also, let dk represent the
(fixed) travel demand from the literature. Then, a and b are the intercept and slopes of the
line that passes through two points, (t1, udk) and (t2, dk), where u is a uniform random
number between 2 and 3.

Using the above random inverse demand functions, the net user benefits at the sys-
tem and user solutions (i.e., f (vS , tS) and f (vU , tU )) for Sioux Falls are 3093.87 and
2055.54, respectively, and the 34% excess percentage generates 49 tollable arcs. After
approximately 6790 seconds, CCA generates a second-best toll vector with a net user
benefit of 2968.62, a solution with less than 10E-4 relative gap and approximately 96%
of the maximum net user benefit. Similarly, the two net user benefits for Hull are 5075.74
and 3637.46 and the 46% excess percentage generates 117 tollable arcs. After approxi-
mately 62606 seconds, CCA generates a second-best toll vector with a net user benefit
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of 4059.27, a solution with less than 10E-4 relative gap and 80% of the maximum net
user benefit.

7. Conclusion

In this paper, we formulate the second-best toll pricing problem as a mathematical pro-
gram with an equilibrium constraint expressed as a variational inequality. To investigate
the properties associated with and derive an algorithm for the problem, we present three
equivalent nonlinear programming formulations. These formulations differ in their rep-
resentation of the tolled user equilibrium condition. The first formulation uses the KKT
conditions to state the equilibrium condition, the second represents the feasible region
as convex combinations of its extreme points, and the last relies on the regularized gap
function to ensure that the equilibrium condition is satisfied. These equivalent formula-
tions lead to two main results. One relates the second-best tolls to the marginal social
cost prices via KKT multipliers and another yields a cutting constraint algorithm. To
demonstrate its potential, we implemented the algorithm using commercially available
software for linear and nonlinear programs and solved the second-best problems for two
cites, Sioux Falls and Hull. Our numerical results suggest that the cutting constraint
algorithm is capable of solving realistic second-best problems. As a topic for future
research, an algorithm that better exploits the structure of the master problem would
enhance the efficiency of the algorithm.
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Appendix

This appendix provides an example demonstrating that P-EX and P-Gap do not satisfy
MFCQ and discusses the consequences of this fact.

Consider the two-arc problem (see Figure 1) in Section 4, where Arc 1 is tollable
and Arc 2 is not. Recall that s1(v1) = v1 and s2(v2) = v2 + 2. Instead of allowing the
demand to be elastic, the travel demand from node 1 to node 2 is seven. In addition, the
maximum amount of toll on Arc 1 is eight.

The system problem associated with this two-arc problem is

S-OPT: min v2
1 + v2

2 + 2v2
s.t. v1 + v2 = 7

v1, v2 ≥ 0.

The optimal solution to S-OPT is (v1, v2) = (4, 3) and has an objective value of 31.
The set of all feasible flow vectors, V , has two extreme points, (7, 0) and (0, 7), and

the extreme point formulation of the second-best problem becomes

FD-EX : min v2
1 + v2

2 + 2v2
s.t. v1 + v2 = 7

(v1 + β)(7 − v1)+ (v2 + 2)(0 − v2)≥ 0
(v1 + β)(0 − v1)+ (v2 + 2)(7 − v2)≥ 0
0 ≤ β ≤ 8
v1, v2 ≥ 0.

The optimal solution to FD-EX is (v1, v2, β) = (4, 3, 1) and has an objective value
of 31, the same value as S-OPT. The fact that FD-EX has the same objective value as
S-OPT also verifies that (v1, v2, β) = (4, 3, 1) is globally optimal.

By solving the associated tolled user equilibrium problem, a feasible solution to
FD-EX must be of the form: v(β) = (v1(β), v2(β)) = (

9−β
2 ,

5+β
2 ), where β ∈ [0, 8].

At (v(β), β), where β ∈ [0, 8], the first three constraints are always binding. Based
on the gradients of these three binding constraints, MFCQ requires that there exists a
d ∈ R3 satisfying the following conditions:

d1 + d2 = 0
−2d1 − (7 + β)d2 + (5+β)

2 d3 > 0
−9d1 − βd2 − (9−β)

2 d3 > 0.

The first condition requires d2 = −d1. After substituting −d1 for d2, the second and
third conditions imply that d1 > −d3/2 and d1 < −d3/2, respectively. Because these
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two inequalities are contradictory, MFCQ is not satisfied at any feasible point (v(β), β),
where β ∈ [0, 8].

The failure of MFCQ can pose numerical difficulties to NLP algorithms. (See, e.g.,
the discussion in Fletcher and Leyffer [11] and Fletcher et al. [12]) In particular, the
failure of MFCQ implies that the set of multipliers satisfying the KKT conditions asso-
ciated with FD-EX at any feasible point (v(β), β) must be empty or unbounded. (See
Gauvin [19].) To illustrate, the KKT conditions for FD-EX at (v(β), β)where β ∈ (0, 8)
reduce to

µ+ 2λ1 + 9λ2 = −(9 − β)

µ+ (7 + β)λ1 + βλ2 = −(7 + β)

− (5+β)
2 λ1 + (9−β)

2 λ2 = 0

λ1, λ2 ≥ 0.

The last equality implies that λ2 = (5+β)
(9−β)λ1. After substituting this expression for λ2,

the first two equations become

µ+ (63+7β)
(9−β) λ1 = −(9 − β)

µ+ (63+7β)
(9−β) λ1 = −(7 + β).

Thus, whenβ ∈ (0, 8) andβ �= 1, the above system has no solution because 9−β �= 7+β
and there is no multiplier that satisfies the KKT conditions.

When β = 1, the optimal toll amount, the above KKT conditions reduce to

µ+ 70
8 λ1 = −8

µ+ 70
8 λ1 = −8

and (µ, λ1) = (−8 − 70
8 λ1, λ1) is a solution for all λ1 ≥ 0. Thus, the set of KKT

multipliers is unbounded.
The KKT conditions at β = 0 and 8 are slightly different. However, the same con-

clusions still hold, i.e., set of KKT multipliers is unbounded at β = 0 and empty at
β = 8.

The regularized gap function associated with the above second-best problem can be
written as follows:

G(v, β) = max (v1 + β)(v1 − y1)+ (v2 + 2)(v2 − y2)− 1
2‖y − v‖2

s.t. y1 + y2 = 7
y1, y2 ≥ 0.

The optimal solution to the above problem is (y1, y2) =
(

9−β
2 ,

5+β
2

)
and the gap func-

tion can be written as

G(v, β) = (v1 + β)(v1 − 9 − β

2
) + (v2 + 2)(v2 − 5 + β

2
)

−1

2
(
9 − β

2
− v1)

2 − 1

2
(
5 + β

2
− v2)

2.
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Then, FD-Gap can be written as follows:

min v2
1 + v2

2 + 2v2
s.t. v1 + v2 = 7

G(v, β) ≤ 0
0 ≤ β ≤ 8
v1, v2 ≥ 0.

At any feasible point (v(β), β), where β ∈ [0, 8], the first two constraints are always
binding and MFCQ requires that there exists a d ∈ R3 satisfying the following condi-
tions:

d1 + d2 = 0
(9+β)

2 d1 + (9+β)
2 d2 < 0.

Because these two equations are inconsistent, MFCQ does not hold. Similar to before,
this implies that the set of feasible KKT multipliers for FD-Gap is empty when β ∈ [0, 8]
and β �= 1 and unbounded when β = 1.


